
Marcio Gameiro

Department of Mathematics
Rutgers University

gameiro@math.rutgers.edu

Characterizing robust dynamics in 
regulatory networks

mailto:mischaik@math.gatech.edu


Bistable hysteretic switch

What is a switch?

Signal

ON

OFF

Output

Mono-
stable

Bi-
stable

Mono-
stable



Bistable hysteretic switch

What is a switch?

Goal: Design 3-node 
networks that function as 
robust bi-stable hysteretic 
switches.

Signal

ON

OFF

Output

Mono-
stable

Bi-
stable

Mono-
stable



Bistable hysteretic switch

Robust in the sense that it should function across a 
wide range of parameters (stable under perturbations).

What is a switch?

Goal: Design 3-node 
networks that function as 
robust bi-stable hysteretic 
switches.

Signal

ON

OFF

Output

Mono-
stable

Bi-
stable

Mono-
stable



Networks with robust hysteresis

DSGRN (Dynamic Signatures Generated by Regulatory 
Networks) can compute a coarse description of dynamics 
of a network that is valid for all of parameter space.



Networks with robust hysteresis

DSGRN (Dynamic Signatures Generated by Regulatory 
Networks) can compute a coarse description of dynamics 
of a network that is valid for all of parameter space.

DSGRN can evaluate robustness across all of parameter 
space.



Networks with robust hysteresis

DSGRN (Dynamic Signatures Generated by Regulatory 
Networks) can compute a coarse description of dynamics 
of a network that is valid for all of parameter space.

DSGRN can evaluate robustness across all of parameter 
space.

We rank all 3-node networks according to their ability 
to function as a robust bi-stable switch.



Networks with robust hysteresis

All three-node networks

Figure 9: The top fourteen regulatory networks by descending hysteresis score. The six regulatory
networks in dotted boxes are fragile, while the eight outlined via the dashed lines are robust.
Observe that none of the networks are consistent. Networks 13 and 14 are analogous to networks
13 and 14 of the main paper. The fact that they are fragile recovers observation from [10] that
2-node toggle switch is fragile (see comment in the main text).

where x = (x0, . . . , xN−1) represent the state variables of the N nodes of the network, Γ is a
diagonal matrix

Γ =
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where γi > 0 is the decay rate of xi, and Λ(x) = (Λ0(x), . . . ,ΛN−1(x)) takes the form described
below. Let

σ+(y, #, δ, θ) =

{

#, if y < θ

#+ δ, if y > θ

and

σ−(y, #, δ, θ) =

{

#+ δ, if y < θ

#, if y > θ.

Assume that node i has k in-edges from the nodes j1, . . . , jk in the regulatory network. Fur-
thermore, assume that of these edges j1, . . . , jk1 are activating and jk1+1, . . . , jk are repressing. For
the computations of this paper we set

Λi(x) =
(

σ+(xj1) + · · ·+ σ+(xjk1 )
)

σ−(xjk1+1) · · · σ
−(xjk). (6)

As an example, for network 12 in Figure 3, equation (5) takes the form

− γ0x0 + σ+(x0, #0,0, δ0,0, θ0,0) + σ+(x1, #0,1, δ0,1, θ0,1) + σ+(x2, #0,2, δ0,2, θ0,2)

− γ1x1 + σ+(x0, #1,0, δ1,0, θ1,0) + σ+(x2, #1,2, δ1,2, θ1,2)

− γ2x2 + σ+(x0, #2,0, δ2,0, θ2,0)
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Hysteresis score

Hysteresis scores of all (14,068) three node networks

How about robustness under perturbation?
G., Gedeon, Kepley, Mischaikow, PLoS Comp Bio, 2021
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DSGRN

There is no “the right” model for a biological network

If a model is selected it is very difficult and expensive 
to obtain parameter values and dynamics can vary 
widely with parameters

Description of dynamics does not dependent on 
a particular ODE model

DSGRN philosophy:

Compute a coarse description of the dynamics of a 
network that is valid for all of parameter space
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<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

Denote by <latexit sha1_base64="Nn+o6NmBMEW8NJI5d3NT2IwsVFA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS1GXRjcsK9gFtCJPpbTt0MgkzE2kJ+RU3LhRx64+482+cpllo64ELh3PunTv3BDFnSjvOt1Xa2Nza3invVvb2Dw6P7ONqR0WJpNCmEY9kLyAKOBPQ1kxz6MUSSBhw6AbTu4XffQKpWCQe9TwGLyRjwUaMEm0k366mg/yRNOAJZHjmi8y3a07dyYHXiVuQGirQ8u2vwTCiSQhCU06U6rtOrL2USM0oh6wySBTEhE7JGPqGChKC8tJ8bYbPjTLEo0iaEhrn6u+JlIRKzcPAdIZET9SqtxD/8/qJHt14KRNxokHQ5aJRwrGO8CIIPGQSqOZzQwiVzPwV0wmRhGoTV8WE4K6evE46l3X3qt54aNSat0UcZXSKztAFctE1aqJ71EJtRNEMPaNX9GZl1ov1bn0sW0tWMXOC/sD6/AGyVZTg</latexit>xn
<latexit sha1_base64="ACcX2IbEGm8yUtO6rj1mVlL5kRQ=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRT0WvXisYD+gXUo2nbah2eySZAtl6T/x4kERr/4Tb/4b03YP2vpg4PHeTCbzwkRwbTzv2ylsbG5t7xR3S3v7B4dH7vFJU8epYthgsYhVO6QaBZfYMNwIbCcKaRQKbIXj+7nfmqDSPJZPZppgENGh5APOqLFSz3Wz7uKRLBQpzoic9dyyV/EWIOvEz0kZctR77le3H7M0QmmYoFp3fC8xQUaV4UzgrNRNNSaUjekQO5ZKGqEOssXSGbmwSp8MYmVLGrJQf09kNNJ6GoW2M6JmpFe9ufif10nN4DbIuExSg5ItFw1SQUxM5jGQPlfIjJhaQpni9q+EjaiizNiwSjYEf/XkddK8qvjXlepjtVy7y+MowhmcwyX4cAM1eIA6NIDBBJ7hFd6czHlx3p2PZWvByWdO4Q+czx8UlJP1</latexit>n

a quantity associated with
node and assume that:

Cummins, et. al., SIADS, 2016
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<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2

<latexit sha1_base64="PvkqMPf0KQ2ZiRgX4QPbidqMLN8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl76pcqVdK1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AICTjMA=</latexit>

3

<latexit sha1_base64="y+WDoqttszdexELZg6EJPDYoWM8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNf+qVq82boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxedi5c=</latexit>

4

<latexit sha1_base64="pukKC4/a/4Vumdv9C1rDgxpFPro=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lW5Uq+UqrdZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYObjMI=</latexit>

5

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

Denote by <latexit sha1_base64="Nn+o6NmBMEW8NJI5d3NT2IwsVFA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS1GXRjcsK9gFtCJPpbTt0MgkzE2kJ+RU3LhRx64+482+cpllo64ELh3PunTv3BDFnSjvOt1Xa2Nza3invVvb2Dw6P7ONqR0WJpNCmEY9kLyAKOBPQ1kxz6MUSSBhw6AbTu4XffQKpWCQe9TwGLyRjwUaMEm0k366mg/yRNOAJZHjmi8y3a07dyYHXiVuQGirQ8u2vwTCiSQhCU06U6rtOrL2USM0oh6wySBTEhE7JGPqGChKC8tJ8bYbPjTLEo0iaEhrn6u+JlIRKzcPAdIZET9SqtxD/8/qJHt14KRNxokHQ5aJRwrGO8CIIPGQSqOZzQwiVzPwV0wmRhGoTV8WE4K6evE46l3X3qt54aNSat0UcZXSKztAFctE1aqJ71EJtRNEMPaNX9GZl1ov1bn0sW0tWMXOC/sD6/AGyVZTg</latexit>xn
<latexit sha1_base64="ACcX2IbEGm8yUtO6rj1mVlL5kRQ=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRT0WvXisYD+gXUo2nbah2eySZAtl6T/x4kERr/4Tb/4b03YP2vpg4PHeTCbzwkRwbTzv2ylsbG5t7xR3S3v7B4dH7vFJU8epYthgsYhVO6QaBZfYMNwIbCcKaRQKbIXj+7nfmqDSPJZPZppgENGh5APOqLFSz3Wz7uKRLBQpzoic9dyyV/EWIOvEz0kZctR77le3H7M0QmmYoFp3fC8xQUaV4UzgrNRNNSaUjekQO5ZKGqEOssXSGbmwSp8MYmVLGrJQf09kNNJ6GoW2M6JmpFe9ufif10nN4DbIuExSg5ItFw1SQUxM5jGQPlfIjJhaQpni9q+EjaiizNiwSjYEf/XkddK8qvjXlepjtVy7y+MowhmcwyX4cAM1eIA6NIDBBJ7hFd6czHlx3p2PZWvByWdO4Q+czx8UlJP1</latexit>n

a quantity associated with
node and assume that:

<latexit sha1_base64="llh9isdpOLCqI855h2eQI/IZoIc=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iVoB6DXjxGMA9IljA76U2GzD6YmQ2EJX/ixYMiXv0Tb/6Nk80eNLGgoajqnp4uPxFcacf5tkobm1vbO+Xdyt7+weGRfXzSVnEqGbZYLGLZ9alCwSNsaa4FdhOJNPQFdvzJ/cLvTFEqHkdPepagF9JRxAPOqDbSwLazfv5I5osU54TPB3bVqTk5yDpxC1KFAs2B/dUfxiwNMdJMUKV6rpNoL6NScyZwXumnChPKJnSEPUMjGqLysnzpnFwYZUiCWJqKNMnV3xMZDZWahb7pDKkeq1VvIf7n9VId3HoZj5JUY8SWi4JUEB2TRQxkyCUyLWaGUCa5+SthYyop0yasignBXT15nbSvau51rf5YrzbuijjKcAbncAku3EADHqAJLWAwhWd4hTcrs16sd+tj2VqyiplT+APr8wcM+5Pw</latexit>

i
<latexit sha1_base64="ACcX2IbEGm8yUtO6rj1mVlL5kRQ=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRT0WvXisYD+gXUo2nbah2eySZAtl6T/x4kERr/4Tb/4b03YP2vpg4PHeTCbzwkRwbTzv2ylsbG5t7xR3S3v7B4dH7vFJU8epYthgsYhVO6QaBZfYMNwIbCcKaRQKbIXj+7nfmqDSPJZPZppgENGh5APOqLFSz3Wz7uKRLBQpzoic9dyyV/EWIOvEz0kZctR77le3H7M0QmmYoFp3fC8xQUaV4UzgrNRNNSaUjekQO5ZKGqEOssXSGbmwSp8MYmVLGrJQf09kNNJ6GoW2M6JmpFe9ufif10nN4DbIuExSg5ItFw1SQUxM5jGQPlfIjJhaQpni9q+EjaiizNiwSjYEf/XkddK8qvjXlepjtVy7y+MowhmcwyX4cAM1eIA6NIDBBJ7hFd6czHlx3p2PZWvByWdO4Q+czx8UlJP1</latexit>n

<latexit sha1_base64="Nn+o6NmBMEW8NJI5d3NT2IwsVFA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS1GXRjcsK9gFtCJPpbTt0MgkzE2kJ+RU3LhRx64+482+cpllo64ELh3PunTv3BDFnSjvOt1Xa2Nza3invVvb2Dw6P7ONqR0WJpNCmEY9kLyAKOBPQ1kxz6MUSSBhw6AbTu4XffQKpWCQe9TwGLyRjwUaMEm0k366mg/yRNOAJZHjmi8y3a07dyYHXiVuQGirQ8u2vwTCiSQhCU06U6rtOrL2USM0oh6wySBTEhE7JGPqGChKC8tJ8bYbPjTLEo0iaEhrn6u+JlIRKzcPAdIZET9SqtxD/8/qJHt14KRNxokHQ5aJRwrGO8CIIPGQSqOZzQwiVzPwV0wmRhGoTV8WE4K6evE46l3X3qt54aNSat0UcZXSKztAFctE1aqJ71EJtRNEMPaNX9GZl1ov1bn0sW0tWMXOC/sD6/AGyVZTg</latexit>xn

<latexit sha1_base64="cZrMjENZS/K2MTXLbRYpcGVJT9k=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkqMuiG5cV7APaECbTaTt0MgkzE2kJ+RU3LhRx64+482+cpllo64ELh3PunTv3BDFnSjvOt1Xa2Nza3invVvb2Dw6P7ONqR0WJJLRNIh7JXoAV5UzQtmaa014sKQ4DTrvB9G7hd5+oVCwSj3oeUy/EY8FGjGBtJN+upoP8kTTgCc3QzGeZb9ecupMDrRO3IDUo0PLtr8EwIklIhSYcK9V3nVh7KZaaEU6zyiBRNMZkise0b6jAIVVemq/N0LlRhmgUSVNCo1z9PZHiUKl5GJjOEOuJWvUW4n9eP9GjGy9lIk40FWS5aJRwpCO0CAINmaRE87khmEhm/orIBEtMtImrYkJwV09eJ53LuntVbzw0as3bIo4ynMIZXIAL19CEe2hBGwjM4Ble4c3KrBfr3fpYtpasYuYE/sD6/AGqvJTb</latexit>xi<latexit sha1_base64="GofFe4uSIcXUokEzUDyM3ayfqi0=">AAACBHicbVC7SgNBFJ31GeNr1TLNYBAsJOxKUMugjWUE84AkhNnJTTJkdnaZuSuEZQsbf8XGQhFbP8LOv3HyKDTxwIXDOffOnXuCWAqDnvftrKyurW9s5rby2zu7e/vuwWHdRInmUOORjHQzYAakUFBDgRKasQYWBhIawehm4jceQBsRqXscx9AJ2UCJvuAMrdR1C2l7+kgayAQy2sYhIOum6kxkWdcteiVvCrpM/DkpkjmqXfer3Yt4EoJCLpkxLd+LsZMyjYJLyPLtxEDM+IgNoGWpYiGYTjrdn9ETq/RoP9K2FNKp+nsiZaEx4zCwnSHDoVn0JuJ/XivB/lUnFSpOEBSfLeonkmJEJ4nQntDAUY4tYVwL+1fKh0wzjja3vA3BXzx5mdTPS/5FqXxXLlau53HkSIEck1Pik0tSIbekSmqEk0fyTF7Jm/PkvDjvzsesdcWZzxyRP3A+fwCqHZjB</latexit>

✓n,i

<latexit sha1_base64="jnzuBbA6aK/J43an6QMrkL/mGLY=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgQkoiRV0W3bisYB/QhDKZ3rZDJ5MwMxFKCG78FTcuFHHrV7jzb5ymWWjrgQuHc+6dO/cEMWdKO863tbS8srq2Xtoob25t7+zae/stFSWSQpNGPJKdgCjgTEBTM82hE0sgYcChHYxvpn77AaRikbjXkxj8kAwFGzBKtJF69mHq5Y+kAU8gwx5w3kvFGcuynl1xqk4OvEjcglRQgUbP/vL6EU1CEJpyolTXdWLtp0RqRjlkZS9REBM6JkPoGipICMpP8+0ZPjFKHw8iaUponKu/J1ISKjUJA9MZEj1S895U/M/rJnpw5adMxIkGQWeLBgnHOsLTPHCfSaCaTwwhVDLzV0xHRBKqTWplE4I7f/IiaZ1X3Ytq7a5WqV8XcZTQETpGp8hFl6iOblEDNRFFj+gZvaI368l6sd6tj1nrklXMHKA/sD5/AAGfl9Q=</latexit>

