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Bayesian data assimilation (DA) methods 

state model param error

obs state noise

Adopted from Carrassi et al. (2018).  
For chemical DA reviews see:
- Sandu and Chai, 10.3390/atmos2030426, 2010
- Bocquet et al., 10.5194/acp-15-5325-2015, 2015
- Elbern et al.,  10.1093/acprof:oso/9780198723844.003.0022, 2014

• Model:

• Observation operator:

• Bayes’ rule:

• These 3 components used to derive 
a wide range of DA and inverse 
modeling methods

• These can be categorized as 3 types 
of estimates (Wiener, 1949): 
prediction, filtering, smoothing
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• Calculations of the complete posterior distribution (not just the mean and covariance)
– Particle filters (sequential Monte Carlo)
– Markov Chain Monte Carlo (MCMC)
– While most DA approaches require x10 to x100 model runs, these approaches require thousands to 

millions more simulations, and have thus been limited to low-dimensional systems.

Solving for fully Bayesian solutions (i.e., pdfs) to nonlinear problems

Adopted from Carrassi et al. (2018) 



• Kalman filter: sequential update

– Uses prior (Pf) and observation (R) errors, the model forecast (xf), and linearized (here, though not always) 
observation operator (H)

– Explicitly estimates the analysis (xa) and its error (Pa)
– Optimal Bayesian solution when the forecast model and observation operator are linear (i.e., B.L.U.E.) 
– Equations above are for Kalman filter, there is also Kalman smoother..

• Variational: nonlinear minimization to find maximum likelihood estimate

– Also includes background (B), and model error (Q, i.e. model is a “weak constraint”)
– Posterior error can be estimated as Hessian at minimum, though some care required for numerical accuracy 

(Bousserez et al., 2015)

Bayesian data assimilation (DA) methods: solve for features of the solution 

Adopted from Carrassi et al. (2018) 



• Ensemble methods for Kalman filters and smoothers
– Stochastic (e.g., Evensen, 2003) and deterministic square-root (e.g., Bishop et al., 2001; Anderson 

(2001) formulations
– Many variations (ETKF, LETKF, MLEF, EAKF,…)
– Require careful localization and inflation
– Readily implemented in parallel with little modification to the standard forward model

• Adjoint-based methods for variation solutions
– Tangent linear and adjoint models used to calculate dJ/dx
– Deriving and maintaining these models is non-trivial
– Use strong-constraint formulation to keep dimension of x manageable (plus Q is hard to specify)

• Hybrid methods
– EnKF with hybridization of static and dynamic error covariance 
– Ensemble of variational systems (EDA)
– Use of ensemble to estimate the tangent linear and adjoint models of 4D-Var (4D-EnVar)

Solving for Bayesian features: implementation methods 

For most systems, directly calculating all terms in the KF or the analytic solution to 
minimum of J(x) (possible for linear systems) is not computationally feasible



• Diversity of scales and sources of uncertainty
– Short-lived, highly non-linear species (e.g. NOx, secondary aerosol), 

strongly impacted by chemistry and emissions
– Short-lived, linear (e.g., primary aerosol), strongly impacted by 

microphysics, sub-grid and BL dynamics
– Long-lived, linear (e.g., CO2, CH4) strongly impacted by initial / 

boundary conditions and large-scale model transport error 

Data assimilation and inverse modeling: considerations for chemical systems

Carrassi et al. (2018) 
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microphysics, sub-grid and BL dynamics
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• Importance of emissions
– Recent emissions may nearly completely govern the observed state 

for short-lived species
– Recent emissions may only barely govern the observed state for 

long-lived species, but this is still what we care about most
– Often not normally distributed 
– Most not evolved in time with the atmospheric model 
– What do we actually seek for when we “solve for emissions”? 

