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Problem Setting: High Dimensional Parameter Estimation

o Parameter space: @ C R, loss /: © x © — R,
e Sample model: 6 €O, Y"~ Py P={Py:0¢c O}
@ Denote possible estimators by 6 : Y" — ©

Objective
Upper bound the minimax risk

r;(l;] méa\xIEyang [Z(H,H(Y )}

or its PAC proxy

r;1(|;1 max Py [E (0, ( Y")) > (5}
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Problem Setting: High Dimensional Parameter Estimation

@ d, n — oo simultaneously

@ Interested in involved non i.i.d. models. Examples include
o Spiked Wigner (Y = 07 + —-2)
e Multi Reference Alignment
e Gaussian Mixture Model

o General results for discrete product distributions (under
“locality”), e.g., stochastic block model
@ Maximum Likelihood Estimator (MLE):
e Consistency, efficiency for fixed d, n — oo
e Often hard to analyze for involved models

Develop a unified information-theoretic framework for upper
bounding

min max Py [z (9, é(v")) > 5}

o) 9
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Reminder: Unified IT framework for lower bounds

Deriving a general lower bound on minimax risk is easy

Mutual Information Metohd [Polyanskiy-Wu, Chapter 30]

Fix a prior 8 ~ 7

Pyn|q

g — Y"— 0@

Examine:

I (9; A Y"))
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Reminder: Unified IT framework for lower bounds

Deriving a general lower bound on minimax risk is easy

Mutual Information Metohd [Polyanskiy-Wu, Chapter 30]

Fix a prior 6 ~ 7

Pyng

6 —Y"—9b
Let R(D) be the RDF for 7, ¢. By definition

R (E [6(9,9)}) <1 (0; é(Y”)>
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Reminder: Unified IT framework for lower bounds

Deriving a general lower bound on minimax risk is easy

Mutual Information Metohd [Polyanskiy-Wu, Chapter 30]

Fix a prior 8 ~ 7

Pyng

0 — Y'— @

Data Processing Inequality gives

R (E [E(a,é)]) < (9; é(v")) < 1(6;Y")
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Reminder: Unified IT framework for lower bounds

Deriving a general lower bound on minimax risk is easy

Mutual Information Metohd [Polyanskiy-Wu, Chapter 30]

Fix a prior 8 ~ 7

Pynjg

0 — Y'— @

By definition of capacity

R (]E [ae,é)]) <1 (e;é(yn)) < 1(6; Y") < C(Pynp)
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Reminder: Unified IT framework for lower bounds

Deriving a general lower bound on minimax risk is easy

Mutual Information Metohd [Polyanskiy-Wu, Chapter 30]

Fix a prior 0 ~ 7

R (]E [e(e,é)]) <1 (e;é(y")) < 1(8; Y") < C(Pynp)

@ Tight in many cases (for “good” choice of 7)

@ Lower bound decouples analysis of © and sample model
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Reminder: Unified IT framework for lower bounds
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Reminder: Unified IT framework for lower bounds

@ Lower bound decouples analysis of © and sample model
R (IE [z(e,é)}) <1 (9;é(yn)) <1(6; Y") < C(Pynp)

@ Decoupling has a price - the output of Pyny can provide
much information on 6 that is not helpful for estimation under
the £(-,-) distortion measure
O=891 Y"=0+0Z, 0(0,0) =3, |[6;i — ;] mod €|
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Reminder: Unified IT framework for lower bounds

@ Lower bound decouples analysis of © and sample model
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@ Decoupling has a price - the output of Pyny can provide
much information on 6 that is not helpful for estimation under
the £(-,-) distortion measure
O=891 Y"=0+0Z, 0(0,0) =3, |[6;i — ;] mod €|

@ Prior work on upper bounds in the spirit of separated analysis
(Yang-Barron [1999], Birge [1983], Le Cam [1986], Yatracos
[1985] ...) bypassed this by considering £(6,0) = D¢ (Pyl| Py)
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Reminder: Unified IT framework for lower bounds

@ Lower bound decouples analysis of © and sample model
R (E [z(e,é)}) <1 (9;é(yn)) <1(6; Y") < C(Pynp)