`n,i

<latexit sha1_base64="F/ba221AyzQghFXLEr/H8aUwtZk=">AAACEXicbVDLSgMxFM3UV62vUZdugkUoKGVGirosunFZwT6gU0omvW1DM5khyQhlmF9w46+4caGIW3fu/BvT6Sy09UDg5Jx7b26OH3GmtON8W4WV1bX1jeJmaWt7Z3fP3j9oqTCWFJo05KHs+EQBZwKammkOnUgCCXwObX9yM/PbDyAVC8W9nkbQC8hIsCGjRBupb1cSLxuS+DyGFHvAeT8RZyzFp9gbANdkfk37dtmpOhnwMnFzUkY5Gn37yxuENA5AaMqJUl3XiXQvIVIzyiEtebGCiNAJGUHXUEECUL0kWybFJ0YZ4GEozREaZ+rvjoQESk0D31QGRI/VojcT//O6sR5e9RImoliDoPOHhjHHOsSzePCASaCaTw0hVDKzK6ZjIgnVJsSSCcFd/PIyaZ1X3Ytq7a5Wrl/ncRTRETpGFeSiS1RHt6iBmoiiR/SMXtGb9WS9WO/Wx7y0YOU9h+gPrM8fu76dlQ==</latexit>

`n,i + �n,i

<latexit sha1_base64="cZrMjENZS/K2MTXLbRYpcGVJT9k=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkqMuiG5cV7APaECbTaTt0MgkzE2kJ+RU3LhRx64+482+cpllo64ELh3PunTv3BDFnSjvOt1Xa2Nza3invVvb2Dw6P7ONqR0WJJLRNIh7JXoAV5UzQtmaa014sKQ4DTrvB9G7hd5+oVCwSj3oeUy/EY8FGjGBtJN+upoP8kTTgCc3QzGeZb9ecupMDrRO3IDUo0PLtr8EwIklIhSYcK9V3nVh7KZaaEU6zyiBRNMZkise0b6jAIVVemq/N0LlRhmgUSVNCo1z9PZHiUKl5GJjOEOuJWvUW4n9eP9GjGy9lIk40FWS5aJRwpCO0CAINmaRE87khmEhm/orIBEtMtImrYkJwV09eJ53LuntVbzw0as3bIo4ynMIZXIAL19CEe2hBGwjM4Ble4c3KrBfr3fpYtpasYuYE/sD6/AGqvJTb</latexit>xi
<latexit sha1_base64="Nn+o6NmBMEW8NJI5d3NT2IwsVFA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS1GXRjcsK9gFtCJPpbTt0MgkzE2kJ+RU3LhRx64+482+cpllo64ELh3PunTv3BDFnSjvOt1Xa2Nza3invVvb2Dw6P7ONqR0WJpNCmEY9kLyAKOBPQ1kxz6MUSSBhw6AbTu4XffQKpWCQe9TwGLyRjwUaMEm0k366mg/yRNOAJZHjmi8y3a07dyYHXiVuQGirQ8u2vwTCiSQhCU06U6rtOrL2USM0oh6wySBTEhE7JGPqGChKC8tJ8bYbPjTLEo0iaEhrn6u+JlIRKzcPAdIZET9SqtxD/8/qJHt14KRNxokHQ5aJRwrGO8CIIPGQSqOZzQwiVzPwV0wmRhGoTV8WE4K6evE46l3X3qt54aNSat0UcZXSKztAFctE1aqJ71EJtRNEMPaNX9GZl1ov1bn0sW0tWMXOC/sD6/AGyVZTg</latexit>xn

An increase in     increases 
the rate of production of

<latexit sha1_base64="5L3/6+5YOXthEyTSRw4fbsrd5dA="></latexit>

�+
n,i(xi) =

(
`n,i, if xi < ✓n,i
`n,i + �n,i, if xi > ✓n,i

Cummins, et. al., SIADS, 2016
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<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2

<latexit sha1_base64="PvkqMPf0KQ2ZiRgX4QPbidqMLN8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl76pcqVdK1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AICTjMA=</latexit>

3

<latexit sha1_base64="y+WDoqttszdexELZg6EJPDYoWM8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNf+qVq82boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxedi5c=</latexit>

4

<latexit sha1_base64="pukKC4/a/4Vumdv9C1rDgxpFPro=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lW5Uq+UqrdZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYObjMI=</latexit>

5

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

Denote by <latexit sha1_base64="Nn+o6NmBMEW8NJI5d3NT2IwsVFA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS1GXRjcsK9gFtCJPpbTt0MgkzE2kJ+RU3LhRx64+482+cpllo64ELh3PunTv3BDFnSjvOt1Xa2Nza3invVvb2Dw6P7ONqR0WJpNCmEY9kLyAKOBPQ1kxz6MUSSBhw6AbTu4XffQKpWCQe9TwGLyRjwUaMEm0k366mg/yRNOAJZHjmi8y3a07dyYHXiVuQGirQ8u2vwTCiSQhCU06U6rtOrL2USM0oh6wySBTEhE7JGPqGChKC8tJ8bYbPjTLEo0iaEhrn6u+JlIRKzcPAdIZET9SqtxD/8/qJHt14KRNxokHQ5aJRwrGO8CIIPGQSqOZzQwiVzPwV0wmRhGoTV8WE4K6evE46l3X3qt54aNSat0UcZXSKztAFctE1aqJ71EJtRNEMPaNX9GZl1ov1bn0sW0tWMXOC/sD6/AGyVZTg</latexit>xn
<latexit sha1_base64="ACcX2IbEGm8yUtO6rj1mVlL5kRQ=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRT0WvXisYD+gXUo2nbah2eySZAtl6T/x4kERr/4Tb/4b03YP2vpg4PHeTCbzwkRwbTzv2ylsbG5t7xR3S3v7B4dH7vFJU8epYthgsYhVO6QaBZfYMNwIbCcKaRQKbIXj+7nfmqDSPJZPZppgENGh5APOqLFSz3Wz7uKRLBQpzoic9dyyV/EWIOvEz0kZctR77le3H7M0QmmYoFp3fC8xQUaV4UzgrNRNNSaUjekQO5ZKGqEOssXSGbmwSp8MYmVLGrJQf09kNNJ6GoW2M6JmpFe9ufif10nN4DbIuExSg5ItFw1SQUxM5jGQPlfIjJhaQpni9q+EjaiizNiwSjYEf/XkddK8qvjXlepjtVy7y+MowhmcwyX4cAM1eIA6NIDBBJ7hFd6czHlx3p2PZWvByWdO4Q+czx8UlJP1</latexit>n

a quantity associated with
node and assume that:

<latexit sha1_base64="llh9isdpOLCqI855h2eQI/IZoIc=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iVoB6DXjxGMA9IljA76U2GzD6YmQ2EJX/ixYMiXv0Tb/6Nk80eNLGgoajqnp4uPxFcacf5tkobm1vbO+Xdyt7+weGRfXzSVnEqGbZYLGLZ9alCwSNsaa4FdhOJNPQFdvzJ/cLvTFEqHkdPepagF9JRxAPOqDbSwLazfv5I5osU54TPB3bVqTk5yDpxC1KFAs2B/dUfxiwNMdJMUKV6rpNoL6NScyZwXumnChPKJnSEPUMjGqLysnzpnFwYZUiCWJqKNMnV3xMZDZWahb7pDKkeq1VvIf7n9VId3HoZj5JUY8SWi4JUEB2TRQxkyCUyLWaGUCa5+SthYyop0yasignBXT15nbSvau51rf5YrzbuijjKcAbncAku3EADHqAJLWAwhWd4hTcrs16sd+tj2VqyiplT+APr8wcM+5Pw</latexit>

i
<latexit sha1_base64="ACcX2IbEGm8yUtO6rj1mVlL5kRQ=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRT0WvXisYD+gXUo2nbah2eySZAtl6T/x4kERr/4Tb/4b03YP2vpg4PHeTCbzwkRwbTzv2ylsbG5t7xR3S3v7B4dH7vFJU8epYthgsYhVO6QaBZfYMNwIbCcKaRQKbIXj+7nfmqDSPJZPZppgENGh5APOqLFSz3Wz7uKRLBQpzoic9dyyV/EWIOvEz0kZctR77le3H7M0QmmYoFp3fC8xQUaV4UzgrNRNNSaUjekQO5ZKGqEOssXSGbmwSp8MYmVLGrJQf09kNNJ6GoW2M6JmpFe9ufif10nN4DbIuExSg5ItFw1SQUxM5jGQPlfIjJhaQpni9q+EjaiizNiwSjYEf/XkddK8qvjXlepjtVy7y+MowhmcwyX4cAM1eIA6NIDBBJ7hFd6czHlx3p2PZWvByWdO4Q+czx8UlJP1</latexit>n

<latexit sha1_base64="Nn+o6NmBMEW8NJI5d3NT2IwsVFA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS1GXRjcsK9gFtCJPpbTt0MgkzE2kJ+RU3LhRx64+482+cpllo64ELh3PunTv3BDFnSjvOt1Xa2Nza3invVvb2Dw6P7ONqR0WJpNCmEY9kLyAKOBPQ1kxz6MUSSBhw6AbTu4XffQKpWCQe9TwGLyRjwUaMEm0k366mg/yRNOAJZHjmi8y3a07dyYHXiVuQGirQ8u2vwTCiSQhCU06U6rtOrL2USM0oh6wySBTEhE7JGPqGChKC8tJ8bYbPjTLEo0iaEhrn6u+JlIRKzcPAdIZET9SqtxD/8/qJHt14KRNxokHQ5aJRwrGO8CIIPGQSqOZzQwiVzPwV0wmRhGoTV8WE4K6evE46l3X3qt54aNSat0UcZXSKztAFctE1aqJ71EJtRNEMPaNX9GZl1ov1bn0sW0tWMXOC/sD6/AGyVZTg</latexit>xn

<latexit sha1_base64="cZrMjENZS/K2MTXLbRYpcGVJT9k=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkqMuiG5cV7APaECbTaTt0MgkzE2kJ+RU3LhRx64+482+cpllo64ELh3PunTv3BDFnSjvOt1Xa2Nza3invVvb2Dw6P7ONqR0WJJLRNIh7JXoAV5UzQtmaa014sKQ4DTrvB9G7hd5+oVCwSj3oeUy/EY8FGjGBtJN+upoP8kTTgCc3QzGeZb9ecupMDrRO3IDUo0PLtr8EwIklIhSYcK9V3nVh7KZaaEU6zyiBRNMZkise0b6jAIVVemq/N0LlRhmgUSVNCo1z9PZHiUKl5GJjOEOuJWvUW4n9eP9GjGy9lIk40FWS5aJRwpCO0CAINmaRE87khmEhm/orIBEtMtImrYkJwV09eJ53LuntVbzw0as3bIo4ynMIZXIAL19CEe2hBGwjM4Ble4c3KrBfr3fpYtpasYuYE/sD6/AGqvJTb</latexit>xi<latexit sha1_base64="GofFe4uSIcXUokEzUDyM3ayfqi0=">AAACBHicbVC7SgNBFJ31GeNr1TLNYBAsJOxKUMugjWUE84AkhNnJTTJkdnaZuSuEZQsbf8XGQhFbP8LOv3HyKDTxwIXDOffOnXuCWAqDnvftrKyurW9s5rby2zu7e/vuwWHdRInmUOORjHQzYAakUFBDgRKasQYWBhIawehm4jceQBsRqXscx9AJ2UCJvuAMrdR1C2l7+kgayAQy2sYhIOum6kxkWdcteiVvCrpM/DkpkjmqXfer3Yt4EoJCLpkxLd+LsZMyjYJLyPLtxEDM+IgNoGWpYiGYTjrdn9ETq/RoP9K2FNKp+nsiZaEx4zCwnSHDoVn0JuJ/XivB/lUnFSpOEBSfLeonkmJEJ4nQntDAUY4tYVwL+1fKh0wzjja3vA3BXzx5mdTPS/5FqXxXLlau53HkSIEck1Pik0tSIbekSmqEk0fyTF7Jm/PkvDjvzsesdcWZzxyRP3A+fwCqHZjB</latexit>

✓n,i

<latexit sha1_base64="jnzuBbA6aK/J43an6QMrkL/mGLY=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgQkoiRV0W3bisYB/QhDKZ3rZDJ5MwMxFKCG78FTcuFHHrV7jzb5ymWWjrgQuHc+6dO/cEMWdKO863tbS8srq2Xtoob25t7+zae/stFSWSQpNGPJKdgCjgTEBTM82hE0sgYcChHYxvpn77AaRikbjXkxj8kAwFGzBKtJF69mHq5Y+kAU8gwx5w3kvFGcuynl1xqk4OvEjcglRQgUbP/vL6EU1CEJpyolTXdWLtp0RqRjlkZS9REBM6JkPoGipICMpP8+0ZPjFKHw8iaUponKu/J1ISKjUJA9MZEj1S895U/M/rJnpw5adMxIkGQWeLBgnHOsLTPHCfSaCaTwwhVDLzV0xHRBKqTWplE4I7f/IiaZ1X3Ytq7a5WqV8XcZTQETpGp8hFl6iOblEDNRFFj+gZvaI368l6sd6tj1nrklXMHKA/sD5/AAGfl9Q=</latexit>

`n,i

<latexit sha1_base64="F/ba221AyzQghFXLEr/H8aUwtZk=">AAACEXicbVDLSgMxFM3UV62vUZdugkUoKGVGirosunFZwT6gU0omvW1DM5khyQhlmF9w46+4caGIW3fu/BvT6Sy09UDg5Jx7b26OH3GmtON8W4WV1bX1jeJmaWt7Z3fP3j9oqTCWFJo05KHs+EQBZwKammkOnUgCCXwObX9yM/PbDyAVC8W9nkbQC8hIsCGjRBupb1cSLxuS+DyGFHvAeT8RZyzFp9gbANdkfk37dtmpOhnwMnFzUkY5Gn37yxuENA5AaMqJUl3XiXQvIVIzyiEtebGCiNAJGUHXUEECUL0kWybFJ0YZ4GEozREaZ+rvjoQESk0D31QGRI/VojcT//O6sR5e9RImoliDoPOHhjHHOsSzePCASaCaTw0hVDKzK6ZjIgnVJsSSCcFd/PIyaZ1X3Ytq7a5Wrl/ncRTRETpGFeSiS1RHt6iBmoiiR/SMXtGb9WS9WO/Wx7y0YOU9h+gPrM8fu76dlQ==</latexit>

`n,i + �n,i

<latexit sha1_base64="cZrMjENZS/K2MTXLbRYpcGVJT9k=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkqMuiG5cV7APaECbTaTt0MgkzE2kJ+RU3LhRx64+482+cpllo64ELh3PunTv3BDFnSjvOt1Xa2Nza3invVvb2Dw6P7ONqR0WJJLRNIh7JXoAV5UzQtmaa014sKQ4DTrvB9G7hd5+oVCwSj3oeUy/EY8FGjGBtJN+upoP8kTTgCc3QzGeZb9ecupMDrRO3IDUo0PLtr8EwIklIhSYcK9V3nVh7KZaaEU6zyiBRNMZkise0b6jAIVVemq/N0LlRhmgUSVNCo1z9PZHiUKl5GJjOEOuJWvUW4n9eP9GjGy9lIk40FWS5aJRwpCO0CAINmaRE87khmEhm/orIBEtMtImrYkJwV09eJ53LuntVbzw0as3bIo4ynMIZXIAL19CEe2hBGwjM4Ble4c3KrBfr3fpYtpasYuYE/sD6/AGqvJTb</latexit>xi
<latexit sha1_base64="Nn+o6NmBMEW8NJI5d3NT2IwsVFA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS1GXRjcsK9gFtCJPpbTt0MgkzE2kJ+RU3LhRx64+482+cpllo64ELh3PunTv3BDFnSjvOt1Xa2Nza3invVvb2Dw6P7ONqR0WJpNCmEY9kLyAKOBPQ1kxz6MUSSBhw6AbTu4XffQKpWCQe9TwGLyRjwUaMEm0k366mg/yRNOAJZHjmi8y3a07dyYHXiVuQGirQ8u2vwTCiSQhCU06U6rtOrL2USM0oh6wySBTEhE7JGPqGChKC8tJ8bYbPjTLEo0iaEhrn6u+JlIRKzcPAdIZET9SqtxD/8/qJHt14KRNxokHQ5aJRwrGO8CIIPGQSqOZzQwiVzPwV0wmRhGoTV8WE4K6evE46l3X3qt54aNSat0UcZXSKztAFctE1aqJ71EJtRNEMPaNX9GZl1ov1bn0sW0tWMXOC/sD6/AGyVZTg</latexit>xn

