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Abstract

We consider a strict action of a Lie 2-group on a Lie groupoid
and we look for a notion of equivariant cohomology. Conse-
quently, we check this cohomology is Morita invariant, giving
us the relation with the category of differentiable stacks.

Introduction

The idea of equivariant cohomology is important when look-
ing for a notion of cohomology for the quotient space

M/G

when G is a Lie group acting on a smooth manifold M. We
know that this quotient is not always a smooth manifold
and the cohomology might not be well-defined. However,
there exist different models that allow us to compute the
cohomology of these spaces. For instance, the Borel model
provides an option considering the use of the space

EG XGM

and the property of contractible space of EG to get the
cohomology of M/G.

In order to find the equivariant cohomology for 2-group ac-
tions, we consider a Lie 2-group

G = (G1 = Go)

acting on Lie groupoid X = (X; = Xp) and we consider its
transformation double Lie groupoid. Then we can use the
nerve of this double lie groupoid and with this bisimplicial
smooth manifold, we compute the cohomology using differ-
ential forms on this bisimplicial smooth manifold. After this
we go to the category of differentiable stacks and we study
the notion of stacky Lie group, actions of stacky Lie groups
on differentiable stacks and the implications of these actions
in this category.

We state that

A first approach

Let G be a Lie 2-group acting on a Lie groupoid X.

Consider the transformations double Lie groupoid given

by
G X X1 —=2 X1 (1)
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where the vertical Lie groupoids is given by the
cartesian product groupoid of G and X, and the
horizontal Lie groupoids are the transformation
groupoids given by the actions of G; and Gy on X; and
Xo, respectively.

Then we can consider the nerve of this double Lie
groupoid that is,
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With this we get triple complex C**® with CP9" =
QP(G x X,) where the differentials are given by the exterior
derivative, d, and the two differentials that come from the
bisimplicial structure, 94 and 9,.

A cohomology for 2-group actions

If we consider the total complex C®, where
C" =@,—pigin C”T" with differential
D = d + (=1)P9, + (—1)P*99,, its cohomology will
be denoted by H(G O X).

Let G be a 2-group acting on X and Y. A
G-equivariant groupoid morphism ¢ : X — Y induces a
map H(G O X) — H(G O Y) which is an isomorphism
if ¢ is Morita.

Equivariant cohomology for 2-group actions

So we define the equivariant cohomology for the 2-group
action of G on X by

Hg(X) := H(G O X).

What does it happen when we work in the category of Dif-
ferentiable stacks? For this we need to consider the notion
of stacky Lie group and stacky Lie group actions as intro-
duce by Bursztyn-Noseda-Zhu, [2],

Stacky Lie groups

A stacky Lie group is a stacky Lie groupoid over a point.
That is, a differentiable stack G with the following
structure:

1

G=+5Hg5g, i(g)=g"

GxG G, Mg, h)=gh

with 2-isomorphisms «, A, p, 1/, 1, that represents weaker
forms of associativity, identity and inverse axioms. These
2-isomorphisms accomplish some higher coherence
conditions for the associativity, identity and inverse axioms.

Homomorphism of stacky Lie groups

A homomorphism of stacky Lie groups is a morphism of
differentiable stacks (¢, ¢, €, E) : G1 — G> which preserves
the structure of stacky Lie groups, where ¢, €, E are
2-isomorphisms for the associativity, identity and inverse
axioms accomplishing some higher coherence conditions.

Example

If G Lie 2-group, then the canonical atlas
Go - BG ()

where BG is its classifying stack is a homomorphism of
stacky Lie groups with 2-isomorphisms given by identities.

We recall the notion of stacky Lie group actions,

Actions of stacky Lie groups

An action of a stacky Lie group G on a differentiable
stack X is a morphism of stacks:

A:gXxXX—>X

with two 2-isomorphisms 8 and £ that encode the two
ways that two elements of G act on X and the action of
the identity accomplishing some higher coherence
conditions. We say that X is G-stack.

In a similar way it is possible to have a notion of equiv-
ariant morphism (F, §) with respect to a homomorphism
(¢, €, €, E). With this we get the following

Proposition

Let G be a 2-group acting on X. We have that the
canonical atlas Xo 2 BX is an equivariant morphism with
respect to the homomorphism Gy - BG as in (2).

What is happening when BG, with G a Lie 2-group, is acting
on a differentiable stack X? We provide a definition

BG-atlas

The BG-stack, X, is a differentiable BG-stack if there
exists a smooth manifold Xp with a smooth action

ap : Gop X Xo — Xp and a equivariant morphism

(p, o) : Xo — X between the Gy-stack, Xp, and the
BG-stack, X, with respect to the homomorphism of stacky
Lie groups, q : Go — BG.

Proposition

Let X be a differentiable BG-stack with BG-atlas given by
(p, o) : X — X. Then there exists a strict
(Gg X BG Go)—action on Xp X x Xo.

If we consider the associated Lie groupoids G and X of the
stacks BG and X respectively, then we have:

Proposition

G is a Lie 2-group acting on the Lie groupoid X.

Definition
If X is a differentiable BG-stack with BG-atlas given by

(p, o) : X — X, the equivariant cohomology of X with
respect to BG is defined by:

Hpe (%) = Hs(X).

This extends the notion of equivariant cohomology for a
Lie group G acting on a differentiable stack given in [1].

In the search of another model for this cohomology, we con-
sider a Lie groupoid X with a Lie 2-group action by G, where
G; is a compact connected Lie group.

Cartan Model

We consider the double complex (C*®, dg,, ) given
by:

=200 = | D (5"(a) @ () |

k=2p+q

where g,\f denotes the dual of the Lie algebra of G,
dg, is the Cartan differential and O is the operator
given by simplicial structure.

Using a spectral sequence argument we can see that

this cohomology computes the same cohomology as
Hg (X).
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