Data assimilation and inverse modeling: considerations for chemical systems

Carrassi et al. (2018) 



Estimating emissions: short-lived species

- observed NO2 [ug/m3]
- prior model
- posterior model

Resler et al. (2010)

Adjustments to diurnal 
variability of NOx emissions 
allows for this peak to be 
better simulated

For short-lived species, adjusting emissions at high time-resolution provides performance similar to what 
might be expected from weak constraint 4D-Var

Relatedly, high time-resolution observations (e.g., TEMPO) could help improve transport (e.g., Liu et al., 2021).

Care needs to be taken to not over-optimize emissions to compensate for transport error. 



Estimating emissions: long-lived species

Approaches for regional CH4 inversions: 
- Iteratively optimize emissions vs boundary conditions (e.g., 

Wecht et al., 2014)
- Begin with prior emissions estimates from a previous global-

scale inversion (Turner et al., 2015)

Approaches for global CO2 inversions: 
- Begin with initial conditions constrained by simplified method 

(e.g., 3D-Var) or based on in situ measurements (Deng et al., 
2014)

- Begin from posterior concentration and error estimates from 
prior inversion with PvKF as starting point for 4D-Var 
(Voshtani et al., PhD Thesis, 2022)

Tracer correlations: observed co-emitted plumes of short-lived 
species  (e.g., Kuhlmann et al., 2021)

Remote sensing observations of column CO2, CH4 are often not dominated by local / immediate sources
à this creates challenges for using these datasets for constraining emissions in short (i.e., less than 
decadal) or regional inversions 

Turner et al. (2015)



Estimating emissions: updates to the 4D-Var methods

• Can we reduce the dimension of emissions vector for linear problems for increased efficiency 
and operational implementation? à Randomization methods (Bousserez et al., 2018; 2020)

• Can we estimate the error in our solution when using sub-optimal methods? à Worden-
Sapper et al., in prep.

• Can we solve problems where our prior emissions are biased? à Yu et al. (2021)

• Can we speed up highly non-linear inversions? àHybrid inversions (Qu et al., 2017; Choi et 
al., 2022)

• Can we make the inversion results for nonlinear systems more useful? à Sector based 
inversions (Qu et al., 2022)



Motivation:
• Most inverse problem solutions lie in a small subspace 

(dimension k<<n) where the data are informative.
• Solving for smaller problems allows fast computation 

of the solution (sometimes analytically).
• Small problems allow us to relax assumptions on 

linearity and/or distributions and explore full posterior 
distributions (e.g., MCMC algorithm)

Problem:
• Optimizing the reduction requires access to second-

order information (e.g., posterior error covariance)
• Difficulty is finding scalable algorithms.

Dimension reduction

Bousserez



CO2 INVERSION INTERCOMPARISON 561

Fig. 1. Basis function regions and the locations of the 76 CO2 observational records used in the inversion. Multiple records
exist at some locations and are denoted by open circles. The prior flux and prior flux uncertainties are shown for each basis
function region (Gt C yr−1). The prior constraint on the atmospheric growth rate is 3.274 Gt C yr−1 with a prior uncertainty
of 0.074 Gt C yr−1. The prior global offset concentration is 355 ppm with a prior uncertainty of 100 ppm.

region emits a 1 Gt C yr−1 flux that is scaled inde-
pendently during the inversion calculation. The re-
gional terrestrial basis fluxes include spatial struc-
ture based on the distribution of annual mean net pri-
mary productivity (NPP), as given by a CASA model
steady-state run (Randerson et al., 1997), reflecting
an assumption that terrestrial exchanges are located
within regions of higher biological activity. The ter-
restrial basis function boundaries were constructed
to enclose vegetation of similar seasonal structure
and carbon exchange, with some additional bound-
ary smoothing. The starting point for the boundary
construction was the 1◦ × 1◦ land cover type classifi-
cation used by the original Simple Biosphere Model
(SiB) (De Fries and Townshend, 1994; Sellers et al.,
1996). A uniform spatial distribution was used for the
regional oceanic basis functions, with the exception
of seasonal ice cover in the northern and southern-
most regions. The sea-ice cover data were produced
by the World Climate Research Programme, Work-
ing Group on Numerical Experimentation, Atmo-
spheric Model Intercomparison Project (Taylor et al.,
1997).