An increase in     increases 
the rate of production of

<latexit sha1_base64="5L3/6+5YOXthEyTSRw4fbsrd5dA="></latexit>

�+
n,i(xi) =

(
`n,i, if xi < ✓n,i
`n,i + �n,i, if xi > ✓n,i

<latexit sha1_base64="llh9isdpOLCqI855h2eQI/IZoIc=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iVoB6DXjxGMA9IljA76U2GzD6YmQ2EJX/ixYMiXv0Tb/6Nk80eNLGgoajqnp4uPxFcacf5tkobm1vbO+Xdyt7+weGRfXzSVnEqGbZYLGLZ9alCwSNsaa4FdhOJNPQFdvzJ/cLvTFEqHkdPepagF9JRxAPOqDbSwLazfv5I5osU54TPB3bVqTk5yDpxC1KFAs2B/dUfxiwNMdJMUKV6rpNoL6NScyZwXumnChPKJnSEPUMjGqLysnzpnFwYZUiCWJqKNMnV3xMZDZWahb7pDKkeq1VvIf7n9VId3HoZj5JUY8SWi4JUEB2TRQxkyCUyLWaGUCa5+SthYyop0yasignBXT15nbSvau51rf5YrzbuijjKcAbncAku3EADHqAJLWAwhWd4hTcrs16sd+tj2VqyiplT+APr8wcM+5Pw</latexit>

i <latexit sha1_base64="ACcX2IbEGm8yUtO6rj1mVlL5kRQ=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRT0WvXisYD+gXUo2nbah2eySZAtl6T/x4kERr/4Tb/4b03YP2vpg4PHeTCbzwkRwbTzv2ylsbG5t7xR3S3v7B4dH7vFJU8epYthgsYhVO6QaBZfYMNwIbCcKaRQKbIXj+7nfmqDSPJZPZppgENGh5APOqLFSz3Wz7uKRLBQpzoic9dyyV/EWIOvEz0kZctR77le3H7M0QmmYoFp3fC8xQUaV4UzgrNRNNSaUjekQO5ZKGqEOssXSGbmwSp8MYmVLGrJQf09kNNJ6GoW2M6JmpFe9ufif10nN4DbIuExSg5ItFw1SQUxM5jGQPlfIjJhaQpni9q+EjaiizNiwSjYEf/XkddK8qvjXlepjtVy7y+MowhmcwyX4cAM1eIA6NIDBBJ7hFd6czHlx3p2PZWvByWdO4Q+czx8UlJP1</latexit>n

<latexit sha1_base64="Nn+o6NmBMEW8NJI5d3NT2IwsVFA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS1GXRjcsK9gFtCJPpbTt0MgkzE2kJ+RU3LhRx64+482+cpllo64ELh3PunTv3BDFnSjvOt1Xa2Nza3invVvb2Dw6P7ONqR0WJpNCmEY9kLyAKOBPQ1kxz6MUSSBhw6AbTu4XffQKpWCQe9TwGLyRjwUaMEm0k366mg/yRNOAJZHjmi8y3a07dyYHXiVuQGirQ8u2vwTCiSQhCU06U6rtOrL2USM0oh6wySBTEhE7JGPqGChKC8tJ8bYbPjTLEo0iaEhrn6u+JlIRKzcPAdIZET9SqtxD/8/qJHt14KRNxokHQ5aJRwrGO8CIIPGQSqOZzQwiVzPwV0wmRhGoTV8WE4K6evE46l3X3qt54aNSat0UcZXSKztAFctE1aqJ71EJtRNEMPaNX9GZl1ov1bn0sW0tWMXOC/sD6/AGyVZTg</latexit>xn

<latexit sha1_base64="cZrMjENZS/K2MTXLbRYpcGVJT9k=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkqMuiG5cV7APaECbTaTt0MgkzE2kJ+RU3LhRx64+482+cpllo64ELh3PunTv3BDFnSjvOt1Xa2Nza3invVvb2Dw6P7ONqR0WJJLRNIh7JXoAV5UzQtmaa014sKQ4DTrvB9G7hd5+oVCwSj3oeUy/EY8FGjGBtJN+upoP8kTTgCc3QzGeZb9ecupMDrRO3IDUo0PLtr8EwIklIhSYcK9V3nVh7KZaaEU6zyiBRNMZkise0b6jAIVVemq/N0LlRhmgUSVNCo1z9PZHiUKl5GJjOEOuJWvUW4n9eP9GjGy9lIk40FWS5aJRwpCO0CAINmaRE87khmEhm/orIBEtMtImrYkJwV09eJ53LuntVbzw0as3bIo4ynMIZXIAL19CEe2hBGwjM4Ble4c3KrBfr3fpYtpasYuYE/sD6/AGqvJTb</latexit>xi<latexit sha1_base64="GofFe4uSIcXUokEzUDyM3ayfqi0=">AAACBHicbVC7SgNBFJ31GeNr1TLNYBAsJOxKUMugjWUE84AkhNnJTTJkdnaZuSuEZQsbf8XGQhFbP8LOv3HyKDTxwIXDOffOnXuCWAqDnvftrKyurW9s5rby2zu7e/vuwWHdRInmUOORjHQzYAakUFBDgRKasQYWBhIawehm4jceQBsRqXscx9AJ2UCJvuAMrdR1C2l7+kgayAQy2sYhIOum6kxkWdcteiVvCrpM/DkpkjmqXfer3Yt4EoJCLpkxLd+LsZMyjYJLyPLtxEDM+IgNoGWpYiGYTjrdn9ETq/RoP9K2FNKp+nsiZaEx4zCwnSHDoVn0JuJ/XivB/lUnFSpOEBSfLeonkmJEJ4nQntDAUY4tYVwL+1fKh0wzjja3vA3BXzx5mdTPS/5FqXxXLlau53HkSIEck1Pik0tSIbekSmqEk0fyTF7Jm/PkvDjvzsesdcWZzxyRP3A+fwCqHZjB</latexit>

✓n,i

<latexit sha1_base64="jnzuBbA6aK/J43an6QMrkL/mGLY=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgQkoiRV0W3bisYB/QhDKZ3rZDJ5MwMxFKCG78FTcuFHHrV7jzb5ymWWjrgQuHc+6dO/cEMWdKO863tbS8srq2Xtoob25t7+zae/stFSWSQpNGPJKdgCjgTEBTM82hE0sgYcChHYxvpn77AaRikbjXkxj8kAwFGzBKtJF69mHq5Y+kAU8gwx5w3kvFGcuynl1xqk4OvEjcglRQgUbP/vL6EU1CEJpyolTXdWLtp0RqRjlkZS9REBM6JkPoGipICMpP8+0ZPjFKHw8iaUponKu/J1ISKjUJA9MZEj1S895U/M/rJnpw5adMxIkGQWeLBgnHOsLTPHCfSaCaTwwhVDLzV0xHRBKqTWplE4I7f/IiaZ1X3Ytq7a5WqV8XcZTQETpGp8hFl6iOblEDNRFFj+gZvaI368l6sd6tj1nrklXMHKA/sD5/AAGfl9Q=</latexit>

`n,i

<latexit sha1_base64="F/ba221AyzQghFXLEr/H8aUwtZk=">AAACEXicbVDLSgMxFM3UV62vUZdugkUoKGVGirosunFZwT6gU0omvW1DM5khyQhlmF9w46+4caGIW3fu/BvT6Sy09UDg5Jx7b26OH3GmtON8W4WV1bX1jeJmaWt7Z3fP3j9oqTCWFJo05KHs+EQBZwKammkOnUgCCXwObX9yM/PbDyAVC8W9nkbQC8hIsCGjRBupb1cSLxuS+DyGFHvAeT8RZyzFp9gbANdkfk37dtmpOhnwMnFzUkY5Gn37yxuENA5AaMqJUl3XiXQvIVIzyiEtebGCiNAJGUHXUEECUL0kWybFJ0YZ4GEozREaZ+rvjoQESk0D31QGRI/VojcT//O6sR5e9RImoliDoPOHhjHHOsSzePCASaCaTw0hVDKzK6ZjIgnVJsSSCcFd/PIyaZ1X3Ytq7a5Wrl/ncRTRETpGFeSiS1RHt6iBmoiiR/SMXtGb9WS9WO/Wx7y0YOU9h+gPrM8fu76dlQ==</latexit>

`n,i + �n,i

<latexit sha1_base64="cZrMjENZS/K2MTXLbRYpcGVJT9k=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkqMuiG5cV7APaECbTaTt0MgkzE2kJ+RU3LhRx64+482+cpllo64ELh3PunTv3BDFnSjvOt1Xa2Nza3invVvb2Dw6P7ONqR0WJJLRNIh7JXoAV5UzQtmaa014sKQ4DTrvB9G7hd5+oVCwSj3oeUy/EY8FGjGBtJN+upoP8kTTgCc3QzGeZb9ecupMDrRO3IDUo0PLtr8EwIklIhSYcK9V3nVh7KZaaEU6zyiBRNMZkise0b6jAIVVemq/N0LlRhmgUSVNCo1z9PZHiUKl5GJjOEOuJWvUW4n9eP9GjGy9lIk40FWS5aJRwpCO0CAINmaRE87khmEhm/orIBEtMtImrYkJwV09eJ53LuntVbzw0as3bIo4ynMIZXIAL19CEe2hBGwjM4Ble4c3KrBfr3fpYtpasYuYE/sD6/AGqvJTb</latexit>xi
<latexit sha1_base64="Nn+o6NmBMEW8NJI5d3NT2IwsVFA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS1GXRjcsK9gFtCJPpbTt0MgkzE2kJ+RU3LhRx64+482+cpllo64ELh3PunTv3BDFnSjvOt1Xa2Nza3invVvb2Dw6P7ONqR0WJpNCmEY9kLyAKOBPQ1kxz6MUSSBhw6AbTu4XffQKpWCQe9TwGLyRjwUaMEm0k366mg/yRNOAJZHjmi8y3a07dyYHXiVuQGirQ8u2vwTCiSQhCU06U6rtOrL2USM0oh6wySBTEhE7JGPqGChKC8tJ8bYbPjTLEo0iaEhrn6u+JlIRKzcPAdIZET9SqtxD/8/qJHt14KRNxokHQ5aJRwrGO8CIIPGQSqOZzQwiVzPwV0wmRhGoTV8WE4K6evE46l3X3qt54aNSat0UcZXSKztAFctE1aqJ71EJtRNEMPaNX9GZl1ov1bn0sW0tWMXOC/sD6/AGyVZTg</latexit>xn

An increase in     decreases 
the rate of production of

<latexit sha1_base64="TdBIDCg0yHHO6VkGXvVzZuzD7uI="></latexit>

��
n,i(xi) =

(
`n,i + �n,i, if xi < ✓n,i
`n,i, if xi > ✓n,i

Cummins, et. al., SIADS, 2016



DSGRN
<latexit sha1_base64="Nn+o6NmBMEW8NJI5d3NT2IwsVFA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS1GXRjcsK9gFtCJPpbTt0MgkzE2kJ+RU3LhRx64+482+cpllo64ELh3PunTv3BDFnSjvOt1Xa2Nza3invVvb2Dw6P7ONqR0WJpNCmEY9kLyAKOBPQ1kxz6MUSSBhw6AbTu4XffQKpWCQe9TwGLyRjwUaMEm0k366mg/yRNOAJZHjmi8y3a07dyYHXiVuQGirQ8u2vwTCiSQhCU06U6rtOrL2USM0oh6wySBTEhE7JGPqGChKC8tJ8bYbPjTLEo0iaEhrn6u+JlIRKzcPAdIZET9SqtxD/8/qJHt14KRNxokHQ5aJRwrGO8CIIPGQSqOZzQwiVzPwV0wmRhGoTV8WE4K6evE46l3X3qt54aNSat0UcZXSKztAFctE1aqJ71EJtRNEMPaNX9GZl1ov1bn0sW0tWMXOC/sD6/AGyVZTg</latexit>xnThe rate of change of      is given by

<latexit sha1_base64="i4l4uNQzS1VUVsNdWbarOcfTWlI=">AAACFXicbVDLSgMxFM3UVx1foy7dBItQUcuMFHVZdOPCRQX7gM4wZNK0hiaZIclIy9CfcOOvuHGhiFvBnX9j+lho64ULJ+fcV06UMKq0635buYXFpeWV/Kq9tr6xueVs79RVnEpMajhmsWxGSBFGBalpqhlpJpIgHjHSiHpXI73xQKSisbjTg4QEHHUF7VCMtKFC5zjzx0OyiKVkaJ/4XcQ5CgXsmzyC/o0Z1TbvYv/QHoZOwS2544DzwJuCAphGNXS+/HaMU06Exgwp1fLcRAcZkppiZtb5qSIJwj3UJS0DBeJEBdn4oCE8MEwbdmJpUmg4Zn93ZIgrNeCRqeRI36tZbUT+p7VS3bkIMiqSVBOBJ4s6KYM6hiOLYJtKgjUbGICwpOZWiO+RRFgbI21jgjf75XlQPy15Z6XybblQuZzakQd7YB8UgQfOQQVcgyqoAQwewTN4BW/Wk/VivVsfk9KcNe3ZBX/C+vwBzpOd7w==</latexit>

��nxn + ⇤n(x)

decay production Product of sums 
of switching 
functions

<latexit sha1_base64="Gx/yTPVydluFlqr8HfrcZpppA6Y=">AAACEXicbVDNS8MwHE3n15xfVY9egkOYIKOVoR6HXjxOcB+w1pJm2RaWpCVJxVH6L3jxX/HiQRGv3rz535huO+jmg8Djvd9XXhgzqrTjfFuFpeWV1bXiemljc2t7x97da6kokZg0ccQi2QmRIowK0tRUM9KJJUE8ZKQdjq5yv31PpKKRuNXjmPgcDQTtU4y0kQK7knqTIWnIEpKVPEUHHN2lXsyzIBUnkGaVh4Ael7LALjtVZwK4SNwZKYMZGoH95fUinHAiNGZIqa7rxNpPkdQUs3xVokiM8AgNSNdQgThRfjo5JoNHRunBfiTNExpO1N8dKeJKjXloKjnSQzXv5eJ/XjfR/Qs/pSJONBF4uqifMKgjmMcDe1QSrNnYEIQlNbdCPEQSYW1CLJkQ3PkvL5LWadU9q9ZuauX65SyOIjgAh6ACXHAO6uAaNEATYPAInsEreLOerBfr3fqYlhasWc8++APr8weOq51y</latexit>

�±
n,i(xi)



