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Riemann zeta function

® Dirichlet series:
o0

¢(s) = Z% for PRe(s) > 1.

n=1
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Riemann zeta function

® Dirichlet series:
o0

¢(s) = Z% for Re(s) > 1

n=1

® Analytic continuation:

C(s)—i—i— 1+ {}dtfori)%e(s)>0

1 ts+1
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Riemann zeta function

® Dirichlet series:

® Analytic continuation:

C(s)—i—i— 1+ {}dtfori)%e(s)>0

1 ts+1

® ( has a simple pole, residue 1, at s = 1.
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Riemann zeta function

Dirichlet series:

® Analytic continuation:

C(s)—i—i— +/oo{}dtfor9%e(s)>0

1 s+1

® ( has a simple pole, residue 1, at s = 1.

® Functional equation
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Riemann zeta function
[ ]

Dirichlet series:

1
= — f 1
¢(s) ,?:1 s for Re(s) >
® Analytic continuation:
1 o0
¢(s) = o1 +1 —I—/ {s+}1 dt for Re(s) > 0
[ ]

¢ has a simple pole, residue 1, at s =1
Functional equation

¢(s) has trivial zeros at s = —2,—4,—6
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Riemann zeta function

® Dirichlet series:

® Analytic continuation:

1 s+1

C(s)—i—i— +/oo{}dtfor9%e(s)>0

® ( has a simple pole, residue 1, at s = 1.

® Functional equation

® ((s) has trivial zeros at s = —2,—4, —6, ...

® Zeros symmetric about the line Re(s) = 3 and the real axis.
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Zeros of the Riemann zeta function

Conjecture (Riemann Hypothesis (RH))

All non-trivial zeros of { satisfy Re(s) = 3.
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Zeros of the Riemann zeta function

Conjecture (Riemann Hypothesis (RH))

All non-trivial zeros of { satisfy Re(s) = 3.

Theorem (Partial RH: Platt-Trudgian - 2021)
All non-trivial zeros 3 + i~y of {(s) with 0 < v < 310" have 8 = 1.
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Zeros of the Riemann zeta function

Conjecture (Riemann Hypothesis (RH))

All non-trivial zeros of { satisfy Re(s) = 3.

Theorem (Partial RH: Platt-Trudgian - 2021)
All non-trivial zeros 3 + i~y of {(s) with 0 < v < 310" have 8 = 1.

Theorem (Zero-free region (ZFR): Mossinghoff-Trudgian - 2015)

¢(o + it) has no zeros in the region

c>1 and |t| > 2 with R =5.57

_ 1
- Rlogt

Former records: de la Vallée Poussin 30.46 (1899), Westphal 17.53 (1938),
Stechkin 9.65 (1975), Kadiri 5.69 (2004).
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Zeros of the Riemann zeta function

Conjecture (Riemann Hypothesis (RH))

All non-trivial zeros of { satisfy Re(s) = 3.

Theorem (Partial RH: Platt-Trudgian - 2021)
All non-trivial zeros 3 + i~y of {(s) with 0 < v < 310" have 8 = 1.

Theorem (Zero-free region (ZFR): Mossinghoff-Trudgian - 2015)

¢(o + it) has no zeros in the region

c>1 and |t| > 2 with R =5.57

_ 1
- Rlogt

Former records: de la Vallée Poussin 30.46 (1899), Westphal 17.53 (1938),
Stechkin 9.65 (1975), Kadiri 5.69 (2004).

Theorem (Zero density: Kadiri-Lumley-N - 2018)
Fort>1,

#{p=F+iv]C(p)=0,3 <B <Lyl <t} <5363 (logt)?.



Divisor functions
0000000000

Bounds
0000

Introduction
0000080

Rz‘/‘l\

Moments
00000

Approximate functional equations (AFE)
000

Random Matrices
00000000

Map of zeros of zeta

E 3 |
L (kT

: /

(5]

: /7ER -
Hedm = = = = = = .
: S .
oy . :
Z ] 1 LN
< i T T | p—
5 1
7 N l-mkm 1 R

LCourtesy of Allysa Lumley

Current research
000000000



Introduction
0O00000e

Bounds Divisor functions Moments Random Matrices Approximate functional equations (AFE)
0000 0000000000 00000 00000000 000

Habiba Kadiri
(Lethbridge)

Allysa Lumley
(CRM PDF '19-'22,
Lethbridge MSc. '12-'14)

Tim Trudgian
(UNSW, Lethbridge PDF '10-'12)

Current research
000000000



Table of Contents
Introduction

Bounds for zeta
Divisor functions
Moments of zeta

Random Matrices

Approximate functional equations (AFE)

Current research

«Or «Fr o«

DA



Introduction Bounds Divisor functions Moments Random Matrices Approximate functional equations (AFE)
0000000 0@00 0000000000 00000 00000000 000

The 2k-th moments of [C(% + it)]

® 2k-th moments.