2.2.2. Inversion set-up and observational data.
Prior estimates of the fluxes in each of the 22 re-
gional basis functions were determined from inde-
pendent estimates of terrestrial and oceanic exchange

and are presented in Fig. 1. The land region prior
flux estimates incorporate results from recent inven-
tory studies (Apps and Kurz, 1994; Kurz and Apps,
1999; UNFCCC, 2000; Pacala et al., 2001; Houghton,
1999; Dixon et al., 1990; Houghton and Hackler, 1999;
Kauppi et al., 1992). Where more than one estimate
for a given region was available, a mid-point of the
estimate range was used. The ocean region prior flux
estimates were prescribed as zero.

The prior flux uncertainty is important for keeping
the estimated fluxes within biogeochemically realis-
tic bounds. For land regions we chose growing season
net flux (GSNF, the sum of monthly mean exchange
for months exhibiting net uptake) as provided by the
CASA model of net ecosystem production (Randerson
et al., 1997). Since it is unlikely that an annual mean
residual land flux would exceed the GSNF, this pro-
vides a reasonable, ecologically relevant upper bound.
The prior ocean uncertainties were guided by the ag-
gregate estimates given in Takahashi et al. (1999),
which suggest a total global oceanic uncertainty ap-
proximately 70% of the total oceanic exchange. Be-
cause this level of uncertainty tightly constrains some
oceanic regions to the prior flux estimate, the aggre-
gate uncertainty was increased to 140% of the total
net oceanic exchange. The uncertainty in individual
oceanic basis function regions was proportional to the

Tellus 55B (2003), 2

TransCom (Gurney et al., 2003):
• Geographical criteria.
• Allows analytical inversion.
• Suboptimal: no optimization w.r.t information 

content.

Figure 6. Optimal multiscale representations under the DFS criterion. The background and observa-
tional error covariance matrices are defined in Table 1. The total targeted number of grid cells is iden-
tical for the three optimal representations at each row: N = 32, 256, 1024, 8194 from top to bottom.

WU ET AL.: FLUX REPRESENTATION FOR CO2 INVERSION D21304D21304
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Multi-scale (Bocquet et al., 2011):
• Aggregation-based method.
• Optimal: maximizes DOFS of the inversion.
• Not scalable: requires the model Jacobian.

Turner, A. J., Jacob, D. J., Wecht, K., Maasakkers, J. D., Biraud, S. C., Boesch, H., Bowman, K. W., Deutscher,408

N. M., Dubey, M. K., Griffith, D. W. T., Hase, F., Kuze, A., Notholt, J., Ohyama, H., Parker, R., Payne, V. H.,409

Sussmann, R., Velazco, V. A., Warneke, T., Wennberg, P. O., and Wunch, D.: Estimating global and North410

American methane emissions with high spatial resolution using GOSAT satellite data, Atmospheric Chem-411

istry and Physics, http://acmg.seas.harvard.edu/publications/2014/Turner 2014 Methane.pdf, submitted.412

von Clarmann, T.: Smoothing error pitfalls, Atmospheric Measurement Techniques, 7, 3023–3034, doi:10.413

5194/amt-7-3023-2014, 2014.414

Wecht, K. J., Jacob, D. J., Frankenberg, C., Jiang, Z., and Blake, D. R.: Mapping of North American methane415

emissions with high spatial resolution by inversion of SCIAMACHY satellite data, Journal of Geophysical416

Research: Atmospheres, 119, 7741–7756, doi:10.1002/2014jd021551, 2014.417

Grid
Coarsening

a

PCA
Clustering

b

GMM
Clustering

c

GMM
with RBFs

d

Fig. 1. Illustration of different approaches for aggregating a state vector. Here the native resolution state vector

is a field of gridded methane emissions at 1/2�⇥ 2/3� resolution over North America. Extreme reduction to 8

state vector elements is shown with individual elements distinguished by color.
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Clustering (Turner and Jacob, 2015):
• Gaussian-Mixture model exploiting prior 

information to construct bases.
• Optimal: but optimality obtained only for this 

specific class of basis functions.
• Weak scalability: incremental method where 

posterior errors are reevaluated for each added 
basis.