DSGRN
<latexit sha1_base64="Nn+o6NmBMEW8NJI5d3NT2IwsVFA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS1GXRjcsK9gFtCJPpbTt0MgkzE2kJ+RU3LhRx64+482+cpllo64ELh3PunTv3BDFnSjvOt1Xa2Nza3invVvb2Dw6P7ONqR0WJpNCmEY9kLyAKOBPQ1kxz6MUSSBhw6AbTu4XffQKpWCQe9TwGLyRjwUaMEm0k366mg/yRNOAJZHjmi8y3a07dyYHXiVuQGirQ8u2vwTCiSQhCU06U6rtOrL2USM0oh6wySBTEhE7JGPqGChKC8tJ8bYbPjTLEo0iaEhrn6u+JlIRKzcPAdIZET9SqtxD/8/qJHt14KRNxokHQ5aJRwrGO8CIIPGQSqOZzQwiVzPwV0wmRhGoTV8WE4K6evE46l3X3qt54aNSat0UcZXSKztAFctE1aqJ71EJtRNEMPaNX9GZl1ov1bn0sW0tWMXOC/sD6/AGyVZTg</latexit>xnThe rate of change of      is given by

<latexit sha1_base64="i4l4uNQzS1VUVsNdWbarOcfTWlI=">AAACFXicbVDLSgMxFM3UVx1foy7dBItQUcuMFHVZdOPCRQX7gM4wZNK0hiaZIclIy9CfcOOvuHGhiFvBnX9j+lho64ULJ+fcV06UMKq0635buYXFpeWV/Kq9tr6xueVs79RVnEpMajhmsWxGSBFGBalpqhlpJpIgHjHSiHpXI73xQKSisbjTg4QEHHUF7VCMtKFC5zjzx0OyiKVkaJ/4XcQ5CgXsmzyC/o0Z1TbvYv/QHoZOwS2544DzwJuCAphGNXS+/HaMU06Exgwp1fLcRAcZkppiZtb5qSIJwj3UJS0DBeJEBdn4oCE8MEwbdmJpUmg4Zn93ZIgrNeCRqeRI36tZbUT+p7VS3bkIMiqSVBOBJ4s6KYM6hiOLYJtKgjUbGICwpOZWiO+RRFgbI21jgjf75XlQPy15Z6XybblQuZzakQd7YB8UgQfOQQVcgyqoAQwewTN4BW/Wk/VivVsfk9KcNe3ZBX/C+vwBzpOd7w==</latexit>

��nxn + ⇤n(x)

decay production Product of sums 
of switching 
functions

<latexit sha1_base64="Gx/yTPVydluFlqr8HfrcZpppA6Y=">AAACEXicbVDNS8MwHE3n15xfVY9egkOYIKOVoR6HXjxOcB+w1pJm2RaWpCVJxVH6L3jxX/HiQRGv3rz535huO+jmg8Djvd9XXhgzqrTjfFuFpeWV1bXiemljc2t7x97da6kokZg0ccQi2QmRIowK0tRUM9KJJUE8ZKQdjq5yv31PpKKRuNXjmPgcDQTtU4y0kQK7knqTIWnIEpKVPEUHHN2lXsyzIBUnkGaVh4Ael7LALjtVZwK4SNwZKYMZGoH95fUinHAiNGZIqa7rxNpPkdQUs3xVokiM8AgNSNdQgThRfjo5JoNHRunBfiTNExpO1N8dKeJKjXloKjnSQzXv5eJ/XjfR/Qs/pSJONBF4uqifMKgjmMcDe1QSrNnYEIQlNbdCPEQSYW1CLJkQ3PkvL5LWadU9q9ZuauX65SyOIjgAh6ACXHAO6uAaNEATYPAInsEreLOerBfr3fqYlhasWc8++APr8weOq51y</latexit>

�±
n,i(xi)

Example:

Parameter  
space (14D). 
1600 nodes

DSGRN (Dynamic Signatures  
Generated by Regulatory Networks)

712

708

312

612
692

710

713

1512

732

717

752

Hill model

<latexit sha1_base64="XoXoMAua2/WhVj5tie/f3ftfXw0="></latexit>(
��1x1 + �+(x1)��(x2)

��2x2 + �+(x1) + �+(x2)



DSGRN

Hence we have a natural decomposition of phase space 
into rectangular regions

The function            is constant off the hyperplanes
<latexit sha1_base64="2ILptMp9pNDpuSYSth/9XVa42PM=">AAACBXicbVC7TsMwFHXKq4RXgBEGiwqpLFWCKmCsYGFgKBJ9SG0UOY7TWnWcyHYQVdSFhV9hYQAhVv6Bjb/BaTNAy5EsHZ17z73Xx08Ylcq2v43S0vLK6lp53dzY3NresXb32jJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9LxR1d5vXNPhKQxv1PjhLgRGnAaUoyUljzrMOtPh2Q+S8nE7N9oa4A8Xn04MSeeVbFr9hRwkTgFqYACTc/66gcxTiPCFWZIyp5jJ8rNkFAUs3x8KkmC8AgNSE9TjiIi3Wx6wAQeayWAYSz04wpO1d+ODEVSjiNfd0ZIDeV8LRf/q/VSFV64GeVJqgjHs0VhyqCKYR4JDKggWLGxJggLqm+FeIgEwkoHZ+oQnPkvL5L2ac05q9Vv65XGZRFHGRyAI1AFDjgHDXANmqAFMHgEz+AVvBlPxovxbnzMWktG4dkHf2B8/gDa/Zgm</latexit>

⇤n(x)
<latexit sha1_base64="vo4ZmJDojAZs6mqkzIPwb4v8mjA=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwISWRom6EohuXFewDmlAm02k7dDIJMzdiCfkAN/6KGxeKuPUD3Pk3TtMstPXAwOHccx9z/EhwDbb9bRWWlldW14rrpY3Nre2d8u5eS4exoqxJQxGqjk80E1yyJnAQrBMpRgJfsLY/vp7W2/dMaR7KO5hEzAvIUPIBpwSM1CtXEjcbkvgiZmnpocfxJXZhxID0EnmCeVpKjcuu2hnwInFyUkE5Gr3yl9sPaRwwCVQQrbuOHYGXEAWcCrPFjTWLCB2TIesaKknAtJdkd6T4yCh9PAiVeRJwpv7uSEig9STwjTMgMNLztan4X60bw+DCS7iMYmCSzhYNYoEhxNNkcJ8rRkFMDCFUcXMrpiOiCAWTX8mE4Mx/eZG0TqvOWbV2W6vUr/I4iugAHaJj5KBzVEc3qIGaiKJH9Ixe0Zv1ZL1Y79bHzFqw8p599AfW5w/pypri</latexit>

xi = ✓n,i

out-edge 
threshold

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="GWkascgukFdmmGeFAXKplVAjdps=">AAAB/HicbVDLSsNAFL2prxpf0S7dBIvgqiRS1GXRjcsK9gFtCJPppB06mYSZiRhC/RU3LhRx64e482+cpllo64GBwzn3NSdIGJXKcb6Nytr6xuZWddvc2d3bP7AOj7oyTgUmHRyzWPQDJAmjnHQUVYz0E0FQFDDSC6Y3c7/3QISkMb9XWUK8CI05DSlGSku+VcuHxZA8YCmZmY++a858q+40nAL2KnFLUocSbd/6Go5inEaEK8yQlAPXSZSXI6EoZnrqMJUkQXiKxmSgKUcRkV5e7J3Zp1oZ2WEs9OPKLtTfHTmKpMyiQFdGSE3ksjcX//MGqQqvvJzyJFWE48WiMGW2iu15EvaICoIVyzRBWFB9q40nSCCsdF6mDsFd/vIq6Z433ItG865Zb12XcVThGE7gDFy4hBbcQhs6gCGDZ3iFN+PJeDHejY9FacUoe2rwB8bnD27zlKE=</latexit>x1

<latexit sha1_base64="xkQ3vi9CJHKurZBq2jswRZykAgM=">AAAB/HicbVDLSsNAFL2prxpf0S7dDBbBVUlKUZdFNy4r2FZoQ5hMJ+3QyYOZiRhC/RU3LhRx64e482+cpllo64GBwzn3NcdPOJPKtr+Nytr6xuZWddvc2d3bP7AOj3oyTgWhXRLzWNz7WFLOItpVTHF6nwiKQ5/Tvj+9nvv9Byoki6M7lSXUDfE4YgEjWGnJs2r5sBiS+zylM/PRa5ozz6rbDbsAWiVOSepQouNZX8NRTNKQRopwLOXAsRPl5lgoRrieOkwlTTCZ4jEdaBrhkEo3L/bO0KlWRiiIhX6RQoX6uyPHoZRZ6OvKEKuJXPbm4n/eIFXBpZuzKEkVjchiUZBypGI0TwKNmKBE8UwTTATTtyIywQITpfMydQjO8pdXSa/ZcM4brdtWvX1VxlGFYziBM3DgAtpwAx3oAoEMnuEV3own48V4Nz4WpRWj7KnBHxifP3B5lKI=</latexit>x2

<latexit sha1_base64="8qchEcqMqJGvNrjW2rrlB35Wp4E=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAbBg4RdCeox6MVjBPOAZFlmJ51kzOyDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIJFCo+N8Wyura+sbm4Wt4vbO7l7J3j9o6jhVHBo8lrFqB0yDFBE0UKCEdqKAhYGEVjC6mfqtR1BaxNE9jhPwQjaIRF9whkby7VIXh4DMzx5894y6E98uOxVnBrpM3JyUSY66b391ezFPQ4iQS6Z1x3US9DKmUHAJk2I31ZAwPmID6BgasRC0l80On9ATo/RoP1amIqQz9fdExkKtx2FgOkOGQ73oTcX/vE6K/SsvE1GSIkR8vqifSooxnaZAe0IBRzk2hHElzK2UD5liHE1WRROCu/jyMmmeV9yLSvWuWq5d53EUyBE5JqfEJZekRm5JnTQIJyl5Jq/kzXqyXqx362PeumLlM4fkD6zPH845koo=</latexit>

✓j1,1
<latexit sha1_base64="wiW8YpsGmLtVyBWYqmyIIONBJL4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIHqQkpajHohePFewHtCFstpt27WYTdidCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7dftg8O2zpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8c3M7zwypXks72GSMC8iQ8lDTgkYybfLfRgxIH724NfOsTv17YpTdebAq8TNSQXlaPr2V38Q0zRiEqggWvdcJwEvIwo4FWxa6qeaJYSOyZD1DJUkYtrL5odP8alRBjiMlSkJeK7+nshIpPUkCkxnRGCkl72Z+J/XSyG88jIukxSYpItFYSowxHiWAh5wxSiIiSGEKm5uxXREFKFgsiqZENzll1dJu1Z1L6r1u3qlcZ3HUUTH6ASdIRddoga6RU3UQhSl6Bm9ojfryXqx3q2PRWvBymeO0B9Ynz/PwZKL</latexit>

✓j2,1

<latexit sha1_base64="eSbiA4iHclEYUqLMNE8FvPiUr4k=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBg4TdENRj0IvHCOYBybLMTibJkNkHM71CXPIlXjwo4tVP8ebfOEn2oIkFDUVVN91dQSKFRsf5ttbWNza3tgs7xd29/YOSfXjU0nGqGG+yWMaqE1DNpYh4EwVK3kkUp2EgeTsY38789iNXWsTRA04S7oV0GImBYBSN5NulHo44Uj8b++4FqU59u+xUnDnIKnFzUoYcDd/+6vVjloY8Qiap1l3XSdDLqELBJJ8We6nmCWVjOuRdQyMacu1l88On5MwofTKIlakIyVz9PZHRUOtJGJjOkOJIL3sz8T+vm+Lg2stElKTII7ZYNEglwZjMUiB9oThDOTGEMiXMrYSNqKIMTVZFE4K7/PIqaVUr7mWldl8r12/yOApwAqdwDi5cQR3uoAFNYJDCM7zCm/VkvVjv1seidc3KZ47hD6zPH9FIkow=</latexit>

✓k1,2

<latexit sha1_base64="fWiVLvvmKJOc6iZBZJHb4sGAlBw=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAbBg4TdENRj0IvHCOYBybLMTjrJkNkHM71CXPIlXjwo4tVP8ebfOEn2oIkFDUVVN91dQSKFRsf5ttbWNza3tgs7xd29/YOSfXjU0nGqODR5LGPVCZgGKSJookAJnUQBCwMJ7WB8O/Pbj6C0iKMHnCTghWwYiYHgDI3k26UejgCZn4396gWtTn277FScOegqcXNSJjkavv3V68c8DSFCLpnWXddJ0MuYQsElTIu9VEPC+JgNoWtoxELQXjY/fErPjNKng1iZipDO1d8TGQu1noSB6QwZjvSyNxP/87opDq69TERJihDxxaJBKinGdJYC7QsFHOXEEMaVMLdSPmKKcTRZFU0I7vLLq6RVrbiXldp9rVy/yeMokBNySs6JS65IndyRBmkSTlLyTF7Jm/VkvVjv1seidc3KZ47JH1ifP9LQko0=</latexit>

✓k2,2

Parameter  
space (14D). 
1600 nodes

DSGRN (Dynamic Signatures  
Generated by Regulatory Networks)

712

708

312

612
692

710

713

1512

732

717

752

Hill model



DSGRN

We want to determine whether       is increasing or decreasing 
within one of these regions

<latexit sha1_base64="uBhtsPzz3hgwgBmym0NghPk44us=">AAAB/HicbVDLSsNAFL2prxpf0S7dBIvgqiRS1GXRjcsK9gFtCJPppB06mYSZiRhC/RU3LhRx64e482+cpllo64GBwzn3NSdIGJXKcb6Nytr6xuZWddvc2d3bP7AOj7oyTgUmHRyzWPQDJAmjnHQUVYz0E0FQFDDSC6Y3c7/3QISkMb9XWUK8CI05DSlGSku+VcuHxZA8YCmZmY8+N2e+VXcaTgF7lbglqUOJtm99DUcxTiPCFWZIyoHrJMrLkVAUMz11mEqSIDxFYzLQlKOISC8v9s7sU62M7DAW+nFlF+rvjhxFUmZRoCsjpCZy2ZuL/3mDVIVXXk55kirC8WJRmDJbxfY8CXtEBcGKZZogLKi+1cYTJBBWOi9Th+Auf3mVdM8b7kWjedest67LOKpwDCdwBi5cQgtuoQ0dwJDBM7zCm/FkvBjvxseitGKUPTX4A+PzB8vhlN4=</latexit>xn

That is we want to determine the sign of
<latexit sha1_base64="gAUstUrt/Bvh2XlD7E6J5mmzvMY=">AAACIHicbVDLSgMxFM34rPVVdekmWASfZUbEuhTduHChYFXolOFOmrbBJDMkd8Qy9FPc+CtuXCiiO/0a09qFrwOBwzn3lROnUlj0/XdvZHRsfGKyMFWcnpmdmy8tLF7YJDOM11giE3MVg+VSaF5DgZJfpYaDiiW/jK+P+v7lDTdWJPocuylvKGhr0RIM0ElRqZqHgyF5LDPeK26HbVAKIk1D7HCEKN/YorpHN2l44oY2+87a7XqxF5XKfsUfgP4lwZCUyRCnUektbCYsU1wjk2BtPfBTbORgUDDpNoeZ5Smwa2jzuqMaFLeNfHBbj646pUlbiXFPIx2o3ztyUNZ2VewqFWDH/vb64n9ePcPWfiMXOs2Qa/a1qJVJigntp0WbwnCGsusIMCPcrZR1wABDl2nRhRD8/vJfcrFTCfYqu2e75YPDYRwFskxWyBoJSJUckGNySmqEkTvyQJ7Is3fvPXov3utX6Yg37FkiP+B9fAKH5aHl</latexit>