]
W(T) = / G + i) dt
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The 2k-th moments of [((3 + it)|

® 2k-th moments.

)
W(T) = / (L + it) P dt

® Used to study 'size’ of |¢(3 + it)|.
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The 2k-th moments of |((5 + it)|

® 2k-th moments.

)
W(T) = / (L + it) P dt

® Used to study 'size’ of |¢(3 + it)|.
® The Riemann hypothesis implies the 6f hypothesis.
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The 2k-th moments of |((5 + it)|

® 2k-th moments.

)
W(T) = / (L + it) P dt

® Used to study 'size’ of |¢(3 + it)|.
® The Riemann hypothesis implies the 6f hypothesis.
® Lindeldf hypothesis (LH):

IC(3 + it)] << (1 + [t])° for all € > 0.
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The 2k-th moments of |((5 + it)|

2k-th moments.

)
W(T) = / (L + it) P dt

Used to study ‘size’ of (3 + it)|.
The Riemann hypothesis implies the of hypothesis.
Lindeldf hypothesis (LH):

IC(3 + it)] << (1 + [t])° for all € > 0.

The Lindelof hypothesis is true if and only if

I(T) <xe TV forall k € N and all € > 0.
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Bounds for [((5 + it)]

Convexity (easy) bound:  [¢(3 +it)| < pite
(Phragmén-Lindelsf [((—¢' + it)] < [t|2*<" and [¢(1+ & + it)| < 1 = [t]°)



Bounds
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Bounds for [¢(3 + it)]

Convexity (easy) bound:  [¢(3 +it)| < pite
(Phragmén-Lindeldf |¢(—¢&' + it)| < \tﬁ*a and [C(1+ €& +it)| < 1=[t]°)

Subconvexity bound: there exists ¥ < 1 such that [((3 + it)| < t"*¢

Researcher(s) year 9

Hardy-Littlewood (Weyl) | 1921 [ £ =0.1666...
Walfisz 1924 % =0.1649...
Titchmarsh 1931 | 2L =0.1646...
Titchmarsh 1942 | 2 =0.1637...
Kolesnik 1982 % =0.1620. ..
Bombieri-Iwaniec 1986 %. =0.1607...
Huxley 1993 %594 =0.15615...
Huxley 2005 % = 0.15609...
Bourgain 2014 | =3 =0.15476. ..
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Bounds for Ix(T)

Theorem (Harper, 2013)
The Riemann hypothesis implies for any k € N

1(T) <« T(log T)<.
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Bounds for Ix(T)

Theorem (Harper, 2013)
The Riemann hypothesis implies for any k € N

1(T) <k T(log T)¥.

Theorem (Radziwill and Soundararajan, 2013)
For any real k > 1,

2

I(T) > T(log T)*.

Ramachandra (1978,1980), 2k € N and k > 0 on RH.
Heath-Brown (1981), k rational.
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Bounds for Ix(T)

Theorem (Harper, 2013)
The Riemann hypothesis implies for any k € N

1(T) <k T(log T)¥.

Theorem (Radziwill and Soundararajan, 2013)
For any real k > 1,

2

I(T) > T(log T)*.

Ramachandra (1978,1980), 2k € N and k > 0 on RH.
Heath-Brown (1981), k rational.

These results suggest
2
I(T) ~ G T(log T)*.
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Divisor functions

Definition
k-th divisor function:

d(n) = Z 1=#{(m,....,m) €N | my---my =n}

my---my=n

Relation between the k-th divisor function and ¢(s)*:

@ (£ 2 (5 3)

=1
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Divisor functions

Definition
k-th divisor function:

d(n)= > 1=#{(m,...,m)eN|m-

my---m=n

Relation between the k-th divisor function and ¢(s)*:

):mimi

oo

(£ (5

=11 m=1

1
S
my

1
S S s
m1m2...mk

Current research
000000000



Introduction Bounds Divisor functions Moments Random Matrices Approximate functional equations (AFE) Current research
0000000 0000 O@00000000 00000 00000000 000 000000000

Divisor functions

Definition
k-th divisor function:

d(n) = Z 1=#{(m,....,m) €N | my---my =n}

my---my=n

Relation between the k-th divisor function and ¢(s)*:

@) (o) N R O

collect terms n = my - - - my
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Divisor functions

Definition
k-th divisor function:

d(n) = Z 1=#{(m,....,m) €N | my---my =n}

my---m=n

Relation between the k-th divisor function and ¢(s)*:

O =(E ) (Em) =X X
mp=1 my=1 mp=1 my=1

collect terms n = my - - - my

C(S)k:Zl#{(ml,...,mk)eNk|m1...mk:n}
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Divisor functions

Definition
k-th divisor function:

d(n) = Z 1=#{(m,....,m) €N | my---my =n}

10 mE=n

Relation between the k-th divisor function and ¢(s)*:

C(s)kz(rni,jﬁ)...(rnilnfi):nil im

»-Sm
»3

=1

collect terms n = my - - - my

Z:; ml?"'7mk)€Nk|m1'-'mk=n}:Z k(n).
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Examples

® k = 2: (ordinary divisor function)

di(n) =d(n) = Z 1
aln
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Examples

® k = 2: (ordinary divisor function)

di(n) =d(n) = Z 1
aln

d(20) =
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Examples

® k = 2: (ordinary divisor function)

di(n) =d(n) = Z 1
aln

d(20) = 6 since 20 has divisors 1,2,4,5, 10, 20.
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Examples

® k = 2: (ordinary divisor function)

di(n) =d(n) = Z 1
aln

d(20) = 6 since 20 has divisors 1,2,4,5, 10, 20.

® k = 3: p prime. How many solutions to nimn3z = p?

Current research
000000000



Introduction Bounds Divisor functions Moments Random Matrices Approximate functional equations (AFE)
0000000 0000 0O0e0000000 00000 00000000 000
Examples

® k = 2: (ordinary divisor function)
de(n) =d(n)=>)"1
aln
d(20) = 6 since 20 has divisors 1,2,4,5, 10, 20.
® k = 3: p prime. How many solutions to nimn3z = p?
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Examples

® k = 2: (ordinary divisor function)

di(n) =d(n) = Z 1
aln

d(20) = 6 since 20 has divisors 1,2,4,5, 10, 20.

® k = 3: p prime. How many solutions to nimn3z = p?

p-1-1=1-p-1=1-1-p=p=ds(p) =3

Current research
000000000



Introduction Bounds Divisor functions Moments Random Matrices
0000000 0000 0O0e0000000 00000 00000000 000
Examples

® k = 2: (ordinary divisor function)

di(n) =d(n) = Z 1
aln

d(20) = 6 since 20 has divisors 1,2,4,5, 10, 20.

® k = 3: p prime. How many solutions to nimn3z = p?

p-1-1=1-p-1=1-1-p=p=ds(p) =3

° de(p):

Approximate functional equations (AFE)
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Examples

® k = 2: (ordinary divisor function)

di(n) =d(n) = Z 1
aln

d(20) = 6 since 20 has divisors 1,2,4,5, 10, 20.

® k = 3: p prime. How many solutions to nimn3z = p?
p-1-1=1-p-1=1-1-p=p=ds(p) =3

° di(p):

Count solution to mny -+ - ne = p'?
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Examples

® k = 2: (ordinary divisor function)

di(n) =d(n) = Z 1
aln

d(20) = 6 since 20 has divisors 1,2,4,5, 10, 20.

® k = 3: p prime. How many solutions to nimn3z = p?
p-1-1=1-p-1=1-1-p=p=ds(p) =3

° di(p):

Count solution to niny -+ ng = pj? Set n; =p% fori=1,... k.
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Examples

® k = 2: (ordinary divisor function)

di(n) =d(n) = Z 1
aln

d(20) = 6 since 20 has divisors 1,2,4,5, 10, 20.
® k = 3: p prime. How many solutions to nimn3z = p?
p-1-1=1-p-1=1-1-p=p=ds(p) =3
* di(p): ,
Count solution to mny---nxk = p’? Set nj =p fori=1,..., k.

pe1 . pek — p61+-“+ek — pj
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Examples

® k = 2: (ordinary divisor function)
de(n) =d(n)=>)"1
aln

d(20) = 6 since 20 has divisors 1,2,4,5, 10, 20.

® k = 3: p prime. How many solutions to nimn3z = p?

p-1-1=1-p-1=1-1-p=p=ds(p) =3

° di(p): ,
Count solution to mny---nxk = p’? Set nj =p fori=1,..., k.
pe1 . 'pek _ p61+-“+ek — pj

or

e1t+e+---+e=jfore>0
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Examples

® k = 2: (ordinary divisor function)

di(n) =d(n) = Z 1
aln

d(20) = 6 since 20 has divisors 1,2,4,5, 10, 20.

® k = 3: p prime. How many solutions to nimn3z = p?

p-1-1=1-p-1=1-1-p=p=ds(p) =3

° di(p): ,
Count solution to mny---nxk = p’? Set nj =p fori=1,..., k.
er . % — p61+-“+ek — pj
or

el+e2+...+ek:jfore;20=>HW:d/<(Pi):< j

k+j—1

Current research
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Divisors on average
® Dirichlet's hyperbola trick

OITUED B) SEED OF

n<x n<x ab=n ab<x

number of lattice points (a, b) € N? such that 1 < ab < x
x(log x + (2y — 1)) + O(v/x)
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Divisors on average
® Dirichlet's hyperbola trick
YSLICES 3 SEED 3
n<x n<x ab=n ab<x
= number of lattice points (a, b) € N? such that 1 < ab < x
x(log x + (27 — 1)) + O(v/X)

