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I. Uniformly random

Gelfand-Tsetlin patterns



Gelfand-Tsetlin (GT) pattern

‚ A GT pattern G of depth n:

‚ Gp`, iq denotes entry i P rn ´ `s on level ` P rn ´ 1s Y t0u.



Uniformly random GT patterns

with fixed level zero

‚ Let a “ pai qiPrns be an increasing sequence of length n P Z°1.

‚ Construct a random GT pattern G “ Ga
of depth n as follows.

‚ Level zero: Gp0, iq “ ai for i P rns.

‚ The remaining entries tGp`, iq : ` P rn ´ 1s, i P rn ´ `su
(particles) are uniformly distributed.



Multi-level distribution of first particles

‚ Let k “ pki qiPrds P rn ´ 1sd be increasing and

t “ pti qiPrds P Rd
for some dimension d P rn ´ 1s.

‚ CDF: Define Fdpk, tq “ Fa
dpk, tq “ PtGpki , 1q • ti : i P rdsu.



Multi-level distribution of first particles

‚ From the determinantal structure [Metcalfe ‘13],

Fdpk, tq “ detr1 ´ KsL2pî
iPrdstkiuˆR†ti q

“
8ÿ

m“0

p´1qm
m!

ÿ

rPrdsm

ª

Rm
dx

π

iPrms
1txi † tri u ¨ det

i ,jPrms
rKpkri , xi ; krj , xjqs.

‚ Metcalfe’s kernel K : prn ´ 1s ˆ Rq2 Ñ C is of the form

Kpk , x ; `, yq “ p� ` Iqpk , x ; `, yq

for k , ` P rn ´ 1s and x , y P R.



Correlation kernel

‚ Heat part: �pk , x ; `, yq “ 1tx•yu1tk°`u
py ´ xqk´`´1

pk ´ ` ´ 1q! .

‚ Integral part: Ipk , x ; `, yq “ Iapk , x : `, yq “

1

4⇡2

`!

pk ´ 1q!

¿

�´

dw

±
iPrnspw ´ ai q
pw ´ yq``1

¿

�`

dz
pz ´ xqk´1

±
iPrnspz ´ ai q

1

w ´ z
.



II: Five regimes of

boundary fluctuations



Fluctuation regimes

‚ Five regimes of multi-level fluctuations of first particles.

1. Bounded-level regime

2. (Generalized) Gaussian regime

3. Weierstrass regime

4. (Generalized) Baik-Ben Arous-Péché (BBP) regime

5. Airy regime



Fluctuation regimes

‚ The regimes di↵er in scaling, and whether the terms of the

level zero data panq contribute individually and/or

collectively to the limit process.

Regime
Individual

contribution

Aggregate

contribution

Scaling

exponent

Bounded-level Yes Both possible 1

Gaussian Yes Yes 1/2

Weierstrass Yes No 1/3

BBP Yes Yes 1/3

Airy No Yes 1/3

‚ There can be infinitely many outliers.



Cauchy transform of level zero

‚ Let a “ pai qiPrns be an increasing sequence of length n P Z°1.

‚ Define the (negative) Cauchy transform A “ Aa
of a by

Apzq “
nÿ

i“1

1

ai ´ z
for z P Cr a.

‚ The fluctuation regimes can be described entirely in terms of

the sequence An “ Aan .



Tracking levels

‚ Level function: Define ⇢ “ ⇢a “ A2

A1 .

‚ ⇢ : p´8, a1q Ñ p1, nq is a decreasing bijection.



Tracking “curvature”

‚ Curvature function: Define  “ a “ 1

2
A

2 ´ pA1q2
A

.

‚  ° 0 on p´8, a1q.

‚  is connected to the “curvature” of the boundary.



Fluctuation regimes

‚ Consider a sequence of uniform GT patterns Gn “ Gan of

depth `n P Z°1 and level zero an “ panpiqqiPr`ns.

‚ Consider a sequence of levels pn P r`n ´ 1s.