��n✓⇤,n + ⇤n(x)



DSGRN

We want to determine whether       is increasing or decreasing 
within one of these regions

<latexit sha1_base64="uBhtsPzz3hgwgBmym0NghPk44us=">AAAB/HicbVDLSsNAFL2prxpf0S7dBIvgqiRS1GXRjcsK9gFtCJPppB06mYSZiRhC/RU3LhRx64e482+cpllo64GBwzn3NSdIGJXKcb6Nytr6xuZWddvc2d3bP7AOj7oyTgUmHRyzWPQDJAmjnHQUVYz0E0FQFDDSC6Y3c7/3QISkMb9XWUK8CI05DSlGSku+VcuHxZA8YCmZmY8+N2e+VXcaTgF7lbglqUOJtm99DUcxTiPCFWZIyoHrJMrLkVAUMz11mEqSIDxFYzLQlKOISC8v9s7sU62M7DAW+nFlF+rvjhxFUmZRoCsjpCZy2ZuL/3mDVIVXXk55kirC8WJRmDJbxfY8CXtEBcGKZZogLKi+1cYTJBBWOi9Th+Auf3mVdM8b7kWjedest67LOKpwDCdwBi5cQgtuoQ0dwJDBM7zCm/FkvBjvxseitGKUPTX4A+PzB8vhlN4=</latexit>xn

That is we want to determine the sign of
<latexit sha1_base64="gAUstUrt/Bvh2XlD7E6J5mmzvMY=">AAACIHicbVDLSgMxFM34rPVVdekmWASfZUbEuhTduHChYFXolOFOmrbBJDMkd8Qy9FPc+CtuXCiiO/0a09qFrwOBwzn3lROnUlj0/XdvZHRsfGKyMFWcnpmdmy8tLF7YJDOM11giE3MVg+VSaF5DgZJfpYaDiiW/jK+P+v7lDTdWJPocuylvKGhr0RIM0ElRqZqHgyF5LDPeK26HbVAKIk1D7HCEKN/YorpHN2l44oY2+87a7XqxF5XKfsUfgP4lwZCUyRCnUektbCYsU1wjk2BtPfBTbORgUDDpNoeZ5Smwa2jzuqMaFLeNfHBbj646pUlbiXFPIx2o3ztyUNZ2VewqFWDH/vb64n9ePcPWfiMXOs2Qa/a1qJVJigntp0WbwnCGsusIMCPcrZR1wABDl2nRhRD8/vJfcrFTCfYqu2e75YPDYRwFskxWyBoJSJUckGNySmqEkTvyQJ7Is3fvPXov3utX6Yg37FkiP+B9fAKH5aHl</latexit>

��n✓⇤,n + ⇤n(x)

Parameter  
space (14D). 
1600 nodes

DSGRN (Dynamic Signatures  
Generated by Regulatory Networks)

712

708

312

612
692

710

713

1512

732

717

752

Hill model

<latexit sha1_base64="7SedcPi2A/mf6ur9O8yTDJT43zY=">AAACF3icbVDNS8MwHE3n16xfVY9egkPwIKMdQ70IQy8eJ7g5WEtJs3QLS9OSpMIo/S+8+K948aCIV73535h1BXXzQeDx3u8rL0gYlcq2v4zK0vLK6lp13dzY3NresXb3ujJOBSYdHLNY9AIkCaOcdBRVjPQSQVAUMHIXjK+m/t09EZLG/FZNEuJFaMhpSDFSWvKteuYWQ7KApSQ3E9+GF9AljPmZcwKd/Ic3cmjmvlWz63YBuEicktRAibZvfbqDGKcR4QozJGXfsRPlZUgoiple6KaSJAiP0ZD0NeUoItLLipNyeKSVAQxjoR9XsFB/d2QoknISBboyQmok572p+J/XT1V47mWUJ6kiHM8WhSmDKobTkOCACoIVm2iCsKD6VohHSCCsdJSmDsGZ//Ii6Tbqzmm9edOstS7LOKrgAByCY+CAM9AC16ANOgCDB/AEXsCr8Wg8G2/G+6y0YpQ9++APjI9vkamdoA==</latexit>

p0 = `1,1`1,2
<latexit sha1_base64="gsmtNh2vGSQvDw7q3ySMWOEPxlQ=">AAACKXicbVDLSgMxFM3UV62vUZdugkWoKGWmFHUjFN24rGAf0ClDJr1tQzMPkoxQhvkdN/6KGwVF3fojpu0g2nohcHLOvTcnx4s4k8qyPozc0vLK6lp+vbCxubW9Y+7uNWUYCwoNGvJQtD0igbMAGoopDu1IAPE9Di1vdD3RW/cgJAuDOzWOoOuTQcD6jBKlKdesJc50SeLxGNJC5Nr4Epcc4NxN7FNsp/gEOz3gimT3Y/wjVlJcSF2zaJWtaeFFYGegiLKqu+aL0wtp7EOgKCdSdmwrUt2ECMUo1xacWEJE6IgMoKNhQHyQ3WRqMsVHmunhfij0CRSesr8nEuJLOfY93ekTNZTz2oT8T+vEqn/RTVgQxQoCOnuoH3OsQjyJDfeYAKr4WANCBdNeMR0SQajS4RZ0CPb8lxdBs1K2z8rV22qxdpXFkUcH6BCVkI3OUQ3doDpqIIoe0BN6RW/Go/FsvBufs9ackc3soz9lfH0DO7KjfA==</latexit>

p1 = (`1,1 + �1,1)`1,2

<latexit sha1_base64="jgoUn51nX1cUfXB1w0+blur2GL8="></latexit>

p3 = (`1,1 + �1,1)(`1,2 + �1,2)

<latexit sha1_base64="z8fFxudnn/2R6c0wEjJhP8CbJNk=">AAACKXicbVDLSgMxFM3UV62vUZdugkWoKGWmFHUjFN24rGAf0ClDJr1tQzMPkoxQhvkdN/6KGwVF3fojpu0g2nohcO459yYnx4s4k8qyPozc0vLK6lp+vbCxubW9Y+7uNWUYCwoNGvJQtD0igbMAGoopDu1IAPE9Di1vdD3RW/cgJAuDOzWOoOuTQcD6jBKlKdesJc70ksTjMaSFyK3gS+wA525in2I7xaWfppLiE+z0gCuS9ce4kLpm0Spb08KLwM5AEWVVd80XpxfS2IdAUU6k7NhWpLoJEYpRri04sYSI0BEZQEfDgPggu8nUZIqPNNPD/VDoEyg8ZX9vJMSXcux7etInaijntQn5n9aJVf+im7AgihUEdPZQP+ZYhXgSG+4xAVTxsQaECqa9YjokglClwy3oEOz5Ly+CZqVsn5Wrt9Vi7SqLI48O0CEqIRudoxq6QXXUQBQ9oCf0it6MR+PZeDc+Z6M5I9vZR3/K+PoGRIejfg==</latexit>

p2 = `1,1(`1,2 + �1,2)

<latexit sha1_base64="w8X7Ha37oxPNYHwaLFYOnPi+feY="></latexit>

⇤1(x) = �+(x1)�
�(x2)Note that can take on the values



Parameter graph

Hence if we determine all admissible total orders of
<latexit sha1_base64="vUD9DQIBJlJv0/tHzo9BT+icZeY=">AAACEXicbVC7TsMwFHV4lvAKMLJYVEgdUJWUChgrWBiLRB9SE0WO67RWHSeyHaQq6i+w8CssDCDEysbG3+CkGaDlSj46OvfpEySMSmXb38bK6tr6xmZly9ze2d3btw4OuzJOBSYdHLNY9AMkCaOcdBRVjPQTQVAUMNILJjd5vvdAhKQxv1fThHgRGnEaUoyUlnyrlrnFkCxgKZmZbgYT3z7T4OTQyOEcujNz5ltVu24XAZeJU5IqKKPtW1/uMMZpRLjCDEk5cOxEeRkSimKWr0olSRCeoBEZaMpRRKSXFcfM4KlWhjCMhX5cwUL93ZGhSMppFOjKCKmxXMzl4n+5QarCKy+jPEkV4Xi+KEwZVDHM7YFDKghWbKoJwoLqWyEeI4Gw0iaa2gRn8cvLpNuoOxf15l2z2rou7aiAY3ACasABl6AFbkEbdAAGj+AZvII348l4Md6Nj3npilH2HIE/YXz+ABmMm0E=</latexit>

{p0, p1, p2, p3}

Kepley, et. al., SIAM J. Appl. Algebra Geometry, 2021
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Hence if we determine all admissible total orders of
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{p0, p1, p2, p3}
We can determine all possible signs of

<latexit sha1_base64="iVp/iPYnS9gosQK/Bpnp4NKQbCU=">AAACH3icbVDLSgMxFM34rPVVdekmWASfZUZKdVl048KFgq1Cpwx30rQNTWaG5I5Yhv6JG3/FjQtFxJ1/Y/pY+DoQOJxzXzlhIoVB1/10pqZnZufmcwv5xaXlldXC2nrdxKlmvMZiGevbEAyXIuI1FCj5baI5qFDym7B3NvRv7rg2Io6usZ/wpoJOJNqCAVopKFQyfzQkC2XKB/lDvwNKQeBRH7scIcj2Dqg3oPvUv7BDW9bZud/ND4JC0S25I9C/xJuQIpngMih8+K2YpYpHyCQY0/DcBJsZaBRM2sV+angCrAcd3rA0AsVNMxudNqDbVmnRdqzti5CO1O8dGShj+iq0lQqwa357Q/E/r5Fi+6SZiShJkUdsvKidSooxHYZFW0JzhrJvCTAt7K2UdUEDQxtp3obg/f7yX1I/KnmVUvmqXKyeTuLIkU2yRXaIR45JlZyTS1IjjDyQJ/JCXp1H59l5c97HpVPOpGeD/IDz+QX9ZaEE</latexit>

��1✓⇤,1 + ⇤1(x)

Kepley, et. al., SIAM J. Appl. Algebra Geometry, 2021
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Hence if we determine all admissible total orders of
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{p0, p1, p2, p3}
We can determine all possible signs of

<latexit sha1_base64="iVp/iPYnS9gosQK/Bpnp4NKQbCU=">AAACH3icbVDLSgMxFM34rPVVdekmWASfZUZKdVl048KFgq1Cpwx30rQNTWaG5I5Yhv6JG3/FjQtFxJ1/Y/pY+DoQOJxzXzlhIoVB1/10pqZnZufmcwv5xaXlldXC2nrdxKlmvMZiGevbEAyXIuI1FCj5baI5qFDym7B3NvRv7rg2Io6usZ/wpoJOJNqCAVopKFQyfzQkC2XKB/lDvwNKQeBRH7scIcj2Dqg3oPvUv7BDW9bZud/ND4JC0S25I9C/xJuQIpngMih8+K2YpYpHyCQY0/DcBJsZaBRM2sV+angCrAcd3rA0AsVNMxudNqDbVmnRdqzti5CO1O8dGShj+iq0lQqwa357Q/E/r5Fi+6SZiShJkUdsvKidSooxHYZFW0JzhrJvCTAt7K2UdUEDQxtp3obg/f7yX1I/KnmVUvmqXKyeTuLIkU2yRXaIR45JlZyTS1IjjDyQJ/JCXp1H59l5c97HpVPOpGeD/IDz+QX9ZaEE</latexit>

��1✓⇤,1 + ⇤1(x)

Total orders
<latexit sha1_base64="GSEasAbLPa4XvOauyWjLcqAicWs=">AAACDnicbVC7TsMwFHV4lvAKMLJYVJWYqqRUwMBQwcJYJPqQ2ihyXKe16jiW7SBVUb+AhV9hYQAhVmY2/gY3zQAtV/LV0Tn35RMKRpV23W9rZXVtfWOztGVv7+zu7TsHh22VpBKTFk5YIrshUoRRTlqaaka6QhIUh4x0wvHNTO88EKlowu/1RBA/RkNOI4qRNlTgVLJ+PiQLWUqmtghceAVF4OW5luczexo4Zbfq5gGXgVeAMiiiGThf/UGC05hwjRlSque5QvsZkppiZvb0U0UEwmM0JD0DOYqJ8rP8kimsGGYAo0SaxzXM2d8dGYqVmsShqYyRHqlFbUb+p/VSHV36GeUi1YTj+aIoZVAncOYNHFBJsGYTAxCW1NwK8QhJhLVx0DYmeItfXgbtWtU7r9bv6uXGdWFHCRyDE3AKPHABGuAWNEELYPAInsEreLOerBfr3fqYl65YRc8R+BPW5w9odpnD</latexit>

p0 < p1 < p2 < p3
<latexit sha1_base64="S82rEisXhlYwyDyqt67InaKWepw=">AAACDnicbVC7TsMwFHV4lvAKMLJYVJWYqqRUwMBQwcJYJPqQ2ihyXKe16jiW7SBVUb+AhV9hYQAhVmY2/gY3zQAtV/LV0Tn35RMKRpV23W9rZXVtfWOztGVv7+zu7TsHh22VpBKTFk5YIrshUoRRTlqaaka6QhIUh4x0wvHNTO88EKlowu/1RBA/RkNOI4qRNlTgVLJ+PiQLWUqmtghceAVFUMuzl+czexo4Zbfq5gGXgVeAMiiiGThf/UGC05hwjRlSque5QvsZkppiZvb0U0UEwmM0JD0DOYqJ8rP8kimsGGYAo0SaxzXM2d8dGYqVmsShqYyRHqlFbUb+p/VSHV36GeUi1YTj+aIoZVAncOYNHFBJsGYTAxCW1NwK8QhJhLVx0DYmeItfXgbtWtU7r9bv6uXGdWFHCRyDE3AKPHABGuAWNEELYPAInsEreLOerBfr3fqYl65YRc8R+BPW5w9ofJnD</latexit>

p0 < p2 < p1 < p3and

Kepley, et. al., SIAM J. Appl. Algebra Geometry, 2021



Parameter graph

Hence if we determine all admissible total orders of
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{p0, p1, p2, p3}
We can determine all possible signs of

<latexit sha1_base64="iVp/iPYnS9gosQK/Bpnp4NKQbCU=">AAACH3icbVDLSgMxFM34rPVVdekmWASfZUZKdVl048KFgq1Cpwx30rQNTWaG5I5Yhv6JG3/FjQtFxJ1/Y/pY+DoQOJxzXzlhIoVB1/10pqZnZufmcwv5xaXlldXC2nrdxKlmvMZiGevbEAyXIuI1FCj5baI5qFDym7B3NvRv7rg2Io6usZ/wpoJOJNqCAVopKFQyfzQkC2XKB/lDvwNKQeBRH7scIcj2Dqg3oPvUv7BDW9bZud/ND4JC0S25I9C/xJuQIpngMih8+K2YpYpHyCQY0/DcBJsZaBRM2sV+angCrAcd3rA0AsVNMxudNqDbVmnRdqzti5CO1O8dGShj+iq0lQqwa357Q/E/r5Fi+6SZiShJkUdsvKidSooxHYZFW0JzhrJvCTAt7K2UdUEDQxtp3obg/f7yX1I/KnmVUvmqXKyeTuLIkU2yRXaIR45JlZyTS1IjjDyQJ/JCXp1H59l5c97HpVPOpGeD/IDz+QX9ZaEE</latexit>

��1✓⇤,1 + ⇤1(x)