Previous studies

Bousserez



Optimal projections scalably calculated for 
high-dimensional problems (Bousserez and 
Henze, 2018):
• Maximizes DOFs of the inversion (Bocquet et al., 2011)
• Optimal basis from SVD of the prior-preconditioned 

Hessian, (Spantini et al., 2015).   
Note: H from here out is Jacobian of linearized model

• SVD calculated scalably using randomization techniques 
(Halko et al., 2011; Bui-Thanh et al., 2012) 

Previous studies

Optimal Dimension Reduction Methods for Linear Bayesian Inverse Problems3
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Definition 2.1. A function H : <n
! <

n is said to be B-di↵erentiable at the
point z if (i) H is Lipschitz continuous in a neighborhood of z, and (ii) there ex-
ists a positive homogeneous function BH(z) : <n

! <
n, called the B-derivative

of H at z, such that

lim
v!0
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The function H is B-di↵erentiable in set S if it is B-di↵erentiable at every point
in S. The B-derivative BH(z) is said to be strong if
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Reduced-cost consruction of Jacobian 
matrices (Nesser et al., 2021):
• Approximate Jacobian calculated with adjoint-free 

methods
• SVD of prior-preconditioned Hessian computed 

directly
• Error in the “optimal” projection solution owing to 

the approximate Jacobian not well known



Error estimation for sub-optimal aggregation schemes

Consider an inversion conducted on a non-optimally aggregated grid (or using a 
reduced-rank Jacobian):

non-optimal aggregation (P) for k = 125
How much error is there in our solution (              ) 
compared to using the optimal rank k solution (              )?

Considering the symmetric projection with similar range, , 

we can estimate the error owing to sub-optimality as:

where ui are left singular vectors of Q
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k = 51 

Error estimation for sub-optimal aggregation schemes

We may not know the SVD of the prior preconditioned 
Hessian (if we did, we would use it…).

But we do know the SVD of our projected problem. 
Compared to the full SVD, it is lower. But functionally 
lower in a way that depends only weakly on k. 

From this ratio, we can estimate the full SVD from our 
SVD of the low-rank problem. 

Actual ratio
Functional fit:

g(x) = c1e
�c2x
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Benjamin Worden-Sapper (in prep.)
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We may not know the SVD of the prior preconditioned 
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But we do know the SVD of our projected problem. 
Compared to the full SVD, it is lower. But functionally 
lower in a way that depends only weakly on k. 
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Error estimation for sub-optimal aggregation schemes

We can also functionally estimate the              terms 
using the following:
-

- upper bound for c3 is k/n (assuming ui and P
uncorrelated)

- estimate leading singular vector and value (e.g., Liao 
and Sandu) or average of  

Actual ratio
Estimate:

