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Center

« Distributed nodes collected data and communicate with the center.

- Label prediction, parameter estimation, model training,. ..
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Center

- Distributed nodes collected data and communicate with the center.
- Label prediction, parameter estimation, model training,. ..

+ Restricted communication between nodes and center.
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Center

Node 1 Node 2 Node n

- Suppose that the nodes can communicate the with the statistics of the data:

.1 .
+ Observe 1,2, , Tn, transmit — » f(x:) to other nodes for some function f(x).
1=1
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Center

Node 1 Node 2 Node n

- Suppose that the nodes can communicate the with the statistics of the data:
.1 .
« Observe x1,x2, -, Xy, transmit - > f(x;) to other nodes for some function f(x).

1=1
- Computationally efficient for high-dimensional data.
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Motivation

Center

Node 1 Node 2 Node n

« Suppose that the nodes can communicate the with the statistics of the data:

.1 .
» Observe r1, 22, , Ty, transmit > f(x;) to other nodes for some function f(x).
1=1
- Computationally efficient for high-dimensional data.

- Communication constraints = Dimensionality constraints of the features.
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Collaborative Distributed Parameter Estimation

X; = (:Ugl),...,x,,(;n)), =

(:L’(()j),...,x%))i%d'PXO...Xm T1,...,Tm;0), 7=1,...,n.

Node m

 Each node i transmit a statistic of 1ts own data to the decision center.
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Collaborative Distributed Parameter Estimation

X; = (az'gl),...,a:gn)), =

(:L’(()j),...,x%))i'ibd'PXO...Xm T1,...,Tm;0), 7=1,...,n.

X1 |
n Decision — 0
S (2())  Node
n 1—=1 A
Xm' B ﬁ
Node m Xo

 Each node i transmit a statistic of 1ts own data to the decision center.

- The decision node estimate the parameter based on the statistics and its data.
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Collaborative Distributed Parameter Estimation

X; = (:137(;1),...,:1:7(;”)), =

(x(()j),...,x%))i'ibd'PXO...Xm T1,...,Tm;0), 7=1,...,n.

Node m

- Each node i transmit a statistic of its own data to the decision center.
- The decision node estimate the parameter based on the statistics and its data.

- What are informative feature functions f; : X; — R¥i the nodes should extract?
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Cramér—Rao Lower Bound

. Given z" = (x1,22,...,2,),1.1.d. generated from a distribution Px (z;6)
parametrized by § € R%, then for any unbiased estimator § : x™ s RX

f(z") — 9||2: > %tr{J)—(l(H)}

where Jx (0) is the Fisher information matrix defined as
Jx(0) = Sx(6) - Sx(6)

and the scaled score function defined as

Q iPX L v
5x(0)] | = V/Px(@:0) - - log Px(2:6) = v/Px(wi0) 891%@(; : )
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Maximal Likelihood Estimator

« The maximal likelihood estimator (MLE) to estimate the parameter 1s
defined as

A 1 —
OvLe(x") = argmax — Z log Px (z;;0) = argmaxE» [log Px(X;0)]
6 M Z .

- Depend only on the empirical distribution — sufficient statistic.
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Maximal Likelihood Estimator

« The maximal likelihood estimator (MLE) to estimate the parameter 1s
defined as

A 1 —
Ovre(x”) = argmax — Z log Px (x;;0) = argmaxE 5 [log Px(X;0)]
6 M Z .

- Depend only on the empirical distribution — sufficient statistic.

» The asymptotic normality of the MLE:
R (éMLE(x”) _ 9) 2N (0, T (6))

- The MLE asymptotically achieves the Cramér—Rao lower bound.
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O cR Px (x;0) : true distribution
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O cR Px (x;0) : true distribution

Px (x;0p) : reference distribution
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— Px(a’;;(g@) PX(x,é’) T

O cR Px (x;0) : true distribution

Px (x;0p) : reference distribution

Py : empirical distribution

..“\\\\\\\“' - ~

oo Lo 230 (TN

': . ::‘9\::,.‘ .u'f:l.\_. . ‘I' £ . e’ \_':. 4& ' - . :0,*{. J I ‘\\’ ‘_".
HownY B IR (R RPTURY S | Il 73
PR Ra VIS I : © SEEEee) T A .
oG rss Tsinghua-Berkeley Shenzhen Institute
W& = & 3:7

4, LA ey

e




O cR Px (x;0) : true distribution

Px (x;0p) : reference distribution
Py : empirical distribution

Px (z;0pLE) : estimated distribution
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The Local Geometric Interpretation

Px

.’PX(CU)

- .