‚ Critical (saddle) points: Let ⇣n “ ⇢´1
n ppnq where ⇢n “ ⇢an .



Bounded-level regime

‚ Scaling: panpiq ´ ⇣nqAnp⇣nq nÑ8Ñ bi P r1,8s for i P Z°0.

‚ b1 † 8.

‚ The depth sequence `n Ñ 8.



Gaussian regime

‚ panp1q ´ ⇣nqAnp⇣nq Ñ 8.

‚ Scaling: panpiq ´ ⇣nqA1
np⇣nq1{2 nÑ8Ñ bi P r1,8s for i P Z°0.

‚ b1 † 8.



Weierstrass regime

‚ panp1q ´ ⇣nqA1
np⇣nq1{2 Ñ 8.

‚ Scaling: panpiq ´ ⇣nqp12A
2
np⇣nqq1{3 nÑ8Ñ bi P r1,8s for i P Z°0

and b1 † 8.

‚ np⇣nq
1
2A

2
np⇣nq Ñ

8ÿ

i“1

1

b3i
P p0, 1s where n “ an “ 1

2
A

2 ´ pA1q2
A

.



BBP regime

‚ panp1q ´ ⇣nqA1
np⇣nq1{2 Ñ 8.

‚ Scaling: panpiq ´ ⇣nqp12A
2
np⇣nqq1{3 nÑ8Ñ bi P r1,8s for i P Z°0

and b1 † 8.

‚ np⇣nq
1
2A

2
np⇣nq Ñ 0 P p

8ÿ

i“1

1

b3i
, 1s where n “ an “ 1

2
A

2 ´ pA1q2
A

.



Airy regime

‚ Scaling: panp1q ´ ⇣nqp12A
2
np⇣nqq1{3 Ñ 8.

‚ np⇣nq
1
2A

2
np⇣nq Ñ 0 P p0, 1s where n “ an “ 1

2
A

2 ´ pA1q2
A

.

‚ The condition that 0 ° 0 is technical.



(Hypothetical) degenerate regime

‚ Scaling: panp1q ´ ⇣nqp12A
2
np⇣nqq1{3 Ñ 8.

‚ np⇣nq
1
2A

2
np⇣nq Ñ 0 where n “ an “ 1

2
A

2 ´ pA1q2
A

.

‚ Likely vacuous.



III: Limit kernels

for large levels



Limiting kernel for the Gaussian regime

‚ Limit parameters: Let b “ pbi qiPZ°0 be a nondecreasing

sequence on r1,8s such that b1 † 8 and

8ÿ

i“1

1

b2i
§ 1.

‚ The limit kernel pKII,b
: pp´8, b1q ˆ Rq2 Ñ C is of the form

pKII,bpu, s; v , tq “ pp�II,b `pIII,bqpu, s; v , tq

for u, v † b1 and s, t P R.



Limiting kernel for the Gaussian regime

‚ The heat part is given by p�II,bpu, s; v , tq “

1tu†vu?
2⇡

1a
Qbpvq ´ Qbpuq

exp

"
´1

2
¨ pRbpuq ´ Rbpvq ´ s ` tq2

Qbpvq ´ Qbpuq

*
.

‚ Qbpuq “
8ÿ

i“1

"
1

pbi ´ uq2 ´ 1

b2i

*
.

‚ Rbpuq “ u2
8ÿ

i“1

1

bi pbi ´ uq2 .



Limiting kernel for the Gaussian regime

‚ The integral part is given by pIII,bpu, s; v , tq “

´ 1

4⇡2

ª

0 ↵`

ª

0 ↵´

expt´f II,bu,s pzq ` f II,bv ,t pwqudw dz

w ´ z

where ↵` P p0,⇡{4q and ↵´ P p⇡{4, 3⇡{4q.