f(x) = c1e
�c2x + c3

<latexit sha1_base64="UES5jiBJlhPbgOTvAVn4CuD2N/8=">AAACAHicdVDJSgNBEO2JW4xb1IMHL41BiIjDdBaSHISgF48RzAJJHHo6PUmTnoXuHkkYcvFXvHhQxKuf4c2/sbMIKvqg4PFeFVX1nJAzqSzrw0gsLa+sriXXUxubW9s76d29hgwiQWidBDwQLQdLyplP64opTluhoNhzOG06w8up37yjQrLAv1HjkHY93PeZywhWWrLTB252dALPIbERvY3PiJ0bTU6JnbfTGcssFVCxUoCWmbdyeVTWBCFUsooQmdYMGbBAzU6/d3oBiTzqK8KxlG1khaobY6EY4XSS6kSShpgMcZ+2NfWxR2U3nj0wgcda6UE3ELp8BWfq94kYe1KOPUd3elgN5G9vKv7ltSPllrsx88NIUZ/MF7kRhyqA0zRgjwlKFB9rgolg+lZIBlhgonRmKR3C16fwf9LImahgVq4LmerFIo4kOARHIAsQKIEquAI1UAcETMADeALPxr3xaLwYr/PWhLGY2Qc/YLx9AjhXlO4=</latexit>

uT
i P̃ ui

<latexit sha1_base64="uWNQWDElD7WmsEoGZGoizpMXJ10=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlEUHdFNy4r9AVtDJPJtB06mYSZiRBC/RU3LhRx64e482+ctllo64ELZ865l7n3BAlnSjvOt1VaW9/Y3CpvV3Z29/YP7MOjjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDye3M7z5SqVgsWjpLqBfhkWBDRrA2km9XU589tNBAMx7SvDlF5u3bNafuzIFWiVuQGhRo+vbXIIxJGlGhCcdK9V0n0V6OpWaE02llkCqaYDLBI9o3VOCIKi+fLz9Fp0YJ0TCWpoRGc/X3RI4jpbIoMJ0R1mO17M3E/7x+qodXXs5EkmoqyOKjYcqRjtEsCRQySYnmmSGYSGZ2RWSMJSba5FUxIbjLJ6+Sznndvahf31/UGjdFHGU4hhM4AxcuoQF30IQ2EMjgGV7hzXqyXqx362PRWrKKmSr8gfX5A1X1lJc=</latexit>

Z n

0
f(x)dx = k

<latexit sha1_base64="IOT5KvTBPrwdtyyKVtIzqTRAqXk=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NAYhXsKMBNSDEPTiMYJZIBlDT6cnadLTM3T3SOIQ/BUvHhTx6n9482/sLAdNfFDweK+Kqnp+zJnSjvNtZZaWV1bXsuu5jc2t7R17d6+mokQSWiURj2TDx4pyJmhVM81pI5YUhz6ndb9/PfbrD1QqFok7PYypF+KuYAEjWBupbR+0mNBt516goDA4QZ0BukT9tp13is4EaJG4M5KHGSpt+6vViUgSUqEJx0o1XSfWXoqlZoTTUa6VKBpj0sdd2jRU4JAqL51cP0LHRumgIJKmhEYT9fdEikOlhqFvOkOse2reG4v/ec1EB+deykScaCrIdFGQcKQjNI4CdZikRPOhIZhIZm5FpIclJtoEljMhuPMvL5LaadEtFS9uS/ny1SyOLBzCERTAhTMoww1UoAoEHuEZXuHNerJerHfrY9qasWYz+/AH1ucPE/aTtA==</latexit>

uT
i P̃ ui

<latexit sha1_base64="uWNQWDElD7WmsEoGZGoizpMXJ10=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlEUHdFNy4r9AVtDJPJtB06mYSZiRBC/RU3LhRx64e482+ctllo64ELZ865l7n3BAlnSjvOt1VaW9/Y3CpvV3Z29/YP7MOjjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDye3M7z5SqVgsWjpLqBfhkWBDRrA2km9XU589tNBAMx7SvDlF5u3bNafuzIFWiVuQGhRo+vbXIIxJGlGhCcdK9V0n0V6OpWaE02llkCqaYDLBI9o3VOCIKi+fLz9Fp0YJ0TCWpoRGc/X3RI4jpbIoMJ0R1mO17M3E/7x+qodXXs5EkmoqyOKjYcqRjtEsCRQySYnmmSGYSGZ2RWSMJSba5FUxIbjLJ6+Sznndvahf31/UGjdFHGU4hhM4AxcuoQF30IQ2EMjgGV7hzXqyXqx362PRWrKKmSr8gfX5A1X1lJc=</latexit>