® Similar elementary argument

Z di(n) = number of lattice points (a1,...,ax) € Nst 1 <ar--rak < x

n<x

Nﬁx log"*(x)
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Divisors on average

® Dirichlet's hyperbola trick

OITUED B) SEED OF

n<x n<x ab=n ab<x
= number of lattice points (a, b) € N? such that 1 < ab < x
= x(log x + (2y — 1)) + O(v/x)

® Similar elementary argument

Z di(n) = number of lattice points (a1,...,ax) € Nst 1 <ar--rak < x

n<x

Nﬁx log"*(x)

® Elementary argument or Perron’s formula

> k(o ~ sl = 30 E g

n<x n<x

for constants aj, a.
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Additive divisor sums

Additive divisor sums are much harder to evaluate than 3" _ di(n)>.

Dye(x,r) =Y d(n)de(n+ r) for r € Z\{0}.

n<x
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Additive divisor sums

Additive divisor sums are much harder to evaluate than 3" _ di(n)>.

Dye(x,r) =Y d(n)de(n+ r) for r € Z\{0}.

n<x

Why? prime factorization of n not directly related to n+ r.
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Additive divisor sums

Additive divisor sums are much harder to evaluate than 3" _ di(n)>.

Dye(x,r) =Y d(n)de(n+ r) for r € Z\{0}.

n<x

Why? prime factorization of n not directly related to n+ r.
® k =/ =2. Motohashi 1994, Estermann 1930

D> o(x, r) = x(co(r) Iogz(x) + al(r)log(x) + c2(r)) + O(x%“)

uniformly for |r| < x27 where aln)=2% 2l dt.
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Additive divisor sums

Additive divisor sums are much harder to evaluate than 3" _ di(n)>.

Dye(x,r) =Y d(n)de(n+ r) for r € Z\{0}.

n<x

Why? prime factorization of n not directly related to n+ r.
® k =/ =2. Motohashi 1994, Estermann 1930

D> o(x, r) = x(co(r) Iogz(x) + al(r)log(x) + c2(r)) + O(x%“)

uniformly for |r| < x27 where aln)=2% 2l dt.
® 3< k <15, ¢ =2. Topacogullari 2018. Drappeau 2017.

Dic2(x, r) = x(co(r)(log x)* + -+ + ck—1(r) + ci(r)) + O(x%+€)

uniformly for |r| < XI5 (There is a result for k > 16 too.)
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Additive divisor sums

Additive divisor sums are much harder to evaluate than 3" _ di(n)>.

Dye(x,r) =Y d(n)de(n+ r) for r € Z\{0}.

n<x

Why? prime factorization of n not directly related to n+ r.
® k =/ =2. Motohashi 1994, Estermann 1930

D> o(x, r) = x(co(r) Iogz(x) + al(r)log(x) + c2(r)) + O(x%“)

uniformly for |r| < x27 where aln)=2% 2l dt.
® 3< k <15, ¢ =2. Topacogullari 2018. Drappeau 2017.

Dic2(x, r) = x(co(r)(log x)* + -+ + ck—1(r) + ci(r)) + O(x%+€)

uniformly for |r| < XI5 (There is a result for k > 16 too.)
Method: Spectral theory of automorphic forms (Kuznetsov’s formula).
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Conjecture (ADg : Vinogradov-lvic-Conrey-Gonek, 1989-1998)
Let e,e’ > 0. We have

> di(n)de(n+ r) = Mus(x, r) + O(x27),

n<x

>

uniformly for 1 < |r| < x*=° where

Mie(x,r) = x(co(r)(log x)* ™72 + -+ + cupe—s(r) log x + crsr—a(r)),

The coefficients c;(r) have very complicated formulae. We have

c(r) = H (1 + 7(‘(712;471))

plr

Current research
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Conjecture (ADg : Vinogradov-lvic-Conrey-Gonek, 1989-1998)
Let e, > 0. We have

S de(m)di(n 4 1) = My, r) + O(xH),

n<x

¢ where

uniformly for 1 < |r| < x*~
Mie(x,r) = x(co(r)(log x)* 72 + -+ + cise—s(r) log x + chre—a(r)),

The coefficients c;(r) have very complicated formulae. We have

c(r) = H (1 + 7(“_11,(4_1))

plr

Simple formulae for cp(r): N.-Thom (2016) and Tao (blogpost, 2016).

!
Mark Thom (USRA '08,'09) Terry Tao (“Mozart of Math™)
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Dy.o(x, r) ~ co(r)x(log x)* 72 co(r) = H (1 + W)

P
plr

® Versions of ADy true if k > 2, £ = 2. Topacogullari, Motohashi, many
others.