Total orders
<latexit sha1_base64="GSEasAbLPa4XvOauyWjLcqAicWs=">AAACDnicbVC7TsMwFHV4lvAKMLJYVJWYqqRUwMBQwcJYJPqQ2ihyXKe16jiW7SBVUb+AhV9hYQAhVmY2/gY3zQAtV/LV0Tn35RMKRpV23W9rZXVtfWOztGVv7+zu7TsHh22VpBKTFk5YIrshUoRRTlqaaka6QhIUh4x0wvHNTO88EKlowu/1RBA/RkNOI4qRNlTgVLJ+PiQLWUqmtghceAVF4OW5luczexo4Zbfq5gGXgVeAMiiiGThf/UGC05hwjRlSque5QvsZkppiZvb0U0UEwmM0JD0DOYqJ8rP8kimsGGYAo0SaxzXM2d8dGYqVmsShqYyRHqlFbUb+p/VSHV36GeUi1YTj+aIoZVAncOYNHFBJsGYTAxCW1NwK8QhJhLVx0DYmeItfXgbtWtU7r9bv6uXGdWFHCRyDE3AKPHABGuAWNEELYPAInsEreLOerBfr3fqYl65YRc8R+BPW5w9odpnD</latexit>

p0 < p1 < p2 < p3
<latexit sha1_base64="S82rEisXhlYwyDyqt67InaKWepw=">AAACDnicbVC7TsMwFHV4lvAKMLJYVJWYqqRUwMBQwcJYJPqQ2ihyXKe16jiW7SBVUb+AhV9hYQAhVmY2/gY3zQAtV/LV0Tn35RMKRpV23W9rZXVtfWOztGVv7+zu7TsHh22VpBKTFk5YIrshUoRRTlqaaka6QhIUh4x0wvHNTO88EKlowu/1RBA/RkNOI4qRNlTgVLJ+PiQLWUqmtghceAVFUMuzl+czexo4Zbfq5gGXgVeAMiiiGThf/UGC05hwjRlSque5QvsZkppiZvb0U0UEwmM0JD0DOYqJ8rP8kimsGGYAo0SaxzXM2d8dGYqVmsShqYyRHqlFbUb+p/VSHV36GeUi1YTj+aIoZVAncOYNHFBJsGYTAxCW1NwK8QhJhLVx0DYmeItfXgbtWtU7r9bv6uXGdWFHCRyDE3AKPHABGuAWNEELYPAInsEreLOerBfr3fqYl65YRc8R+BPW5w9ofJnD</latexit>

p0 < p2 < p1 < p3and

<latexit sha1_base64="vnLpqel/4dijFWEdupbr8IogtQs=">AAACFnicbVC7SgNBFJ2Nrxhfq5Y2g0Gw0LAbg1pYBG0sI5gHZMMyO5kkQ2YfzNwVwpKvsPFXbCwUsRU7/8bZzRaaeGEuh3Pua44XCa7Asr6NwtLyyupacb20sbm1vWPu7rVUGEvKmjQUoex4RDHBA9YEDoJ1IsmI7wnW9sY3qd5+YFLxMLiHScR6PhkGfMApAU255mniZEMST8RsWopc6wRHrp2maprO8BV2YMSAuHZp6pplq2JlgReBnYMyyqPhml9OP6SxzwKggijVta0IegmRwKnQ+5xYsYjQMRmyroYB8ZnqJdlFU3ykmT4ehFK/AHDG/u5IiK/UxPd0pU9gpOa1lPxP68YwuOwlPIhiYAGdLRrEAkOIU49wn0tGQUw0IFRyfSumIyIJBe1kSZtgz395EbSqFfu8UrurlevXuR1FdIAO0TGy0QWqo1vUQE1E0SN6Rq/ozXgyXox342NWWjDynn30J4zPH2+lnQE=</latexit>

p0, p1, p2, p3 < ✓1

<latexit sha1_base64="HXMWFZquE9B5ntqOjK/PIWS3qcQ=">AAACFnicbVC7TsMwFHXKq4RXgZHFokJigCopFTAwVLAwFok+pLaKHNdprTpOZN8gVVG/goVfYWEAIVbExt/gtB2g5Uo+Ojr36ePHgmtwnG8rt7S8srqWX7c3Nre2dwq7ew0dJYqyOo1EpFo+0UxwyerAQbBWrBgJfcGa/vAmyzcfmNI8kvcwilk3JH3JA04JGMkrnKadyZDUFwkb2x0YMCCei69w7DknBtwMyhmc2WOvUHRKziTwInFnpIhmUfMKX51eRJOQSaCCaN12nRi6KVHAqcj2JZrFhA5Jn7UNlSRkuptOLhrjI6P0cBAp8yTgifq7IyWh1qPQN5UhgYGez2Xif7l2AsFlN+UyToBJOl0UJAJDhDOPcI8rRkGMDCFUcXMrpgOiCAXjpG1McOe/vEga5ZJ7XqrcVYrV65kdeXSADtExctEFqqJbVEN1RNEjekav6M16sl6sd+tjWpqzZj376E9Ynz99xZ0B</latexit>

✓1 < p0, p1, p2, p3

<latexit sha1_base64="kOo++cLqE5Nn2Z/bPQpiy2SUQVs=">AAACF3icbVC7TsMwFHV4lvAKMLJYVEgMqEpKBQwMFSyMRaIPqY0ix3Vbq05i2TdIVdS/YOFXWBhAiBU2/ga3zQAtR7J1dM69vtcnlIJrcN1va2l5ZXVtvbBhb25t7+w6e/sNnaSKsjpNRKJaIdFM8JjVgYNgLakYiULBmuHwZuI3H5jSPInvYSSZH5F+zHucEjBS4JSyzvSRLBQpG9sycE+xDLzJVcZXuAMDBiTwDJXBmT0OnKJbcqfAi8TLSRHlqAXOV6eb0DRiMVBBtG57rgQ/Iwo4FWZgJ9VMEjokfdY2NCYR0342XWmMj43Sxb1EmRMDnqq/OzISaT2KQlMZERjoeW8i/ue1U+hd+hmPZQosprNBvVRgSPAkJNzlilEQI0MIVdzsiumAKELBRGmbELz5Ly+SRrnknZcqd5Vi9TqPo4AO0RE6QR66QFV0i2qojih6RM/oFb1ZT9aL9W59zEqXrLznAP2B9fkD7tKdOw==</latexit>

p0, p1, p2 < ✓1 < p3

<latexit sha1_base64="fDMtVbW+35GHw163oX+CvFUp2LM=">AAACF3icbVDLSsNAFJ34rPUVdelmsAgupCS1qAsXRTcuK9gHtCVMptN26CQZZm6EEvoXbvwVNy4Ucas7/8ZJmoW2Hhg4nHNfc3wpuAbH+baWlldW19YLG8XNre2dXXtvv6mjWFHWoJGIVNsnmgkesgZwEKwtFSOBL1jLH9+kfuuBKc2j8B4mkvUCMgz5gFMCRvLsctLNhiS+iNm0KD3nFEvPxVe4CyMGJKPSq6TqWXHq2SWn7GTAi8TNSQnlqHv2V7cf0ThgIVBBtO64joReQhRwKszCbqyZJHRMhqxjaEgCpntJdtIUHxuljweRMi8EnKm/OxISaD0JfFMZEBjpeS8V//M6MQwuewkPZQwspLNFg1hgiHAaEu5zxSiIiSGEKm5uxXREFKFgoiyaENz5Ly+SZqXsnperd9VS7TqPo4AO0RE6QS66QDV0i+qogSh6RM/oFb1ZT9aL9W59zEqXrLznAP2B9fkD8ZydOw==</latexit>

p0, p1 < ✓1 < p2, p3
<latexit sha1_base64="J/28OOQEiBlUyvnuv2T5V7Ltl9U=">AAACF3icbVDLSsNAFJ34rPEVdelmsAgupCS1qAsXRTcuK9gHtCFMptN26CQZZm6EEvoXbvwVNy4Ucas7/8Zpm4W2Hhg4nHNfc0IpuAbX/baWlldW19YLG/bm1vbOrrO339BJqiir00QkqhUSzQSPWR04CNaSipEoFKwZDm8mfvOBKc2T+B5GkvkR6ce8xykBIwVOKetMh2ShSNnYloF7imVQxle4AwMGJPAMlYE3Uc/sceAU3ZI7BV4kXk6KKEctcL463YSmEYuBCqJ123Ml+BlRwKkwCzupZpLQIemztqExiZj2s+lJY3xslC7uJcq8GPBU/d2RkUjrURSayojAQM97E/E/r51C79LPeCxTYDGdLeqlAkOCJyHhLleMghgZQqji5lZMB0QRCiZK24TgzX95kTTKJe+8VLmrFKvXeRwFdIiO0Any0AWqoltUQ3VE0SN6Rq/ozXqyXqx362NWumTlPQfoD6zPH/GtnTs=</latexit>

p0, p2 < ✓1 < p1, p3

<latexit sha1_base64="HKlwp1D4Kzd2sf3xOafgCF4uaOc=">AAACF3icbVC7TsMwFHV4lvAqMLJYVEgMqEpKBQwMFSyMRaIPqYkix3Vbq44T2TdIVdS/YOFXWBhAiBU2/gan7QAtV/LV0Tn35RMmgmtwnG9raXlldW29sGFvbm3v7Bb39ps6ThVlDRqLWLVDopngkjWAg2DtRDEShYK1wuFNrrcemNI8lvcwSpgfkb7kPU4JGCooljNvMiQLRcrGdhI4+Ap7MGBAAtfAJHBPTark6cweB8WSU3YmgReBOwMlNIt6UPzyujFNIyaBCqJ1x3US8DOigFNhFnqpZgmhQ9JnHQMliZj2s8lJY3xsmC7uxco8CXjC/u7ISKT1KApNZURgoOe1nPxP66TQu/QzLpMUmKTTRb1UYIhxbhLucsUoiJEBhCpubsV0QBShYKy0jQnu/JcXQbNSds/L1btqqXY9s6OADtEROkEuukA1dIvqqIEoekTP6BW9WU/Wi/VufUxLl6xZzwH6E9bnD/RynTs=</latexit>

p0 < ✓1 < p1, p2, p3

Factor graph
<latexit sha1_base64="jOMqofyJOZoQtyBGSAZ+Ji+gDeI=">AAAB/nicbVDLSsNAFL2prxpfUXHlZrAIdVMSKeqy6EKXFewD2lAm02k7dDIJMxOhhIK/4saFIm79Dnf+jdM0C209MHA4577mBDFnSrvut1VYWV1b3yhu2lvbO7t7zv5BU0WJJLRBIh7JdoAV5UzQhmaa03YsKQ4DTlvB+Gbmtx6pVCwSD3oSUz/EQ8EGjGBtpJ5zlHazIWnAEzq167dl78ye9pySW3EzoGXi5aQEOeo956vbj0gSUqEJx0p1PDfWfoqlZoSbud1E0RiTMR7SjqECh1T5abZ5ik6N0keDSJonNMrU3x0pDpWahIGpDLEeqUVvJv7ndRI9uPJTJuJEU0HmiwYJRzpCsyxQn0lKNJ8Ygolk5lZERlhiok1itgnBW/zyMmmeV7yLSvW+Wqpd53EU4RhOoAweXEIN7qAODSCQwjO8wpv1ZL1Y79bHvLRg5T2H8AfW5w/fsJTG</latexit>

PG(1)

Poset

<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="ntSg0BkvB+Bb7/JfIymt0EFYlPc=">AAACAXicbVDLSsNAFJ3UV42vqBvBTbAIrkoiRV0W3bisYB/QhjCZTtqhk0mYuRFKqBt/xY0LRdz6F+78GydpFtp6YOBwzn3NCRLOFDjOt1FZWV1b36humlvbO7t71v5BR8WpJLRNYh7LXoAV5UzQNjDgtJdIiqOA024wucn97gOVisXiHqYJ9SI8EixkBIOWfOsoGxRDsoCndGYOYEwB+645862aU3cK2MvELUkNlWj51tdgGJM0ogIIx0r1XScBL8MSGOH56FTRBJMJHtG+pgJHVHlZsXxmn2plaIex1E+AXai/OzIcKTWNAl0ZYRirRS8X//P6KYRXXsZEkgIVZL4oTLkNsZ3HYQ+ZpAT4VBNMJNO32mSMJSagQzN1CO7il5dJ57zuXtQbd41a87qMo4qO0Qk6Qy66RE10i1qojQh6RM/oFb0ZT8aL8W58zEsrRtlziP7A+PwBUgiWzQ==</latexit>

✓1

Kepley, et. al., SIAM J. Appl. Algebra Geometry, 2021



Parameter graph

Parameter graph <latexit sha1_base64="F0D8lWPxxoPZoRgJkxmbvTmEHt4=">AAACE3icbVDNS8MwHE3n16xfVY9egkOYHkYrQ70Mhh7mSSq4D1jnSLNsC0vTkqTCKP0fvPivePGgiFcv3vxvzLoddPNB4PHe7yvPjxiVyra/jdzS8srqWn7d3Njc2t6xdvcaMowFJnUcslC0fCQJo5zUFVWMtCJBUOAz0vRHVxO/+UCEpCG/U+OIdAI04LRPMVJa6loniZcNSXwWk9R0a7ACvUiEvW7CK056n9yk0K0V+bGZdq2CXbIzwEXizEgBzOB2rS+vF+I4IFxhhqRsO3akOgkSimKml3mxJBHCIzQgbU05CojsJNk5KTzSSg/2Q6EfVzBTf3ckKJByHPi6MkBqKOe9ifif145V/6KTUB7FinA8XdSPGVQhnAQEe1QQrNhYE4QF1bdCPEQCYaVjNHUIzvyXF0njtOSclcq35UL1chZHHhyAQ1AEDjgHVXANXFAHGDyCZ/AK3own48V4Nz6mpTlj1rMP/sD4/AH9mJzx</latexit>

PG =
NY

n=1

PG(n)

Each node determines all possible signs of
<latexit sha1_base64="gAUstUrt/Bvh2XlD7E6J5mmzvMY=">AAACIHicbVDLSgMxFM34rPVVdekmWASfZUbEuhTduHChYFXolOFOmrbBJDMkd8Qy9FPc+CtuXCiiO/0a09qFrwOBwzn3lROnUlj0/XdvZHRsfGKyMFWcnpmdmy8tLF7YJDOM11giE3MVg+VSaF5DgZJfpYaDiiW/jK+P+v7lDTdWJPocuylvKGhr0RIM0ElRqZqHgyF5LDPeK26HbVAKIk1D7HCEKN/YorpHN2l44oY2+87a7XqxF5XKfsUfgP4lwZCUyRCnUektbCYsU1wjk2BtPfBTbORgUDDpNoeZ5Smwa2jzuqMaFLeNfHBbj646pUlbiXFPIx2o3ztyUNZ2VewqFWDH/vb64n9ePcPWfiMXOs2Qa/a1qJVJigntp0WbwnCGsusIMCPcrZR1wABDl2nRhRD8/vJfcrFTCfYqu2e75YPDYRwFskxWyBoJSJUckGNySmqEkTvyQJ7Is3fvPXov3utX6Yg37FkiP+B9fAKH5aHl</latexit>

��n✓⇤,n + ⇤n(x)