@ Decoupling has a price - the output of Pyny can provide
much information on 6 that is not helpful for estimation under
the £(-,-) distortion measure
O=891 Y"=0+0Z, 0(0,0) =3, |[6;i — ;] mod €|

@ Prior work on upper bounds in the spirit of separated analysis
(Yang-Barron [1999], Birge [1983], Le Cam [1986], Yatracos
[1985] ...) bypassed this by considering £(0,0) = Dr(Py|| Pj)

@ We characterize the “sensitivity” of Py to large f-variations in
0 via mismatched binary hypothesis testing
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Main Result - Definitions

Let >0
© C RY, ¢(0,8) = ||0 — ]| for some norm, diam(©) = e®
0,0,,0f € ©

o YT~ Py

o U(0,,0) < T <d<L(0f,0)
@ Likelihood test 8, VS 0¢

o(d)
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Main Result - Definitions

@ Let7>0
o © CRY, ¢(6,0) = |0 — ] for some norm, diam(©) = e
@ 0,0,,0f €0
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Main Result - Definitions

Let 7>0
© C RY, £(0,0) = |0 — || for some norm, diam(©) = e®
0,0,,0f € ©

o Y~ Py

o U(0,,0) <T <8 <L(0f,0)
Likelihood test 6,, VS 0¢
@ Worst case error exponent w.r.t 6,6, 0

o(d)

1 dPy
~Zlog Py | Z0r(ymy > 1
bonbeo d o “’L/PQH( )z ]
£(0,0n)<T

z(eagf)zls
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Main Result - Definitions

Let 7>0
© C RY, £(0,0) = |0 — || for some norm, diam(©) = e®
0,0,,0f € ©

o Y~ Py

o 0(0,,0) < T <d<L(0f,0)
o Likelihood test 0, VS 0¢
@ Worst case error exponent w.r.t 6,6, 0

o(d)

Def: Hypothesis Testing Error Exponent (Mismatched,Worst Case)

dPy,
dPy,

1
Enr(7,6) 2 min _—=log Py

Y">1
0,00,0¢,€© d ( )_]

Noam Gavish, Or Ordentlich Minimax Risk Upper Bound for Quantized MLE



Main Result - Definitions

[Enr(t,8") —log(2)] Shell Error Exponent

O+ (

Def: Critical Loss

/
d.(T) = sup {6’ >0: {EHT(’/’, §') — log (S} < o}

T

A .
= g0
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Main Result

Def: Hypothesis Testing Error Exponent (Mismatched,Worst Case)

_ 1 dPy
E, §) £ —=logPy|—=-(Y") >1
), in = o P GV > 1
£(0,00)<T
Z(Q,Or’)zé

Def: Critical Loss
/
d.(T) = sup {6’ >0: |:EHT(T, &) — log (S} < o}

A .
= i)
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Main Result

Def: Hypothesis Testing Error Exponent (Mismatched,Worst Case)

1 Py,
Eur(r,0) 2 | min = log Py [ (Y > 1]
00,0,)<7 g
£(0,0¢)>6

Def: Critical Loss
0s(7) £ sup {5/ >0: |:EHT(71 §') — log } < 0}
A .
b« = min 64(7)

rg(l;l max Py [HG —0(y")| > 5*] i o]
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Main Result

Def: Hypothesis Testing Error Exponent (Mismatched, Worst Case)

P
Eyr(7,8) =  min 1 log Py {def(Y”) > 1]

dPy
£(6,6n)<T
£(070f)26

Def: Critical Loss

(5/
8.(7) = sup {5/ >0: |:EHT(T, §') — log } < O}

T

n

A .
= o)

rg(l? meang [HH —0(y")| > 5*] 0

To use theorem: bound Ey7(7,0), choose 7
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0 £ Quantized Maximum Likelihood Estimator

Reminder

Estimation, upper bound: Py [6 (9 é(Y”)) 5]
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0 £ Quantized Maximum Likelihood Estimator

Estimation, upper bound: Py [6 (9,@( Y”)) > 5]

e O
@ 7-cover © by a discrete net C
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0 £ Quantized Maximum Likelihood Estimator

Estimation, upper bound: Py [6 (9,@( Y”)) > 5]

e O
@ 7-cover © by a discrete net C

N(.,n dPy n
O(y") = afgmaXO'ec[ “(y )]
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Error Probability Upper Bound - Basic Analysis