‚ f II,bu,s pzq “ 1

2
¨ z2 ¨

8ÿ

i“1

1

pbi ´ uq2 ` Wb
1pzq ` z ¨ ps ´ Rbpuqq



Limiting kernel for the Gaussian regime

‚ Wb
1 denotes the Weierstrass sum of order 1 given by

Wb
1pzq “

8ÿ

i“1

"
log

ˆ
1 ´ z

bi

˙
` z

bi

*
for z P Cr rb1,8q

where the logarithms are the principal branch.

‚ The series above converges since

8ÿ

i“1

1

b2i
† 8.



Limiting kernel for the Gaussian regime

‚ If b2 “ 8 then the limit process is a Brownian motion.

‚ The case b1 “ bN † bN`1 “ 8 for some N P Z°0 recovers

the extended versions of the generalized Gaussian kernels of

Baik-Ben Arous-Péché [Baik-Ben Arous-Péché ‘06],

[Knizel-Petrov-Saenz ‘18], [Imamura-Sasamoto ‘05,‘07].



Limiting kernel for the Weierstrass regime

‚ Limit parameters: Let b “ pbi qiPZ°0 be a nondecreasing

sequence on r1,8s such that b1 † 8 and

8ÿ

i“1

1

b3i
§ 1.

‚ The limit kernel pKIII,b
: pp´8, b1q ˆ Rq2 Ñ C is of the form

pKIII,bpu, s; v , tq “ pp�III,b `pIIII,bqpu, s; v , tq

for u, v † b1 and s, t P R.



Limiting kernel for the Weierstrass regime

‚ The heat part is given by p�III,bpu, s; v , tq “ p�II,bpu, s; v , tq “

1tu†vu?
2⇡

1a
Qbpvq ´ Qbpuq

exp

"
´1

2
¨ pRbpuq ´ Rbpvq ´ s ` tq2

Qbpvq ´ Qbpuq

*
.

‚ Qbpuq “
8ÿ

i“1

"
1

pbi ´ uq2 ´ 1

b2i

*
.

‚ Rbpuq “ u2
8ÿ

i“1

1

bi pbi ´ uq2 .



Limiting kernel for the Weierstrass regime

‚ The integral part is given by pIIII,bpu, s; v , tq “

´ 1

4⇡2

ª

0 ↵`

ª

0 ↵´

expt´f III,bu,s pzq ` f III,bv ,t pwqudw dz

w ´ z

where ↵` P p⇡{6,⇡{4q and ↵´ P p⇡{2, 3⇡{4q.

‚ f III,bu,s pzq “ Wb
2pzq ` 1

2
¨ z2Qbpuq ` z ¨ ps ´ Rbpuqq



Limiting kernel for the Weierstrass regime

‚ Wb
2 denotes the Weierstrass sum of order 2 given by

Wb
2pzq “

8ÿ

i“1

"
log

ˆ
1 ´ z

bi

˙
` z

bi
` z2

2b2i

*
for z P Cr rb1,8q

where the logarithms are the principal branch.

‚ The series above converges since

8ÿ

i“1

1

b3i
† 8.



Limiting kernel for the Weierstrass regime

‚ If

8ÿ

i“1

1

b2i
† 8 then pKIII,b “ pKII,b

but the two regimes still

di↵er in scaling.

‚ If

8ÿ

i“1

1

b2i
“ 8 then the limit process is novel.

‚ A similar kernel appeared in exponential LPP with growing

inhomogeneous parameters [Johansson 07].



Limiting kernel for the BBP regime

‚ Limit parameters: Let b “ pbi qiPZ°0 be a nondecreasing

sequence on r1,8s such that b1 † 8 and

8ÿ

i“1

1

b3i
† 0 for

some 0 P p0, 1s.

‚ The limit kernel pKIV,b,0 : pp´8, b1q ˆ Rq2 Ñ C is of the

form

pKIV,b,0pu, s; v , tq “ pp�IV,b,0 `pIIV,b,0qpu, s; v , tq

for u, v † b1 and s, t P R.



Limiting kernel for the BBP regime

‚ The heat part is given by p�IV,b,0pu, s; v , tq “
1tu†vu?