® | ower bound: N.-Thom, 2019. Upper bound: Henriot, 2015.

k+0—2

co(r)x(log x) & Dy o(x,r) < ao(r)x(log x)2 for |r| < x*

® Almost all results in r: Matomaki, Radziwill, Tao, 2017

Farzad Aryan and Kevin Henriot Radziwill and Matomaki
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Smooth additive divisor sums

When studying I(T) we require estimates for smoothed divisor correlations

Dio(f,r) = Z Ti(m)Te(n)f(m, n)
where f : [M,2M] x [N,2N] — R is smooth.

® \We can formulate a smoothed additive divisor conjecture but its
complicated to state.

® Duke-Friedlander-lwaniec 1994 and Aryan 2017 have proven results
towards the smoothed additive divisor conjecture in the case k = ¢ = 2.
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Dirichlet polynomial approximation to ¢¥(s)

Definition
A Dirichlet polynomial is a truncation of a Dirichlet series.

eg.
Di(s,N) => @

n=1

We expect that ¢(s) =

Current research
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> d" ~ Di(s,N) when s =} + it and N = [t*].
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Dirichlet polynomial approximation to ¢*(s)
Definition
A Dirichlet polynomial is a truncation of a Dirichlet series.
eg.

Di(s, V) = 3 )

n
n=1

We expect that ((s)* = 3", dk ~ Di(s,N) when s =} + it and N = [t*].
(Approximate Functional Equatlon (AFE))
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Dirichlet polynomial approximation to ¢*(s)
Definition
A Dirichlet polynomial is a truncation of a Dirichlet series.
eg.

Dy(s, N) = ZM

nS
n=1

We expect that ((s)* = 3", dk ~ Di(s,N) when s =} + it and N = [t*].
(Approximate Functional Equatlon (AFE))

ICE + i) = |G + i) ~ ‘Z jif) where N = |t*], by AFE

N

— (Z dkgm-)) (Z dkl(n.)) since |z|* = zz.
ot m§+lt p nj—lt
Suggests
1 T N dk(m dk my —it

W(T)=2= L4 i) dt ~ / —) dt
(M =3 [ 1K+ > ()
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Dirichlet polynomial approximation to ¢*(s)
Definition
A Dirichlet polynomial is a truncation of a Dirichlet series.
eg.
"~ di(n)
D.(s. N) = GKkin)
(o) =3

n=1

We expect that ((s)* = 3", dks ~ Di(s,N) when s =} + it and N = [t*].
(Approximate Functional Equation (AFE))

. ()
1 2k __ k _ k
€3+ it) P = [¢* (5 + it)] \2: | where N =[], by AFE
N
= (>4 (Z ) since 2 = 22
m=1 m§+lt n=1 nj_lt
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Dirichlet polynomial approximation to ¢*(s)
Definition
A Dirichlet polynomial is a truncation of a Dirichlet series.
eg.

Dy(s, N) = ZM

nS
n=1

We expect that ((s)* = 3", dk ~ Di(s,N) when s =} + it and N = [t*].
(Approximate Functional Equatlon (AFE))

ICE + i) = |G + i) ~ ‘Z jif) where N = |t*], by AFE

N

— (Z dkgm-)) (Z dkl(n.)) since |z|* = zz.
ot m§+lt pry nj—lt
Suggests
1 T N dk(m dk my —it

W(T)=2= L4t dt ~ / —) dt
(M =3 [ 1K+ > ()
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~ 7[ Zm IZn 1 m% %( )(%)_’tdt

n

T my it 2T m=n,
4(7) 9=\ pun(Tlogon/m)

Tog(m/n)
Diagonal terms m = n terms and off-diagonal terms m # n:

TZ dk(m N i di( m)dk( ) sin( T log(m/n)) @

m? n? log(m/n)

m,n=1

m=#n

Observation. log(m/n) is small if m is close to n. Terms with m = n+ r and
r small contribute. Need asymptotics for

Z% and > di(n)de(n + r)

m<x n<x

All evaluations of /,(T) with k =1,2,3,4 use a form of (2)
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The second moment
Theorem (Hardy-Littlewood, 1918)

;
L(T) :/ ICE +it)Pdt~Tlog T = %-314 T(log T)
o !

where a; = 1.
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The fourth moment

Theorem (Ingham, 1926)

.
. T 2
L(T) = /0 |C(% + /t)|4 dt ~ ?(Iog T)4 = a2 T(log T)4

where a; = %.

N
A.E. Ingham

Current research
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Higher moments (2k = 6, 8)

Conjecture (Conrey and Ghosh, 1996)
Tt e 42 9
o !

Conjecture (Conrey and Gonek, 1998)

;
. 24024

I4(T):/ 1¢(% +it)[* dt ~ ol -as- T(log T)™®

o !

Current research
000000000

J.B. Conrey A. Ghosh S.M. Gonek
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Higher moments (2k = 6, 8)

Conjecture (Keating and Snaith, 1998)

T 2
/k(T):/0 1C(3 + i) dt ~ (f:)! -ax - T(log T)*

where g, = (k?)! ij:_ol (;iilk)' and ax ~ infinite product.