Py [e (9,9“( Y")) > 5} =7

@ 0 is chosen arbitrarily (for minimax bound)
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Error Probability Upper Bound - Basic Analysis

o Denote “bad” candidates S 2 {#' € C : ¢ (9,9(Y”)) >0}
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Error Probability Upper Bound - Basic Analysis

@ Denote “bad” candidates S = {§ € C: / (9,§(Y”)) >4}
o Py [e (e,é(yn)> > 5} — P, [é € 5} —7
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Error Probability Upper Bound - Basic Analysis

@ Denote “bad” candidates S = {§ € C: / (9,§(Y”)) >4}
o]

o P, [e (e,é(yn)> S 5} — P, [é e 5} = Sges Po [é:
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Basic Analysis: Candidate Count

@ Bound amount of far candidates by |C|
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Basic Analysis: Candidate Error Exponent

o Let far candidate 6 € C: ¢(6,60f) > 0.
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Basic Analysis: Candidate Error Exponent

o Let far candidate 6f € C: £(6,6¢) > 0.
o Py [é - ef} -7

Noam Gavish, Or Ordentlich Minimax Risk Upper Bound for Quantized MLE



Basic Analysis: Candidate Error Exponent

o Let far candidate 6f € C: £(6,0¢) > 0.
o Py [é - ef} -7
@ Exists near neighbour 0, € C: £(6,0,) <t
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Basic Analysis: Candidate Error Exponent

o Let far candidate 6 € C: ¢(6,60¢) > 0.
e Exists near neighbour 0, € C: £(0,0,) < T

o log Py [é - 9,(} < log Pg[j,’?f(vn) >1

On
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Basic Analysis: Candidate Error Exponent

o Let far candidate 0r € C: ¢(0,6f) > 0.
e Exists near neighbour 0, € C: £(6,0,) < T

° Iong[G—Hf} < |08;P0[dp (Y") = }

Def: Hypothesis Testing Error Exponent (Mismatched,Worst Case)

dPy
Enr(r, 6 T, Y™ >1
HT (T, 0) = ol — o leE {dPon( ) ]
£(0,0,)<T
3(0,'9{)25
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Basic Analysis: Global Error Exponent

@ Upper bound on the event that a far candidate is the winner

08 Py [¢(0.0v")) > o] £ ~d [EHT(T, 5) — % log C|
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Basic Analysis: Global Error Exponent

@ Upper bound on the event that a far candidate is the winner
" 1
n < _ _ =
log Py [e (9,9(\/ )) > 5} < —d [EHT(T, ) = — log|C!

e "Competition": Eyt VS amount of candidates
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Basic Analysis: Global Error Exponent

@ Upper bound on the event that a far candidate is the winner
" 1
n < _ _ =
log Py [e (9,9(\/ )) > 5} < —d [EHT(T, ) = — log|C!

e "Competition": Eyt VS amount of candidates
@ Large Vol(©) = useless bound
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Basic Analysis: Global Error Exponent

@ Upper bound on the event that a far candidate is the winner
" 1
n < _ _ =
log Py [e (9,9(\/ )) > 5} < —d [EHT(T, ) = — log|C!

e "Competition": Eyt VS amount of candidates
@ Large Vol(©) = useless bound

If Py and ¢ “matched”: far candidates <= high error exponent
=- Can exploit this using a finer bounding method
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Error Probability Upper Bound - Shell Analysis
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Error Probability Upper Bound - Shell Analysis

o Pg{éGS} —?
e Radii: § =91 < d2 < -+ < § = diam(O)
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Error Probability Upper Bound - Shell Analysis

-

o Py [é € 5} =7
e Radii: § =1 < 02 < -+ < §¢ = diam(©)
o Shells: S;={0' €C:6; <(6,0") < b1}

Noam Gavish, Or Ordentlich Minimax Risk Upper Bound for Quantized MLE



Error Probability Upper Bound - Shell Analysis

e Radii: § =91 < 2 < -+ < § = diam(O)
@ Shells: §;={¢' €C:9; < (0,0") <011}

° Py {é € 5} =2 im1,..k—1Po {é < S’}
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Error Probability Upper Bound - Shell Analysis

o P, [9 e 5,} —?
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Error Probability Upper Bound - Shell Analysis
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Error Probability Upper Bound - Shell Analysis

o Py {é € 5,} = ngesf Py {é = ef}

o *% Iog Pg [é\ = 9{} > EHT(T, 5,)
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Shell Analysis - Density Control