2⇡

1b
2pv ´ uqK b,0

0 ` Qbpvq ´ Qbpuq

¨ exp
#

´1

2
¨ ppu2 ´ v2qK b,0

0 ` Rbpuq ´ Rbpvq ´ s ` tq2
2pv ´ uqK b,0

0 ` Qbpvq ´ Qbpuq

+
.

‚ K b,0
0 “ 0 ´

8ÿ

i“1

1

b3i
° 0.



Limiting kernel for the BBP regime

‚ The integral part is given by pIIV,b,0pu, s; v , tq “

´ 1

4⇡2

ª

0 ↵`

ª

0 ↵´

expt´f IV,b,0
u,s pzq ` f IV,b,0

v ,t pwqudw dz

w ´ z

where ↵` P p⇡{6,⇡{2q and ↵´ P p⇡{2, 5⇡{6q.

‚ f IV,b,0
u,s pzq “ ´1

3
K b,0
0 z3 ` Wb

2pzq
`1

2 ¨ z2p2uK b,0
0 `Qbpuqq ` z ¨ ps´u2K b,0

0 ´Rbpuqq



Limiting kernel for the BBP regime

‚ If b2 “ 8 then the marginals of the limit process coincides

with a distribution of [Baik-Rains ‘00] up to rescaling.

‚ The case bN † bN`1 “ 8 for some N P Z°0 recovers the

extended version of the BBP kernel [Baik-Ben Arous-Péché

‘06], [Knizel-Petrov-Saenz ‘18], [Imamura-Sasamoto ‘07].



Limiting kernel for the Airy regime

‚ Limit parameter: Let 0 P p0, 1s. One can view that b1 “ 8.

‚ The limit kernel pKV,0 : pR ˆ Rq2 Ñ C is of the form

pKV,0pu, s; v , tq “ pp�V,0 `pIV,0qpu, s; v , tq

for u, v , s, t P R.



Limiting kernel for the Airy regime

‚ The heat part is given by p�V,0pu, s; v , tq “

1tu†vu?
2⇡

1a
2pv ´ uq0

exp

"
´1

2
¨ ppu2 ´ v2q0 ´ s ` tq2

2pv ´ uq0

*
.

‚ K b,0
0 “ 0 ´

8ÿ

i“1

1

b3i
“ 0 since b1 “ 8.

‚ Qbpuq “ 0 and Rbpuq “ 0 since b1 “ 8.



Limiting kernel for the Airy regime

‚ The integral part is given by pIV,0pu, s; v , tq “

´ 1

4⇡2

ª

0 ↵`

ª

0 ↵´

expt´fV,0
u,s pzq ` fV,0

v ,t pwqudw dz

w ´ z

where ↵` P p⇡{6,⇡{2q and ↵´ P p⇡{2, 5⇡{6q.

‚ fV,0
u,s pzq “ ´1

3
0z

3 ` z2u0 ` z ¨ ps´u20q.



Limiting kernel for the Airy regime

‚ It is possible to remove 0 via rescaling.

‚ The limit process is the extended Airy process

([Prähofer-Spohn ’02]) up to rescaling.



IV. Classifying boundary

fluctuations for large levels



Estimating boundary

‚ Let a “ pai qiPrns be an increasing sequence of length n P Z°1.

‚ Boundary function: For p P p1, nq, define

�p “ �p,a “ sup
z†a1

"
z ` p

Apzq

*
.

‚ �p approximates Gpp, 1q, the position of the first particle on

level p P rn ´ 1s.



Estimating boundary

‚ The unique maximizer is the critical point

⇣ “ ⇢´1ppq P p´8, a1q where ⇢ “ A2

A1 is the level function.

‚ Boundary function: For p P p1, nq,

�p “ sup
z†a1

"
z ` p

Apzq

*
“ ⇣ ` p

Ap⇣q “ ⇣ ` Ap⇣q
A1p⇣q .