Parameter graph

Parameter graph <latexit sha1_base64="F0D8lWPxxoPZoRgJkxmbvTmEHt4=">AAACE3icbVDNS8MwHE3n16xfVY9egkOYHkYrQ70Mhh7mSSq4D1jnSLNsC0vTkqTCKP0fvPivePGgiFcv3vxvzLoddPNB4PHe7yvPjxiVyra/jdzS8srqWn7d3Njc2t6xdvcaMowFJnUcslC0fCQJo5zUFVWMtCJBUOAz0vRHVxO/+UCEpCG/U+OIdAI04LRPMVJa6loniZcNSXwWk9R0a7ACvUiEvW7CK056n9yk0K0V+bGZdq2CXbIzwEXizEgBzOB2rS+vF+I4IFxhhqRsO3akOgkSimKml3mxJBHCIzQgbU05CojsJNk5KTzSSg/2Q6EfVzBTf3ckKJByHPi6MkBqKOe9ifif145V/6KTUB7FinA8XdSPGVQhnAQEe1QQrNhYE4QF1bdCPEQCYaVjNHUIzvyXF0njtOSclcq35UL1chZHHhyAQ1AEDjgHVXANXFAHGDyCZ/AK3own48V4Nz6mpTlj1rMP/sD4/AH9mJzx</latexit>

PG =
NY

n=1

PG(n)

Each node determines all possible signs of
<latexit sha1_base64="gAUstUrt/Bvh2XlD7E6J5mmzvMY=">AAACIHicbVDLSgMxFM34rPVVdekmWASfZUbEuhTduHChYFXolOFOmrbBJDMkd8Qy9FPc+CtuXCiiO/0a09qFrwOBwzn3lROnUlj0/XdvZHRsfGKyMFWcnpmdmy8tLF7YJDOM11giE3MVg+VSaF5DgZJfpYaDiiW/jK+P+v7lDTdWJPocuylvKGhr0RIM0ElRqZqHgyF5LDPeK26HbVAKIk1D7HCEKN/YorpHN2l44oY2+87a7XqxF5XKfsUfgP4lwZCUyRCnUektbCYsU1wjk2BtPfBTbORgUDDpNoeZ5Smwa2jzuqMaFLeNfHBbj646pUlbiXFPIx2o3ztyUNZ2VewqFWDH/vb64n9ePcPWfiMXOs2Qa/a1qJVJigntp0WbwnCGsusIMCPcrZR1wABDl2nRhRD8/vJfcrFTCfYqu2e75YPDYRwFskxWyBoJSJUckGNySmqEkTvyQJ7Is3fvPXov3utX6Yg37FkiP+B9fAKH5aHl</latexit>

��n✓⇤,n + ⇤n(x)

Parameter  
space (14D). 
1600 nodes

DSGRN (Dynamic Signatures  
Generated by Regulatory Networks)
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708

312

612
692

710

713

1512

732

717

752

Hill model

Parameter graph 
size: 1600

Parameter space dim: 14
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="GWkascgukFdmmGeFAXKplVAjdps=">AAAB/HicbVDLSsNAFL2prxpf0S7dBIvgqiRS1GXRjcsK9gFtCJPppB06mYSZiRhC/RU3LhRx64e482+cpllo64GBwzn3NSdIGJXKcb6Nytr6xuZWddvc2d3bP7AOj7oyTgUmHRyzWPQDJAmjnHQUVYz0E0FQFDDSC6Y3c7/3QISkMb9XWUK8CI05DSlGSku+VcuHxZA8YCmZmY++a858q+40nAL2KnFLUocSbd/6Go5inEaEK8yQlAPXSZSXI6EoZnrqMJUkQXiKxmSgKUcRkV5e7J3Zp1oZ2WEs9OPKLtTfHTmKpMyiQFdGSE3ksjcX//MGqQqvvJzyJFWE48WiMGW2iu15EvaICoIVyzRBWFB9q40nSCCsdF6mDsFd/vIq6Z433ItG865Zb12XcVThGE7gDFy4hBbcQhs6gCGDZ3iFN+PJeDHejY9FacUoe2rwB8bnD27zlKE=</latexit>x1

<latexit sha1_base64="xkQ3vi9CJHKurZBq2jswRZykAgM=">AAAB/HicbVDLSsNAFL2prxpf0S7dDBbBVUlKUZdFNy4r2FZoQ5hMJ+3QyYOZiRhC/RU3LhRx64e482+cpllo64GBwzn3NcdPOJPKtr+Nytr6xuZWddvc2d3bP7AOj3oyTgWhXRLzWNz7WFLOItpVTHF6nwiKQ5/Tvj+9nvv9Byoki6M7lSXUDfE4YgEjWGnJs2r5sBiS+zylM/PRa5ozz6rbDbsAWiVOSepQouNZX8NRTNKQRopwLOXAsRPl5lgoRrieOkwlTTCZ4jEdaBrhkEo3L/bO0KlWRiiIhX6RQoX6uyPHoZRZ6OvKEKuJXPbm4n/eIFXBpZuzKEkVjchiUZBypGI0TwKNmKBE8UwTTATTtyIywQITpfMydQjO8pdXSa/ZcM4brdtWvX1VxlGFYziBM3DgAtpwAx3oAoEMnuEV3own48V4Nz4WpRWj7KnBHxifP3B5lKI=</latexit>x2

<latexit sha1_base64="8qchEcqMqJGvNrjW2rrlB35Wp4E=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAbBg4RdCeox6MVjBPOAZFlmJ51kzOyDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIJFCo+N8Wyura+sbm4Wt4vbO7l7J3j9o6jhVHBo8lrFqB0yDFBE0UKCEdqKAhYGEVjC6mfqtR1BaxNE9jhPwQjaIRF9whkby7VIXh4DMzx5894y6E98uOxVnBrpM3JyUSY66b391ezFPQ4iQS6Z1x3US9DKmUHAJk2I31ZAwPmID6BgasRC0l80On9ATo/RoP1amIqQz9fdExkKtx2FgOkOGQ73oTcX/vE6K/SsvE1GSIkR8vqifSooxnaZAe0IBRzk2hHElzK2UD5liHE1WRROCu/jyMmmeV9yLSvWuWq5d53EUyBE5JqfEJZekRm5JnTQIJyl5Jq/kzXqyXqx362PeumLlM4fkD6zPH845koo=</latexit>

✓j1,1
<latexit sha1_base64="wiW8YpsGmLtVyBWYqmyIIONBJL4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIHqQkpajHohePFewHtCFstpt27WYTdidCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7dftg8O2zpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8c3M7zwypXks72GSMC8iQ8lDTgkYybfLfRgxIH724NfOsTv17YpTdebAq8TNSQXlaPr2V38Q0zRiEqggWvdcJwEvIwo4FWxa6qeaJYSOyZD1DJUkYtrL5odP8alRBjiMlSkJeK7+nshIpPUkCkxnRGCkl72Z+J/XSyG88jIukxSYpItFYSowxHiWAh5wxSiIiSGEKm5uxXREFKFgsiqZENzll1dJu1Z1L6r1u3qlcZ3HUUTH6ASdIRddoga6RU3UQhSl6Bm9ojfryXqx3q2PRWvBymeO0B9Ynz/PwZKL</latexit>

✓j2,1

<latexit sha1_base64="eSbiA4iHclEYUqLMNE8FvPiUr4k=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBg4TdENRj0IvHCOYBybLMTibJkNkHM71CXPIlXjwo4tVP8ebfOEn2oIkFDUVVN91dQSKFRsf5ttbWNza3tgs7xd29/YOSfXjU0nGqGG+yWMaqE1DNpYh4EwVK3kkUp2EgeTsY38789iNXWsTRA04S7oV0GImBYBSN5NulHo44Uj8b++4FqU59u+xUnDnIKnFzUoYcDd/+6vVjloY8Qiap1l3XSdDLqELBJJ8We6nmCWVjOuRdQyMacu1l88On5MwofTKIlakIyVz9PZHRUOtJGJjOkOJIL3sz8T+vm+Lg2stElKTII7ZYNEglwZjMUiB9oThDOTGEMiXMrYSNqKIMTVZFE4K7/PIqaVUr7mWldl8r12/yOApwAqdwDi5cQR3uoAFNYJDCM7zCm/VkvVjv1seidc3KZ47hD6zPH9FIkow=</latexit>

✓k1,2

<latexit sha1_base64="fWiVLvvmKJOc6iZBZJHb4sGAlBw=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAbBg4TdENRj0IvHCOYBybLMTjrJkNkHM71CXPIlXjwo4tVP8ebfOEn2oIkFDUVVN91dQSKFRsf5ttbWNza3tgs7xd29/YOSfXjU0nGqODR5LGPVCZgGKSJookAJnUQBCwMJ7WB8O/Pbj6C0iKMHnCTghWwYiYHgDI3k26UejgCZn4396gWtTn277FScOegqcXNSJjkavv3V68c8DSFCLpnWXddJ0MuYQsElTIu9VEPC+JgNoWtoxELQXjY/fErPjNKng1iZipDO1d8TGQu1noSB6QwZjvSyNxP/87opDq69TERJihDxxaJBKinGdJYC7QsFHOXEEMaVMLdSPmKKcTRZFU0I7vLLq6RVrbiXldp9rVy/yeMokBNySs6JS65IndyRBmkSTlLyTF7Jm/VkvVjv1seidc3KZ47JH1ifP9LQko0=</latexit>

✓k2,2

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2

<latexit sha1_base64="PvkqMPf0KQ2ZiRgX4QPbidqMLN8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl76pcqVdK1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AICTjMA=</latexit>

3
<latexit sha1_base64="y+WDoqttszdexELZg6EJPDYoWM8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNf+qVq82boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxedi5c=</latexit>

4
<latexit sha1_base64="pukKC4/a/4Vumdv9C1rDgxpFPro=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lW5Uq+UqrdZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYObjMI=</latexit>

5

<latexit sha1_base64="Zdb79L+zknig4R9axIVCooBH2pQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldlr1quNCql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIUfjMM=</latexit>

6
<latexit sha1_base64="tYlDW7pIZF2I+RHDsANNTeoDvJk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNEY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRKtdssjjycwTlcggdVqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIajjMQ=</latexit>

7
<latexit sha1_base64="qjx5Wi/1Ezam6+aUF3Y4Q+9B0Xg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql2m0WRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIgnjMU=</latexit>

8



State transition graph

Signs of                           determine the state transition graph
<latexit sha1_base64="gAUstUrt/Bvh2XlD7E6J5mmzvMY=">AAACIHicbVDLSgMxFM34rPVVdekmWASfZUbEuhTduHChYFXolOFOmrbBJDMkd8Qy9FPc+CtuXCiiO/0a09qFrwOBwzn3lROnUlj0/XdvZHRsfGKyMFWcnpmdmy8tLF7YJDOM11giE3MVg+VSaF5DgZJfpYaDiiW/jK+P+v7lDTdWJPocuylvKGhr0RIM0ElRqZqHgyF5LDPeK26HbVAKIk1D7HCEKN/YorpHN2l44oY2+87a7XqxF5XKfsUfgP4lwZCUyRCnUektbCYsU1wjk2BtPfBTbORgUDDpNoeZ5Smwa2jzuqMaFLeNfHBbj646pUlbiXFPIx2o3ztyUNZ2VewqFWDH/vb64n9ePcPWfiMXOs2Qa/a1qJVJigntp0WbwnCGsusIMCPcrZR1wABDl2nRhRD8/vJfcrFTCfYqu2e75YPDYRwFskxWyBoJSJUckGNySmqEkTvyQJ7Is3fvPXov3utX6Yg37FkiP+B9fAKH5aHl</latexit>

��n✓⇤,n + ⇤n(x)

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="GWkascgukFdmmGeFAXKplVAjdps=">AAAB/HicbVDLSsNAFL2prxpf0S7dBIvgqiRS1GXRjcsK9gFtCJPppB06mYSZiRhC/RU3LhRx64e482+cpllo64GBwzn3NSdIGJXKcb6Nytr6xuZWddvc2d3bP7AOj7oyTgUmHRyzWPQDJAmjnHQUVYz0E0FQFDDSC6Y3c7/3QISkMb9XWUK8CI05DSlGSku+VcuHxZA8YCmZmY++a858q+40nAL2KnFLUocSbd/6Go5inEaEK8yQlAPXSZSXI6EoZnrqMJUkQXiKxmSgKUcRkV5e7J3Zp1oZ2WEs9OPKLtTfHTmKpMyiQFdGSE3ksjcX//MGqQqvvJzyJFWE48WiMGW2iu15EvaICoIVyzRBWFB9q40nSCCsdF6mDsFd/vIq6Z433ItG865Zb12XcVThGE7gDFy4hBbcQhs6gCGDZ3iFN+PJeDHejY9FacUoe2rwB8bnD27zlKE=</latexit>x1

<latexit sha1_base64="xkQ3vi9CJHKurZBq2jswRZykAgM=">AAAB/HicbVDLSsNAFL2prxpf0S7dDBbBVUlKUZdFNy4r2FZoQ5hMJ+3QyYOZiRhC/RU3LhRx64e482+cpllo64GBwzn3NcdPOJPKtr+Nytr6xuZWddvc2d3bP7AOj3oyTgWhXRLzWNz7WFLOItpVTHF6nwiKQ5/Tvj+9nvv9Byoki6M7lSXUDfE4YgEjWGnJs2r5sBiS+zylM/PRa5ozz6rbDbsAWiVOSepQouNZX8NRTNKQRopwLOXAsRPl5lgoRrieOkwlTTCZ4jEdaBrhkEo3L/bO0KlWRiiIhX6RQoX6uyPHoZRZ6OvKEKuJXPbm4n/eIFXBpZuzKEkVjchiUZBypGI0TwKNmKBE8UwTTATTtyIywQITpfMydQjO8pdXSa/ZcM4brdtWvX1VxlGFYziBM3DgAtpwAx3oAoEMnuEV3own48V4Nz4WpRWj7KnBHxifP3B5lKI=</latexit>x2

<latexit sha1_base64="8qchEcqMqJGvNrjW2rrlB35Wp4E=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAbBg4RdCeox6MVjBPOAZFlmJ51kzOyDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIJFCo+N8Wyura+sbm4Wt4vbO7l7J3j9o6jhVHBo8lrFqB0yDFBE0UKCEdqKAhYGEVjC6mfqtR1BaxNE9jhPwQjaIRF9whkby7VIXh4DMzx5894y6E98uOxVnBrpM3JyUSY66b391ezFPQ4iQS6Z1x3US9DKmUHAJk2I31ZAwPmID6BgasRC0l80On9ATo/RoP1amIqQz9fdExkKtx2FgOkOGQ73oTcX/vE6K/SsvE1GSIkR8vqifSooxnaZAe0IBRzk2hHElzK2UD5liHE1WRROCu/jyMmmeV9yLSvWuWq5d53EUyBE5JqfEJZekRm5JnTQIJyl5Jq/kzXqyXqx362PeumLlM4fkD6zPH845koo=</latexit>

✓j1,1
<latexit sha1_base64="wiW8YpsGmLtVyBWYqmyIIONBJL4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIHqQkpajHohePFewHtCFstpt27WYTdidCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7dftg8O2zpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8c3M7zwypXks72GSMC8iQ8lDTgkYybfLfRgxIH724NfOsTv17YpTdebAq8TNSQXlaPr2V38Q0zRiEqggWvdcJwEvIwo4FWxa6qeaJYSOyZD1DJUkYtrL5odP8alRBjiMlSkJeK7+nshIpPUkCkxnRGCkl72Z+J/XSyG88jIukxSYpItFYSowxHiWAh5wxSiIiSGEKm5uxXREFKFgsiqZENzll1dJu1Z1L6r1u3qlcZ3HUUTH6ASdIRddoga6RU3UQhSl6Bm9ojfryXqx3q2PRWvBymeO0B9Ynz/PwZKL</latexit>