Should control candidate count

Def: Ball around 6 with radius r w.r.t loss ¢: B(6,r,¢)

|Si]
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Shell Analysis - Density Control

Should control candidate count in balls

Def: Ball around 6 with radius r w.r.t loss ¢: B(6,r,¢)

|Sil < |CNB(0,6i+1,0)]
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Shell Analysis - Density Control

Should control candidate count in balls for every center

Def: Ball around 6 with radius r w.r.t loss ¢: B(6,r,¢)

|SI| < |C ﬂ[3,(975/'-1-1’£)| < maX9’€@|C r_18(9/7((51'-|—17£)|

S
o
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Shell Analysis - Density Control

Should control candidate count in balls for every center

Def: Ball around 6 with radius r w.r.t loss ¢: B(6,r,¢)

1 1
— log ’5," < 7 log (man)/E@‘C N 3(9/, Oit1, 6)’)

s
o,
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Shell Analysis - Density Control

Should control candidate count in balls for every center

Def: Ball around 6 with radius r w.r.t loss ¢: B(6,r,?)

Iog 1Si| < = Iog (maxpreo|C N B(Y',i11,0)]) EMc(biy1)

Def: Net Population Function

Mc(r) = L logmaxgec |CNB(O, r,0)|
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Shell Analysis - Density Control

Should control candidate count in balls for every center, radius

Def: Ball around 6 with radius r w.r.t loss ¢: B(6,r,¢)

1

1
p log |Si] < 7 log (maxgcolC N B(', 6i11,)])

Def: Net Population Function

Mc(r) = L log maxgec |CNB(O, r, 0)|

@ Should bound M¢(r) for r = 91,02, ..., 0k

Noam Gavish, Or Ordentlich Minimax Risk Upper Bound for Quantized MLE



Existence of 7-net with nearly optimal density

Def: Net Population Function

Mc(r) = % log maxgec |C N B, r, 0|

Should bound M¢(r) for r = 41,02, ..., 0k

Theorem

Let d > 25, © C RY, and £(0,8) = ||0 — || for some arbitrary
norm on RY. There exists a (lattice) T-cover C of © satisfying

1) logd 133log?2
MC(5)§I0g<;)+3og + d°g, V6 > 7.
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Existence of 7-net with nearly optimal density

Def: Net Population Function
Me(r) = % log maxgec |C N B, r, 0]

Should bound M¢(r) for r = 41,02, ..., 0k
Theorem

Let d > 25, © C RY, and £(6,8) = |0 — 8| for some arbitrary
norm on RY. There exists a (lattice) T-cover C of © satisfying

| 133log 2
M(5)<Iog<5)+3ogd 33d°g, Vo > 7.

Bound is tight: V 7-cover Mc(0) > log (2)
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Existence of 7-net with nearly optimal density

Def: Net Population Function

Mc(r) = % log maxgec |C N B, r, 0]

Should bound M¢(r) for r = 41,02, ..., 0k

Theorem

Let d > 25, © C RY, and £(6,0) = ||0 — 8| for some arbitrary
norm on RY. There exists a (lattice) 7-cover C of © satisfying

1) logd 133log?2
Mc(5)§I0g<;)+3og + d°g, Vo > 7.

Bound is tight: V 7-cover M¢(8) > log (g)

Proof is based on a uniform lattice covering result of
O.-Regev-Weiss. Result of similar spirit can be derived using Erdds
and Rogers '62
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Shell Analysis - “Shell Error Exponent”

Py {é € 5'} - Z9f€5i Po [é - ef]

S3
“Shell error exponent”:

log P, [é c 5,} < —d[Err (T, 67) — Me(5141)]
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Shell Analysis - “Shell Error Exponent”

Py {9 € 5:} = Does, Po [é - 0,«]

S3

“Shell error exponent”:

log Py [9 e 5} |:EHT(T 5;) — log (5’:1> + o(l)]
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Shell Analysis - Global Error Exponent