Setup for fluctuation results

‚ Consider a sequence of uniform GT patterns Gn “ Gan of

depth `n P Z°1 and level zero an “ panpiqqiPr`ns.

‚ Consider a sequence of levels pn P r`n ´ 1s.



Setup for fluctuation results

‚ Fix a dimension d P Z°0.

‚ Fix ⌘0 ° 0 and umin, umax P R with umin § 0 § umax.

‚ Level variables: Let u “ pui qiPrds P rumin, umaxsd be a

sequence with ui • ui`1 ` ⌘0 for i P rd ´ 1s.

‚ Position variables: Fix T0 ° 0 and let

s “ psi qiPrds P r´T0,T0sd .



Rescaled joint CDF of first particles

‚ Rescaled CDF:

Fn,dpu, sq “ Fan,pn
d pu, sq “ PtGnpt⇢pui qu, 1q • �pui , si q, i P rdsu.



Limiting joint CDF of first particles

‚ Large-level regimes: Let ˝ P tII , III , IV ,V u.

‚ Limit CDF: Define pF˝
dpu, sq “ detr1 ´ pK˝sL2pî

iPrdstuiuˆR•si q

“
8ÿ

m“0

p´1qm
m!

ÿ

rPrdsm

ª

Rm
dt

π

iPrms
1tti°sri u ¨ det

i ,jPrms
rpK˝puri , ti ; urj , tjqs.



Classification theorem for large levels

II. Gaussian regime. Fix ✏0 ° 0. Assume that

‚ panp1q ´ ⇣nqAnp⇣nq Ñ 8.

‚ panpiq ´ ⇣nqA1
np⇣nq1{2 nÑ8Ñ bi P r1,8s for i P Z°0.

‚ b1 † 8 and b1 • umax ` ✏0.

Level ratio constraint: Furthermore, assume that
⇢
n
puminq

⇢
n
pumaxq

§ r0

where r0 ° 1 is an absolute constant (purely technical).

Then Fn,dpu, sq nÑ8Ñ pFII ,b
d pu, sq uniformly in u, s and b.



Classification theorem for large levels

III. Weierstrass regime. Fix ✏0 ° 0. Assume that

‚ panp1q ´ ⇣nqpA1
np⇣nqq1{2 Ñ 8.

‚ panpiq ´ ⇣nqp12An
2p⇣nqq1{3 nÑ8Ñ bi P r1,8s for i P Z°0.

‚ b1 † 8 and b1 • umax ` ✏0.

‚ np⇣nq
1
2A

2
np⇣nq Ñ

8ÿ

i“1

1

b3i
.

Then Fn,dpu, sq nÑ8Ñ pFIII ,b
d pu, sq uniformly in u, s and b.



Classification theorem for large levels

IV. BBP regime. Fix ✏0 ° 0. Assume that

‚ panp1q ´ ⇣nqpA1
np⇣nqq1{2 Ñ 8.

‚ panpiq ´ ⇣nqp12An
2p⇣nqq1{3 nÑ8Ñ bi P r1,8s for i P Z°0.

‚ b1 † 8 and b1 • umax ` ✏0.

‚ np⇣nq
1
2A

2
np⇣nq Ñ 0 •

8ÿ

i“1

1

b3i
`✏0.

Then Fn,dpu, sq nÑ8Ñ pFIV ,b,0
d pu, sq uniformly in u, s, b and 0.



Classification theorem for large levels

V. Airy regime. Fix ✏0 ° 0. Assume that

‚ panp1q ´ ⇣nqp12An
2p⇣nqq1{3 Ñ 8.

‚ np⇣nq
1
2A

2
np⇣nq Ñ 0• ✏0.

Then Fn,dpu, sq nÑ8Ñ pFV ,0
d pu, sq uniformly in u, s and 0.



IV. Some specializations



Case of a limit shape

‚ Consider a sequence of uniform GT patterns Gn “ Gan of

depth `n Ñ 8 and level zero an “ panpiqqiPr`ns.

Assumptions.