Px (x;60) Px(z;0)

R Px (x;0) : true distri

i
Px (x; HW

bution

Px (x;0p) : reference c

1stribution

Py : empirical distribution

Px (x; 0yE) : estimated

One-to-one correspondence be

distribution

tween 6 and Px(x;0).
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— PX(ZE‘;QO) Px(x;e) PX(QZ‘;@MLE)

<§b7 u> = I

9 D (10 _1
?Pj((i,eo)) — <¢, u> U = HMLE — (90 -+ JX2 ((90) ° <¢, u)
y V0O

1 %PX(XQHO)

(OvLe — o) -

1 n
b [JX (6p) Py (X 00) } = z; f(z;) = estimate based on the statistic of f
i , 1=
f(X)
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The Local Geometric Interpretation

Px(z;00) Px(x;0) Px(x;0MLE)

—
(6 o) 55 Px (3 00)
MLE — V0) -
Vv Px (23 0o)
0
1 —Px(X;(g())
— F 2 00
<¢,U,> - T Px [JX ( O) PX(X,H())
N——
f(X)
MSE = K [(HMLE — (9)2}

1

= (¢, u) -u = O = 0o +J;—§(90) - (@, u)
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— PX(CB;QO) Px(x;e) PX(ZL‘;@MLE)

Mismatched statistic: 8 = 6, + J)_(% (6p) - (@, v)
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The Mismatched Estimator

— Px(z;00) Px(x;0) Px(x;0MmLE)

Mismatched statistic: 8 = 6 + J);% (6) - (@, v)

1 1.
The degraded MSE = nJX (6o) = —Jx (o) cos2 oy

(u,0)2
For general 6 € R¥  estimate 6 based on V = [vq va ... vg]",

1 N - _ —1
the degraded MSE = Etr { (S)T((QO)VT (VVT) : VSX(90)> }

1

= Project Sx(6p) onto the subspace spanned by V .
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* When the parameter estimation 1s based statistics of data in a functional subspace.

« MSE 1s characterized by the projection of the score function onto the subspace.
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Distributed Scenarios

- When the parameter estimation 1s based statistics of data in a functional subspace.
« MSE 1s characterized by the projection of the score function onto the subspace.
- In distributed parameter estimation problems, each node observes part of the data.
« k-dimensional statistics = k-dimensional functional subspaces of data.

- The computable estimators form a functional subspace.
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Distributed Scenarios

- When the parameter estimation 1s based statistics of data in a functional subspace.
« MSE 1s characterized by the projection of the score function onto the subspace.

- In distributed parameter estimation problems, each node observes part of the data.
« k-dimensional statistics = k-dimensional functional subspaces of data.
- The computable estimators form a functional subspace.

+ Challenge: where to get the reference distributions?

+ Collaborative distributed parameter estimation.
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i.1.d.
X=(x1,...,2n), Y=(Y1,---,Yn), (xi,y;) ~ Pxy(x,y;0)

—Zfa:ZERk Fﬁ@é

> Decision

X ey |

Node 1 Node

I
Y
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i.1.d.
X=(21,.-s2Zn), Y =(Y1,--,Yn), (Ti,yi) ~ Pxy(z,y;0)

1 n

~ > f(z:) €eR" —
o B
X =) * Decision

Node 1 Node

I
Y

 Node 1 transmits a statistic of 1ts own data to the decision center.
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i.1.d.
X=(T1,--sZn)y Y =(Y1,--3Yn)s (i, ¥i) ~ Pxy(x,y;0)

] — o
2 f@)eR by
= i=1 —> 4
X =) 3g * Decision 0
Node 1 Node

I
Y

 Node 1 transmits a statistic of 1ts own data to the decision center.

- The decision node estimates the parameter based on the statistic and its data.
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The Two Nodes Case

X:(Cli'l,...

i.1.d.
,le‘n), Y = (y17°°°7yn)7 (C[f@,yz) ™ PXY(CC yae)

% > flx;) e RF
1=1

.

> Decision

Node

I
Y

 Node 1 transmits a statistic of its own data to the decision center.

- The decision node estimates the parameter based on the statistic and its data.

* The empn

rical distribution of the observation Y provides a reference distribution.
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The Two Nodes Case

ii.d.
X=(21,-,&n), Y =(Y1,---,Yn), (@i,y:)) ~ Pxy(z,y;0)

% > flx;) e RF
1=1

.

> Decision
Node

I
Y

 Node 1 transmits a statistic of its own data to the decision center.

- The decision node estimates the parameter based on the statistic and its data.

- The empirical distribution of the observation Y provides a reference distribution.