J. Keating N. Snaith



Moments
[eJele] ]

T 2
/k(T):/0 IC(2 + i) dt ~ (f:)! ~ai - T(log T)"

) k—1 il o] k 71 ~

yr author(s) k 8« ak % - ax | technique
1918 | Hardy-Littlewood 1 1 1 1 DP-+AFE
1926 Ingham 2 2 5 2 DP+AFE
1996 Conrey-Ghosh 3 42 DP-+AFE
1998 Conrey-Gonek 3,4 | 42,24024 DP-+AFE
1998 | Keating-Snaith all k RM
2003 DGH ? all k MDS
2004 CFKRS ? all k AFE

Black =Theorem, Red= Conjectural method

AFE = Approximate Functional Equation, DP= Dirichlet Polynomials, RM=
Random matrices, MDS = Multiple Dirichlet series

Homework. g3 = 42, g» = 24024, g« € N.

2DGH=Diaconu, Goldfeld, Hoffstein
3CFKRS= Conrey, Farmer, Keating, Rubinstein, Snaith
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Random Matrix Theory history

® 1972: Freeman Dyson and Hugh Montgomery - Statistics of
zeros of ((s) are the same as statistics of eigenangles of
random matrices
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Random Matrix Theory history

® 1972: Freeman Dyson and Hugh Montgomery - Statistics of
zeros of ((s) are the same as statistics of eigenangles of
random matrices

® 1987: Large scale numerical verifications: Andrew Odlyzko
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Random Matrix Theory history

® 1972: Freeman Dyson and Hugh Montgomery - Statistics of
zeros of ((s) are the same as statistics of eigenangles of
random matrices

® 1987: Large scale numerical verifications: Andrew Odlyzko

® Theoretical evidence: Montgomery (1972), Hejhal (1994),
Rudnick-Sarnak (1996)
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Random Matrix Theory history

1972: Freeman Dyson and Hugh Montgomery - Statistics of
zeros of ((s) are the same as statistics of eigenangles of
random matrices

1987: Large scale numerical verifications: Andrew Odlyzko

Theoretical evidence: Montgomery (1972), Hejhal (1994),
Rudnick-Sarnak (1996)

1998: Keating and Snaith model ((s) by the characteristic
polynomial Z(U, 6)
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® The group of unitary matrices of size N:

U(N) = {A € Mat, »(C) | AA* = Iy}.
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® The group of unitary matrices of size N:

U(N) = {A € Mat, ,(C) | AA* = Iy}.

® U(N) is a compact group with a Haar measure duy. (Weyl-Classical
Groups) A unitary matrix U has eigenvalues on the unit circle:
oif1 &N
by

0<60: <6, <... <0y < 27
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® The group of unitary matrices of size N:

U(N) = {A € Mat, ,(C) | AA* = Iy}.

® U(N) is a compact group with a Haar measure duy. (Weyl-Classical

Groups) A unitary matrix U has eigenvalues on the unit circle:
o0 oioN
ey

® Average spacing = QW"

(N numbers in an interval of length 27)



Random Matrices
0O@00000

The group of unitary matrices of size N:

U(N) = {A € Mat, ,(C) | AA* = Iy}.

U(N) is a compact group with a Haar measure duy. (Weyl-Classical

Groups) A unitary matrix U has eigenvalues on the unit circle:
o0 oioN
ey

Average spacing = QW"
(N numbers in an interval of length 27)

Label the zeros of ((s) as 3 + ivn where

M<y < <Y <Y <-e-

Average spacing = |02g7r'y~ ~ |02g7TT when T < ; < 2T.
J

(Follows for formula for N(T) ~ 5= log T.)
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Zero and eigenangle statistics
® Normalize the eigenangles 0, = %Qj forj=1,..., N so that

011 — 0; =~ 1 on average .
j+ j

Current research
000000000
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Zero and eigenangle statistics

Introduction Bounds
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® Normalize the eigenangles 0, = %OJ forj=1,..., N so that

0:11 —0; =~ 1 on average .
j+ j

. ~ log v;
® Normalize the zeros 3; = -1,

Jj+1 — 7j =~ 1 on average .

Current research
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Zero and eigenangle statistics

® Normalize the eigenangles 8‘; = %BJ forj=1,..., N so that

0:11 —0; =~ 1 on average .
j+ J

. ~ log v;
® Normalize the zeros 3; = -1,

Jj+1 — 7j =~ 1 on average .

® Dyson-Montgomery observation. As N — co

#{1SJ§N|@+1—@e[a,b1}
N

behaves like

4L SIS N[ A =% € [a, B}
N

Current research
000000000
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Zero and eigenangle statistics

® Normalize the eigenangles 8‘; = %Gj forj=1,..., N so that

011 —0; =~ 1 on average .
j+ J

. ~ log v;
® Normalize the zeros 3; = -1,

Jj+1 — 7j =~ 1 on average .