u
T i
P̃
u
i

<latexit sha1_base64="uWNQWDElD7WmsEoGZGoizpMXJ10=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlEUHdFNy4r9AVtDJPJtB06mYSZiRBC/RU3LhRx64e482+ctllo64ELZ865l7n3BAlnSjvOt1VaW9/Y3CpvV3Z29/YP7MOjjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDye3M7z5SqVgsWjpLqBfhkWBDRrA2km9XU589tNBAMx7SvDlF5u3bNafuzIFWiVuQGhRo+vbXIIxJGlGhCcdK9V0n0V6OpWaE02llkCqaYDLBI9o3VOCIKi+fLz9Fp0YJ0TCWpoRGc/X3RI4jpbIoMJ0R1mO17M3E/7x+qodXXs5EkmoqyOKjYcqRjtEsCRQySYnmmSGYSGZ2RWSMJSba5FUxIbjLJ6+Sznndvahf31/UGjdFHGU4hhM4AxcuoQF30IQ2EMjgGV7hzXqyXqx362PRWrKKmSr8gfX5A1X1lJc=</latexit>

Benjamin Worden-Sapper (in prep.)

(k = 125 case)



Error estimation for sub-optimal aggregation schemes

Benjamin Worden-Sapper (in prep.)

k
er

ro
r

- approach closely estimates the error up to k as well as total 
- tested for a variety of sub-optimal aggregation schemes, and those which use prior (e.g., GMM model of Turner and 

Jacob (2015)) have lower error
- Note: projection error is also equal to the DOF "missed” owing to the sub-optimal projection
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- approach closely estimates the error up to k as well as total 
- tested for a variety of sub-optimal aggregation schemes, and those which use prior (e.g., GMM model of Turner and 

Jacob (2015)) have lower error
- Note: projection error is also equal to the DOF "missed” owing to the sub-optimal projection
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Inverse modeling when the prior emissions are biased

Consider multiple ways of defining the control vector (x) for emissions adjustments in TROPOMI CH4 OSSE 

Yu et al. (2021)



Inverse modeling when the prior emissions are biased

Xueying Yu et al. (2021)

Consider the case where 
the ensemble (  ) does 
better than the traditional 
(   ) approach – missing 
small emissions.



NO
SO2

CO SO2

NO
CO

Transportation Energy

Similar ratio of NOx, SO2 and CO emissions in the same sector, yet very different across sectors
à Formulate inversion to adjust emissions by sector, rather than species

Assimilate:
MOPITT CO
OMI NO2
OMI SO2

Sector-based emission 
scaling factor

Zhen Qu, Daven K. Henze, Helen M. Worden, Zhe Jiang, Benjamin Gaubert, Nicolas Theys, Wei Wang
Geophys. Res. Lett., 2022, https://doi.org/10.1029/2021GL096009

Accounting for correlated co-emitted pollutants (using 4D-Var)

https://doi.org/10.1029/2021GL096009
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Compared to species-based inversions, sector-based constraints can be:

(Qu et al., GRL, 2022)
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Summary

• Forward and inverse modeling methods to constrain emissions are being adapted to 
handle large data volumes and high-resolution capabilities of geostationary satellites. 

• Multi-species, multi-instrument approaches can yield insight into air pollution processes 
and sector-specific source activity.

• Focus on emissions adjustments leads to important considerations regarding aggregation 
or emissions reduction, optimization of scaling factors or sector activity rates.

• Hybrid approaches that blend 4D-Var, mass-balance, and ensemble approaches exist within 
a variety of modeling frameworks (GEOS-Chem, WRF-Chem, CMAQ….) and could be made 
tractable in operational settings. 