 What 1s the informative k-dimensional feature function node 1 should extract?
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Fxy : The functional subspace of X,Y, Fy : The functional subspace of Y .

span{ f} : The functional space spanned by each dimension of f.

1 ~ _ - —1
MSE = ~tr ¢ (STOVT (VVT) " VSx(0)) ¢, where V = [By F]
The projecti})n operator from (X,Y) onto Y
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The Estimator To Achieve Optimal MSE

— Py (y:0y) Py (y;0) e

éj// arg gnax % Z log Py (y;;0)
i=1 ]
The estimator: 0 = 0y + J 1 (0y) ST (0y)VT (VVT)_l . f
—_— L _

projection operation

Eliminate the bias from the difference between éy and 6.

_ 1 1 T
E) (23 st -
b= (F — ;) — K X
(F"F) * [ =3 f(@) —Ep (g, [F(X)]
1=1
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» Suppose that Pxy (z,y;0) = Px(x;0)Py(y;0) then the MSE can be

reduced to
1 - _ . —1
MSE = ~tr ( Ty (6) +ST(0)FT (FFT) ™ st(e))
T SN—— N
Fisher information of Y Fisher information of f

[1] X. Tong, S.-L. Huang, "An Information Theoretic Approach for Collaborative Distributed Parameter
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The Special Case

» Suppose that Pxy (x,y;0) = Px(x;0)Py (y;0) then the MSE can be
reduced to

MSE = ~tx ( Ty (0) + SE(OFT (FET) " FSx(0) ) B
N—— e r—

Fisher information of Y Fisher information of f

- The performance gain provided by the statistics of the x sequence.

[1] X. Tong, S.-L. Huang, "An Information Theoretic Approach for Collaborative Distributed Parameter -*
Estimation," IEEE International Symposium on Information Theory (ISIT), June, 2023. 15 e \&
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The Special Case

» Suppose that Pxy (x,y;0) = Px(x;0)Py (y;0) then the MSE can be

reduced to
1 . 1 - —1
MSE = ~tr ( Ty (6) +ST(9)FT (FFT) ™ st(e))
n SN—— N e
Fisher information of Y Fisher information of f

- The performance gain provided by the statistics of the x sequence.

 The top-k singular vectors of the Fisher information matrix = The most
informative feature functions.

[1] X. Tong, S.-L. Huang, "An Information Theoretic Approach for Collaborative Distributed Parameter
Estimation," IEEE International Symposium on Information Theory (ISIT), June, 2023. 15
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Collaborative Distributed Parameter Estimation

X; = (:Ugl),...,x,,(;n)), =

(:L’(()j),...,x%))i%d'PXO...Xm T1,...,Tm;0), 7=1,...,n.

Node m

 Each node i transmit a statistic of 1ts own data to the decision center.
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Collaborative Distributed Parameter Estimation

X; = (az'gl),...,a:gn)), =

(:L’(()j),...,x%))i'ibd'PXO...Xm T1,...,Tm;0), 7=1,...,n.

.

o Decision
-5 fm (xu)) Node
n 1=1 " A
Xm' B ﬁ
Node m Xo

 Each node i transmit a statistic of 1ts own data to the decision center.

- The decision node estimate the parameter based on the statistics and its data.
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Collaborative Distributed Parameter Estimation

X; = (:137(;1),...,:1:7(;”)), =

(x(()j),...,x%))i'ibd'PXO...Xm T1,...,Tm;0), 7=1,...,n.

X1 | —
n Decision — 0
S (2())  Node
n 1=1 A
Xm' B ﬁ
Node m Xo

- Each node i transmit a statistic of its own data to the decision center.
- The decision node estimate the parameter based on the statistics and its data.

- What are informative feature functions f; : X; — R¥i the nodes should extract?
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- _ - —1
MSE = tr 4 (ST@OVT (VVT) ' VSx(6)) ¢, where V= [By Fy -+ Fp ]

[1] X. Tong, S.-L. Huang, "An Information Theoretic Approach for Collaborative Distributed Parameter
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- - - —1
MSE:tr{(S};(e)VT (VVT) 1VSX(9)) } where V = By Fy --- F,, 1]

* When X 1s continuous, parametrizing the functions by neural networks to
optimize the MSE loss.

[1] X. Tong, S.-L. Huang, "An Information Theoretic Approach for Collaborative Distributed Parameter
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- Statistics of data = linear functions of types
- Communicating type of data = projecting to the functional subspace.
- Distributed parameter estimation with O(log n) bits communication constraint [1].
- Geometric interpretation to the classical result.
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IEEE Transactions on Information Theory, vol. 44, no. 6, pp. 2300-2324, 1998. 18
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