✓j2,1

<latexit sha1_base64="eSbiA4iHclEYUqLMNE8FvPiUr4k=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBg4TdENRj0IvHCOYBybLMTibJkNkHM71CXPIlXjwo4tVP8ebfOEn2oIkFDUVVN91dQSKFRsf5ttbWNza3tgs7xd29/YOSfXjU0nGqGG+yWMaqE1DNpYh4EwVK3kkUp2EgeTsY38789iNXWsTRA04S7oV0GImBYBSN5NulHo44Uj8b++4FqU59u+xUnDnIKnFzUoYcDd/+6vVjloY8Qiap1l3XSdDLqELBJJ8We6nmCWVjOuRdQyMacu1l88On5MwofTKIlakIyVz9PZHRUOtJGJjOkOJIL3sz8T+vm+Lg2stElKTII7ZYNEglwZjMUiB9oThDOTGEMiXMrYSNqKIMTVZFE4K7/PIqaVUr7mWldl8r12/yOApwAqdwDi5cQR3uoAFNYJDCM7zCm/VkvVjv1seidc3KZ47hD6zPH9FIkow=</latexit>

✓k1,2

<latexit sha1_base64="fWiVLvvmKJOc6iZBZJHb4sGAlBw=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAbBg4TdENRj0IvHCOYBybLMTjrJkNkHM71CXPIlXjwo4tVP8ebfOEn2oIkFDUVVN91dQSKFRsf5ttbWNza3tgs7xd29/YOSfXjU0nGqODR5LGPVCZgGKSJookAJnUQBCwMJ7WB8O/Pbj6C0iKMHnCTghWwYiYHgDI3k26UejgCZn4396gWtTn277FScOegqcXNSJjkavv3V68c8DSFCLpnWXddJ0MuYQsElTIu9VEPC+JgNoWtoxELQXjY/fErPjNKng1iZipDO1d8TGQu1noSB6QwZjvSyNxP/87opDq69TERJihDxxaJBKinGdJYC7QsFHOXEEMaVMLdSPmKKcTRZFU0I7vLLq6RVrbiXldp9rVy/yeMokBNySs6JS65IndyRBmkSTlLyTF7Jm/VkvVjv1seidc3KZ47JH1ifP9LQko0=</latexit>

✓k2,2

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2

<latexit sha1_base64="PvkqMPf0KQ2ZiRgX4QPbidqMLN8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl76pcqVdK1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AICTjMA=</latexit>

3
<latexit sha1_base64="y+WDoqttszdexELZg6EJPDYoWM8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNf+qVq82boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxedi5c=</latexit>

4
<latexit sha1_base64="pukKC4/a/4Vumdv9C1rDgxpFPro=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lW5Uq+UqrdZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYObjMI=</latexit>
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Software and examples

GitHub repository

https://github.com/marciogameiro/DSGRN

Install with
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pip install DSGRN

DSGRN Visualization

http://chomp.rutgers.edu/projects/dsgrn_viz/

Network Multivalued map

Morse graph

https://github.com/marciogameiro/DSGRN
http://chomp.rutgers.edu/projects/dsgrn_viz/


Parameter Graph:

Morse Graph
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Examples

Wip1 p53 Mdm2

Chk2

ATM

<latexit sha1_base64="jjGr+Mmq0KPQdGw8PVl0Fz0+sU4="></latexit>

Subnetwork of 
p53 networkCan this network produce

stable oscillation involving all five 
variables?

Answer:  Yes for 6904 regions.

Computational Cost: 
37 seconds on a 2014 
MacBook pro laptop.

Cummins, et. al., SIADS, 2016
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parameter node
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Figure 9: The top fourteen regulatory networks by descending hysteresis score. The six regulatory
networks in dotted boxes are fragile, while the eight outlined via the dashed lines are robust.
Observe that none of the networks are consistent. Networks 13 and 14 are analogous to networks
13 and 14 of the main paper. The fact that they are fragile recovers observation from [10] that
2-node toggle switch is fragile (see comment in the main text).

where x = (x0, . . . , xN−1) represent the state variables of the N nodes of the network, Γ is a
diagonal matrix

Γ =











γ0
γ1

. . .

γN−1











where γi > 0 is the decay rate of xi, and Λ(x) = (Λ0(x), . . . ,ΛN−1(x)) takes the form described
below. Let

σ+(y, #, δ, θ) =

{

#, if y < θ

#+ δ, if y > θ

and

σ−(y, #, δ, θ) =

{

#+ δ, if y < θ

#, if y > θ.

Assume that node i has k in-edges from the nodes j1, . . . , jk in the regulatory network. Fur-
thermore, assume that of these edges j1, . . . , jk1 are activating and jk1+1, . . . , jk are repressing. For
the computations of this paper we set

Λi(x) =
(

σ+(xj1) + · · ·+ σ+(xjk1 )
)

σ−(xjk1+1) · · · σ
−(xjk). (6)

As an example, for network 12 in Figure 3, equation (5) takes the form

− γ0x0 + σ+(x0, #0,0, δ0,0, θ0,0) + σ+(x1, #0,1, δ0,1, θ0,1) + σ+(x2, #0,2, δ0,2, θ0,2)

− γ1x1 + σ+(x0, #1,0, δ1,0, θ1,0) + σ+(x2, #1,2, δ1,2, θ1,2)

− γ2x2 + σ+(x0, #2,0, δ2,0, θ2,0)
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Hysteresis score

Hysteresis scores of all (14,068) three node networks

Figure 2: Left: 14,098 three node networks ranked by (ascending) hysteresis score analyzed at the
essential parameters. This is the percentage of partial paths in the essential parameter sub-graph
which exhibit switch-like behavior. The rapid decrease in score indicates that most networks are
unlikely to exhibit hysteresis at most parameters. Right: The top scoring networks are further
discriminated by scoring hysteresis in a neighborhood of the essential parameters. The scores after
perturbation (red) are significantly lower than the scores at essential parameters (blue) for the top
4 networks. This is an indication that these networks are fragile i.e. will fail to perform well if any
component of the network is removed.

Figure 3: The top fourteen regulatory networks by hysteresis score. The six regulatory networks
in dotted boxes are fragile, while the eight outlined via the dashed lines are robust. Observe that
the three networks outlined by the solid lines are also consistent and each node acts only as an
activator.
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Hill model ODE simulations

Example

Regulatory

Network
12 33 108 4346

Hill function HysteresisPerturbed HysteresisPerturbed HysteresisPerturbed HysteresisPerturbed

exponent n Score Score Score Score Score Score Score Score

30 81.2 % 51.7 % 84.4 % 41.2 % 57.9 % 56.1 % 0 % 0 %

20 70.8 % 41.3 % 74.9 % 34.0 % 45.4 % 46.8 % 0 % 0 %

10 39.7 % 18.8 % 45.3 % 16.6 % 18.2 % 21.8 % 0 % 0 %

5 7.3 % 2.1 % 7.6 % 2.2 % 1.3 % 2.4 % 0 % 0 %

4 3.1 % 0.6 % 2.2 % 0.5 % 0.2 % 0.3 % 0 % 0 %

DSGRN (full path) 100 % 79.1 % 83.3 % 61.7 % 33.9 % 25.1 % 0 % 0 %

DSGRN (partial path)80.9 % 64.1 % 42.5 % 27.7 % 18.9 % 13.3 % 0 % 0 %

Table 2: (Hysteresis and Perturbed Hysteresis Scores) Results for comparisons with four networks.
Numbers for Regulatory network come from ranking in Figure 8. Bottom rows are the full and
partial path hysteresis scores obtained from DSGRN for Regulatory networks 12, 33, 108, and
4346. The first column indicates the exponent of the Hill function used in the ODE model for
the regulatory network. The two columns under each regulatory network number indicate the
percentage of continuation computations that result in a hysteresis curve. The first column assumes
the parameter value is in a region defined by v0 × FP (1) × FP (2) and the second column assume
the parameter value is in region defined by a one edge neighborhood. 1000 curves were computed
for each entry.

since all the in-edges are activating.
For the numerical computations to obtain the results in Table 1 and Table 2 we consider Hill

function models
ẋ0 = −γ0x0 +H0(x) + s

ẋ1 = −γ1x1 +H1(x)

ẋ2 = −γ2x2 +H2(x)

where Hi is obtained from the regulatory network by replacing the step functions σ− and σ+ in Λi

by the decreasing and increasing Hill functions

H−(x, #, δ, θ, n) = #+ δ
θn

θn + xn

and

H+(x, #, δ, θ, n) = #+ δ
xn

θn + xn
,

respectively. We represent the input signal to node 0 by the additive parameter s in the first
equation.

Returning to network 12 in Figure 3, the Hill model is given by

ẋ0 = −γ0x0 + #0,0 +
δ0,0x

n
0

θn0,0 + xn0
+ #0,1 +

δ0,1x
n
0

θn0,1 + xn1
+ #0,2 +

δ0,2x
n
2

θn0,2 + xn2
+ s

ẋ1 = −γ1x1 + #1,0 +
δ1,0x

n
0

θn1,0 + xn0
+ #1,2 +

δ1,2x
n
2

θn1,2 + xn2

ẋ2 = −γ2x2 + #2,0 +
δ2,0x

n
2

θn2,0 + xn0
.
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dramatically so. For instance if we attempt to maximize complexity by adding every single edge
as an activator, the resulting network has a hysteresis score of 0%.

The results discussed up to this point have all been obtained from the combinatorial compu-
tations of DSGRN. More traditional modeling of regulatory networks is based on ODEs. As is
discussed in Section 4.1 and in Section 6, there is a direct translation from DSGRN parameters
to nonlinearities based on Hill functions in the limit when the exponents in the Hill function are
very large. We now demonstrate that information from DSGRN has implications for the ODE
models. Two important observations are that (i) trustworthy ODE computations are many orders
of magnitude more expensive than DSGRN computations, and (ii) it is unreasonable to expect the
explicit DSGRN decomposition of parameter space to apply precisely to any specific ODE.

To expand on this we consider Network 12 and a corresponding ODE. Assumptions need to
be made on how multiple in-edges to a node impact the rate of change of the associated variable.
These assumptions are discussed in detail in Section 4.1, but for the moment it suffices to state
that since all the arrows in Network 12 have the form → leads to a summation of the nonlinear
terms affecting the growth rate. Hence we consider

ẋ0 = −γ0x0 + L0 +
δ0,0x

n
0

θn0,0 + xn0
+

δ0,1x
n
1

θn0,1 + xn1
+

δ0,2x
n
2

θn0,2 + xn2
+ s

ẋ1 = −γ1x1 + L1 +
δ1,0x

n
0

θn1,0 + xn0
+

δ1,2x
n
2

θn1,2 + xn2

ẋ2 = −γ2x2 + L2 +
δ2,0x

n
0

θn2,0 + xn0

(1)

where for simplicity have made two modeling assumptions. First, the effect of the external signal
on the growth rate of x0 is given by a simple linear additive term s. Second, the exponents n of
the Hill functions are the same. In addition, there are 21 other parameters that lie in (0,∞)21 (see
Section 4.1). There are 707 vertices in PG(0) (see [6, Table 1]), and 24 vertices in PGe(1)×PGe(2)
(see Section 4.2).

The most computationally efficient means of identifying the desired hysteresis curve in equation
(1) is to fix a parameter value in (0,∞)22, choose an initial value s0 for s, find a stable fixed point
with low x2 value, perform continuation with respect to arc-length of a fixed length, and check that
two saddle-node bifurcations have occurred. An example of this computation is shown in Figure 4(b)
(see Section 6 for details). With the goal of quantifying how robustly this system exhibits hysteresis
the obvious question is how many parameter values should be chosen and what is the appropriate
choice of arc-length. Based on the number of vertices in PG(0) and PGe(1)×PGe(2), the number
of partial paths computed by DSGRN is on the order of 105. Furthermore, since each region of
parameter space is an unbounded open set in (0,∞)22 even sampling each region is non-trivial.
This suggests that performing sufficiently many continuation computations to compare with the
DSGRN hysteresis score is prohibitively expensive.

With this in mind we greatly simplify the DSGRN computations being performed. We remark
that a partial order can be placed on the vertices of PG(0) (see Section 4.1) such that there is
a unique minimal vertex v0 and unique maximal vertex v0. A path v00 , . . . , v

t
0, . . . , v

T
0 within the

factor graph PG(0) is full if v00 = v0 and vT0 = v0. This leads to two new scores obtained as follows.
For each vertex in (v1, v2) ∈ PGe(1)× PGe(2) we consider all full paths

(v0, v1, v2), . . . , (v
t
0, v1, v2), . . . , (v0, v1, v2) and mark those paths that exhibits hysteresis as hys-

teretic. The full path hysteresis score is the percentage of hysteretic paths among all full paths.
The perturbed full path hysteresis score is the same but based on the one edge neighborhood of
PGe(1) × PGe(2).
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Hill model ODE simulations

Regulatory

Network
12 33 108 4346

Hill function HysteresisPerturbed HysteresisPerturbed HysteresisPerturbed HysteresisPerturbed

exponent n Score Score Score Score Score Score Score Score

30 81.2 % 51.7 % 84.4 % 41.2 % 57.9 % 56.1 % 0 % 0 %

20 70.8 % 41.3 % 74.9 % 34.0 % 45.4 % 46.8 % 0 % 0 %

10 39.7 % 18.8 % 45.3 % 16.6 % 18.2 % 21.8 % 0 % 0 %

5 7.3 % 2.1 % 7.6 % 2.2 % 1.3 % 2.4 % 0 % 0 %

4 3.1 % 0.6 % 2.2 % 0.5 % 0.2 % 0.3 % 0 % 0 %

DSGRN (full path) 100 % 79.1 % 83.3 % 61.7 % 33.9 % 25.1 % 0 % 0 %

DSGRN (partial path)80.9 % 64.1 % 42.5 % 27.7 % 18.9 % 13.3 % 0 % 0 %

Table 2: (Hysteresis and Perturbed Hysteresis Scores) Results for comparisons with four networks.
Numbers for Regulatory network come from ranking in Figure 8. Bottom rows are the full and
partial path hysteresis scores obtained from DSGRN for Regulatory networks 12, 33, 108, and
4346. The first column indicates the exponent of the Hill function used in the ODE model for
the regulatory network. The two columns under each regulatory network number indicate the
percentage of continuation computations that result in a hysteresis curve. The first column assumes
the parameter value is in a region defined by v0 × FP (1) × FP (2) and the second column assume
the parameter value is in region defined by a one edge neighborhood. 1000 curves were computed
for each entry.

since all the in-edges are activating.
For the numerical computations to obtain the results in Table 1 and Table 2 we consider Hill

function models
ẋ0 = −γ0x0 +H0(x) + s

ẋ1 = −γ1x1 +H1(x)

ẋ2 = −γ2x2 +H2(x)

where Hi is obtained from the regulatory network by replacing the step functions σ− and σ+ in Λi

by the decreasing and increasing Hill functions

H−(x, #, δ, θ, n) = #+ δ
θn

θn + xn

and

H+(x, #, δ, θ, n) = #+ δ
xn

θn + xn
,

respectively. We represent the input signal to node 0 by the additive parameter s in the first
equation.

Returning to network 12 in Figure 3, the Hill model is given by

ẋ0 = −γ0x0 + #0,0 +
δ0,0x

n
0

θn0,0 + xn0
+ #0,1 +

δ0,1x
n
0

θn0,1 + xn1
+ #0,2 +

δ0,2x
n
2

θn0,2 + xn2
+ s

ẋ1 = −γ1x1 + #1,0 +
δ1,0x

n
0

θn1,0 + xn0
+ #1,2 +

δ1,2x
n
2

θn1,2 + xn2

ẋ2 = −γ2x2 + #2,0 +
δ2,0x

n
2

θn2,0 + xn0
.
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DSGRN scores

Hill model simulations with sampled parameter values (1,000 
curves per entry) - 12-30 dimensional parameter space

DSGRN takes a fraction of the time and covers all of the 
parameter space
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