(i) anp1q “ a0 for n P Z°0 for some fixed a0 P R.

(ii)
1

`n

`nÿ

i“1

�anpiq
nÑ8Ñ µ vaguely for some subprobability

measure µ on R such that µ ‰ 0 and # suppµ ° 1.



Shape function

‚ Define the shape function p� “ p�a0,µ by

p�prq “ sup
z§a0

#
z ` r

pApzq

+
for r P p0, µpRqq

‚ pA “ pAµ
denotes the negative of the Cauchy transform of µ:

pApzq “
ª

R

µpdaq
a ´ z

for z P Cr suppµ.



Limit shape

‚ Consider a sequence of levels pn P r`n ´ 1s such that
pn
`n

Ñ r

for some fixed ratio r P p0, µpRqq.

‚ (Weak) shape theorem.

1

`n
Gnppn, 1q Ñ p�prq in probability.



Shape function is convex

‚ r fiÑ p�prq “ sup
z§a0

#
z ` r

pApzq

+
is convex.



Flat part of shape function

‚ Limit level function: Define p⇢ “ p⇢µ “
pA2

pA1 .

‚ Let µ “ inf suppµ.

‚ p⇢ is a decreasing bijection from p´8, µq onto pp⇢pµq, µpRqq for

some ⇢pµq P r0, µpRqq.



Flat part of shape function

‚ a0 “ anp1q § µ.

‚ p� has a flat segment if and only if r0 “ p⇢pa0q ° 0.



Airy universality

Theorem. Assume that r P pr0, µpRqq. Let

0 “ µ,r0 “ ppp⇣prqq
pApp⇣prqq

where p “ 1
2

pA2 ´ ppA1q2
pA

and p⇣ “ pp⇢q´1
.

Then Fn,dpu, sq Ñ pFV ,0
d pu, sq uniformly in u and s.



A model with a limiting density

‚ Level zero: Fix q P p1, 2q. Assume that

anpiq “
ˆ
i ´ 1

`n

˙1{pq`1q
for i P r`n ´ 1s and n P Z°0.

‚ anp1q “ a0 “ 0.

‚ Limit measure: µpdaq “ pq ` 1q1taPr0,1suaqda.

‚ The shape function p� has a flat segment: r0 ° 0.



Fluctuations on the flat segment

Theorem. Fix ✏0 ° 0. Assume that r P p0, r0q. Let

b1 “
ˆ
1 ´ r

r0

˙´1{2
and b2 “ 8 (Brownian motion).

Assume that b1 • umax ` ✏0.

Furthermore, assume that
⇢
n
puminq

⇢
n
pumaxq

§ r0 where r0 ° 1 is an

absolute constant (purely technical).

Then Fn,dpu, sq Ñ pFII ,b
d pu, sq uniformly in u and s.



Fluctuations within the critical window

Theorem. Fix ✏0 ° 0. Assume that r “ r0 and

ppn ´ pcritn q ¨ `´2{p1`qq
n Ñ x P R

where pcritn “ ⇢np´`´1{p1`qq
n q.

Then Fn,dpu, sq Ñ pFIII ,b
d pu, sq uniformly in u and s provided that

b1 • umax ` ✏0 where

bi “ bqi pxq “ ppi ´ 1q1{p1`qq ` yq ¨
˜ 8ÿ

j“1

1

ppj ´ 1q1{p1`qq ` yq3

¸1{3

for i P Z°0, and



Fluctuations within the critical window

y “ yqpxq ° 0 is defined implicitly through

x “
pAp0q2
pA1p0q2

8ÿ

j“1

"
1

ppj ´ 1q1{p1`qq ` 1q2 ´ 1

ppj ´ 1q1{p1`qq ` yq2
*
.

‚
8ÿ

i“1

1

b2i
«

8ÿ

i“1

1

i2{p1`qq “ 8 since q P p1, 2q.

‚ Therefore, the limit process is specific to the Weierstrass

regime.



Thanks!