Polies| =xi P fdes)]

If number of shells k is sub-exponential, P, dictated by “Dominant
shell error exponent”:

. dit1 ?
min |:EHT(T, 0i) — Iog( - > + o(l)] >0

Noam Gavish, Or Ordentlich Minimax Risk Upper Bound for Quantized MLE



Shell Analysis: General Result

Let
@ C be a 7-cover with “good” density
i—1

0di=06-ed,i=1,... k=ed
note that Iog( ’“) Iog( )—i—o(l)

Cc>

—Elog Py [e( (Y")) > 5}
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Shell Analysis: General Result

Let
@ C be a 7-cover with “good” density
P . k= e°d
note that log (

) Iog( ) + o(1)
—% log Py [12 (9, é(v")) > 5}

> min [EHT(Tv 0') — log (5?/> * 0(1)]
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Shell Analysis: General Result

Let
@ C be a 7-cover with “good” density
0 Ji=6-ed,i k= el
note that log (

) Iog( ) + o(1)
—3 log Py [z (e,é(y")) > 5}

> min [EHT(T §') — log (i) + o(l)]

6/

Upper bound <= Lower bound

o log (%’) < Rate distortion function of ©,¢ = || — 0|
) EHT(T, (5) < C(Pyn‘g)
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Main Result

Def: Critical Loss
6/
8«(7) = sup {5’ >0: [EHT(T,(S) log — ] < 0}

0s = |n(5 (1)
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Main Result

Def: Critical Loss
6/
8«(7) = sup {5’ >0: [EHT(T,(S) log — ] < 0}

0s = |n(5 (1)

Noam Gavish, Or Ordentlich Minimax Risk Upper Bound for Quantized MLE



Main Result

Def: Critical Loss

!
8.(7) = sup {6/ >0: |:EHT(T, §') — log 5—] < 0}
T

8 2 min 8,(7)

>0

rg(l? maang [H@ —0(y")| > 5*] i o]
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Main Result

Def: Critical Loss

!
3.(7) £ sup {6’ >0: |:EHT(T, §') — log 5—] < o}
=

A .
= o)

I’g(l;l max Py [HG —0(y")| > 5*] i o]

@ To use theorem: bound Ey7(7,0), choose T
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Error Exponent in Gaussian Cases + Examples

° (0,0 =003
@ Transformation g: © — R”

o Pp=N(g(0),0%I)
Bound Eyr(7,0) > %1,[1(7', 5)?

L1 lg(6) 0)\\ lg(6.) — g(0)]3]
¥(r,0) = feen,ofee [\/ . \/ 202 2‘

00,0,)<t
0(0,0¢)>6

@ Interpretation: Euclidean geometry optimization
e For GLM: g(8) = 6 — §* < 32log(2)od

o For spiked Wigner: g(f) = Avec(607), 02 = 1 (we assume
6] > 1, A > /58) — 6* < 3%
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Example - Multi Reference Alignment

e
—— e N
A n LMNMUJ"
o YVi=Ryb0+0Z,j=1,...,m, and ki' & " Unif([d])

o Define extended parameter space © =R9 x [d]™, such that
0 = (0, ki, ..., km) also includes the (nuisance) shifts, and

(o, 9) = L g(0) — g(0)|3, where g(f) = vec(Ri,9, ..., Ri,0)

2
min max Py m|n RO — O(Y™|3 > 320°d <Iog2 + mlOgd>] —0
0() g<e® m d

@ Upper bound equivalent to GLM for m = O (@)

Minimax Risk Upper Bound for Quantized MLE
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Conclusions

@ We presented a general framework to upper bound minimax
risk (PAC setup), which is applicable to essentially unbounded
parameter spaces

@ The bound is based on a delicate shell analysis and
mismatched BHT

o For © C RY £(6,0") = ||0 — @'|| our bound takes a relatively

simple form

@ For discrete product distributions on )7, if Pef((y)) €ltrpg

forall j € [n],y € Y,0,0" € © we can prove that

1 2
Enr(1.6) = 72 [VDs = VDi | + 5 O3 ).

where

D; £ sup g9,c0 D(Py||Ps,), Ds = inf g9,co D (Psl|Po,)
06,0, <7 06,00)>5
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