® Dyson-Montgomery observation. As N — co

#{1SJ§N|@+1—@e[a,b1}
N

behaves like . R R
#{1 <J<N|Fn =7 €la b]}
N

It has been proven there exists a function p(u) such that

b
lim #L{1<j<N| o,-+1—e,-e[a7b1}=/ p(u) du
N— oo N a



Introduction Bounds Divisor functions Moments Random Matrices Approximate functional equations (AFE) Current research
0000000 0000 0000000000 00000 0000e000 000 000000000

Neighbour Spacings

a b c d ™ 'F
 ——] — —_— p——
....___s —_— = =
_— — =— =
—_—— =
— _— e
— —
= rm— _— ==
— —— — —
JRE— |— — fr—
e _ ==
— _—
—— R e = —
— —
—_— —
— —— —
— —=
Foteon,  Peimes fnal Tl

cit. O. Bohigas and M-J Giannoni, Chaotic motion and random matrix theories.
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Odlyzko's calculations

Nearest neighbor spacings

a8 o
L

0
L

sarsty
—

0o

o a5 10 15 2a 25 an

rarmalzed spacing

Andrew Odlyzko, On the Distribution of Spacings Between Zeros of the Zeta Function
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® A model for the ¢ function
Z(U, 0) = det(l, — Ue™")

where U € U(N) and 6 € [0, 27].

Approximate functional equations (AFE)

000

H(l

0.

Current research
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® A model for the ¢ function

Z(U,0) = det(l, — Ue ") =

where U € U(N) and 6 € [0, 27].

Approximate functional equations (AFE)
000

N
[Ja-e“%).
j=1

® 7 is the characteristic polynomial of U and has roots at

01,...,0n € [0,27] so

N

z(U,0) =[]0 -

j=t

ef(9j79)).

Current research
000000000
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® A model for the ¢ function

N
Z(U,0) = det(l, — Ue ) =J(1 - €“%~7).

=1

where U € U(N) and 6 € [0, 27].

® 7 is the characteristic polynomial of U and has roots at
01,...,0n € [0,27] so

Z(U,0) =] Ja-e%").

® The integral

120 un = [ 1Z(0.0)dian
U(N)

—/ I it))* dt

is a model for
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Keating and Snaith show that

(1Z(U,0)* Yy =

Random Matrices Approximate functional equations (AFE)
0000000e 000

YT + 2k)
H RIETE

H T o

Current research
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(3)
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Keating and Snaith show that

N

(1Z(U, 0))umy = H%

k .
J! K2 K2—1
=1l 5N + 0N
j:0(1+k)!
27 27

Equating average spacing of zeros/eigenangles: e T = N

1/T 1, 2k . J! K2
= C(z+it)|" dt~a ||7 log T
T Jo 6z + i) ‘ e Gtk ( )

(3)

(4)
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Approximate functional equation

® Classical Approximate Functional Equation

Hardy and Littlewood (1921),Riemann (unpublished) - Siegel
(718597-1932) : N = (5£)2.

C(h+it) = Z%H(t)z

n<n 1 n<N

1

—it

ot ibot i O(t CmHI/Y),

1
n2

where ) .
im Te\'!
F(t) ~ e (T) and |£(t)| = 1.
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Approximate functional equation

Classical Approximate Functional Equation
Hardy and Littlewood (1921),Riemann (unpublished) - Siegel

1
(718597-1932) : N = (5)2.

1 1 1 5
15y — - -2 —2.... —(2m+3)/4
C(z+it) = n§<N n%m”(t) n§<N atat ettt +0(t ).

where
2me

F(t) ~ T (T)" and |£(£)] = 1.

Smooth approximate functional for {(3 + it)*
Lavrik (1966): N = t?

Smoothing improves error terms!
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Smoothing and Approximate Functional Equation for |C(% + it)|?k

0 05 1 15 2

smooth weight ¢

® Smooth approximate functional equations
Heath-Brown (1979): N = t*.

(it = S RIS () + Oer(—/2)
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The sixth moment i(T)

® ADs3: 3°,, ds(n)ds(n+r) ~ cs3(r)x log*(x) with error term O(x%°)
for |r| < /x.
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The sixth moment i(T)

® ADs3: 3°,, ds(n)ds(n+r) ~ cs3(r)x log*(x) with error term O(x°)
for |r] < v/x.

® lvic (1996) showed an averaged form of ADs 3 implies (T) < T'**.
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The sixth moment i(T)

® ADs3: 3°,, ds(n)ds(n+r) ~ cs3(r)x log®(x) with error term O(x°®)
for |r] < v/x.

® lvic (1996) showed an averaged form of ADs 3 implies (T) < T'**.

Theorem (N, Discrete Analysis 2021, 60 pp.)

The smooth ternary Additive Divisor Conjecture implies

(T) ~ g -a3- T(log T)°.
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The sixth moment i(T)

® ADs3: 3°,, ds(n)ds(n+r) ~ cs3(r)x log®(x) with error term O(x°®)
for |r] < /.

® lvic (1996) showed an averaged form of ADs 3 implies (T) < T'**.

Theorem (N, Discrete Analysis 2021, 60 pp.)

The smooth ternary Additive Divisor Conjecture implies

(T) ~ 3'33 - T(log T)°.

® The smooth ternary additive divisor conjecture is the analogy of AD3 3 for
the smoothed sums >~ _ ds(m)ds(n)f(m, n) where
f:[M,2M] x [N,2N] — R is smooth.

® Conrey and Gonek previously provided a heuristic argument for this.
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The eighth moment /4(T)
° AD474: anx d4(n)d4(n + r) ~ C4’4(I’)X |Og10(X)

1 ’
with error term O(x27¢) for |r| < x'7° .
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The eighth moment I4(T)
® ADsa: 3, o, da(n)da(n+r) ~ caa(r)x log™(x)
1 ’
with error term O(x27¢) for |r| < x'7¢.

Theorem (N-Shen-Wong, 2021+, in preparation)

The Riemann hypothesis and the smooth quaternary Additive Divisor
Conjecture implies
24024

(T) ~ =41

-ay - T(log T)™®

Current research
0O0@000000
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The eighth moment I4(T)
® ADsa: 3, o, da(n)da(n+r) ~ caa(r)x log™(x)
1 ’
with error term O(x27¢) for |r| < x'7¢.

Theorem (N-Shen-Wong, 2021+, in preparation)

The Riemann hypothesis and the smooth quaternary Additive Divisor
Conjecture implies
24024

(T) ~ =41

-ay - T(log T)™®

® The smooth quaternary additive divisor conjecture is the analogy of AD4 4
da(m)da(n)f(m, n)

for the smoothed sums 3

m—n=r

Quanli Shen Peng-Jie Wong
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Ik(T), k > 5: other divisor sums

® [(T) can be modelled in terms of the long Dirichlet polynomials:

T di(n)
/0 ‘nngTl n%+it

® The case i) € [1,2) are conjecturally understood, assuming ADy .
For n > 2 they are not well understood.

2
dt with n > 1. (5)

® Conrey and Keating formulated a conjecture for the integrals in (5) and
have a program to understand them in terms of:

Z dkl(ml)dkz(mz)dgl(nl)db(nz) f( Thy Thy )
mymo 2rmN  2mmpN
mympy<x
miN—nyM=hy
myM—nyN=hy

where

1<M<ZN, hi,h, € Z, ki, ko, l1,42 € N, and f is smooth.
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Mean values of long Dirichlet polynomials

Theorem (N.-Hamieh, 2021)
Letl<n<%, N=T" L=log(s), and w is a smooth weight. Then

f (Zi@ ~ i |t (- g

+8log*(N)L — 24 log?(N)L2 + 32 log(N)L® — 14L4) dt

with a power savings error term.

Alia Hamieh
UNBC, UL PIMS PDF '15-'17

Current research
O000@0000

® Special case of a more general theorem with coefficients di(n), assuming

smooth form of ADy « in the case € (1,2).
® This confirms a conjecture of Conrey-Gonek.



Multiple Dirichlet Series

Diaconu, Goldfeld, and Hoffstein introduced the multi-variable complex
functions

Current research
O0000e00

2meNkit _,
Z(s1y. .., Somyw) = C s1+erit) - ((som + 82mlt)( : ) t (6)
where
w,s1,9,...,5% € Cer =411 < k<2m.
® They show that Z(si,. .., s2m, w) satisfies certain quasi functional
equations.
® Assuming certain meromorphicity conjectures for Z(si,. .., Som, w) they

deduce the Keating-Snaith conjecture:

I(T) ~ ak T (log T)

(kz)

® They use an unpublished Tauberian theorem due to Stark.
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Spectral reciprocity: Motohashi's exact formula
Let w be a smooth weight function.
/ 1¢( + it)|*w(t) dt = Mainterm(w) + ZogL(%} £)2a(3))
oo =
()

1¢(3 +it)[°
M e S i)

k=1 FESy(T)

If w A 1(7 27}, then Mainterm(w) ~ 55, (log T)*.

{L(s, f;)} ranges through Maass form L-functions attached to full modular
group.

{L(s, f)} ranges through a basis of Hecke eigenforms of Sy« (I').

@(j) and ©(t) are certain integral transforms of w.

This formulae gives the best error term for h(T) due to Zavorotnyi
(1989): O(T3te).
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Open problems

Evaluate asymptotically >° _ ds(n)ds(n+1).
® Find an asymptotic formula for 3° _ d(n)d(n+1)d(n + 2).
Prove that

(T) > ‘E‘Tfagmog TY°(1 + o(1)).

® Assuming RH, find a good upper bound for I5(T).

® For some small eg > 0 evaluate asymptotically
|y el
0 L4t

Even the case ¢ = 0 is open.

2
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