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Binary Recurrence Sequences

The Fibonacci sequence is 1,1,2,3,5,8,13, ...

The Fibonacci sequence is an example of a binary recurrence sequence.

Definition

A binary recurrence sequence is a sequence of integers that satisfies a
given recursion relation of the form u, = Pu,_1 + Qu,_» where P and Q
are fixed integers and (uj,), is the sequence in question. There are two
important kinds of binary recurrence sequences.

We have an explicit form for the nth term of such a sequence begin

u, = aa + bB", where a nnd b are constants and « and [ are the roots
of the polynomial x> — Px — Q. If ab # 0 and «/f3 isn't a root of unity,
then (up), is nondegenerate.

Saunders, J.C. (University of Calgary)  The Euler Totient Function on Lucas Sequenc November 7, 2021



Lucas Sequences

There are two special kinds of binary recurrence sequences.

Definition

A Lucas sequence of the first kind is a binary recurrence sequence (up),,,
starting with ugp = 0 and u; = 1. A Lucas sequence of the second kind is a
binary recurrence sequence (v,,)n, starting with vo =2 and vy = P.

The Fibonacci sequence is a Lucas sequence of the first kind. Another
example of a Lucas sequence of the first kind is the Pell sequence:
1,2,5,12,29,70,169,.... An example of a Lucas sequence of the second
kind are the Lucas numbers: 2,1,3,4,7,11,18, .. ..

If (un), is a Lucas sequence of the first kind, then u, = O‘;:gn. If (vn), is
a Lucas sequence of the second kind, then v, = a" + 3"
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The Euler Totient Function and Luca’s Result

The Euler Totient Function ¢ counts the number of integers from 1 to n
that are coprime to n. It is a multiplicative function, i.e.
w(mn) = p(m)p(n) for any coprime pairs of positive integers m and n.

Theorem (Luca (2002))

Let (un), and (vn), be two nondegenerate binary recurrence sequences
with u, = rnu,_1+ SiUp_2, Vo = Vy_1 + SHVv,_> with the roots of the
charactristic equations being vy and 1, and ap and (32, respectively,
satisfying one of the statements

A1) Not all four numbers oy, 1, aa, (2 are integers.

A2) log || and log |a| are linearly independent over Q.

A3) |az| > max{|/31\2 ; ‘52\2} > 1.

Also, suppose (vp) is a Lucas sequence of the second kind or that s, is
even and ry is odd. Then the equation

¢ (laum|) = [bval .
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Removing the assumptions Al through A3 is likely not possible. For
instance, take u, = v, =2" — 1. If n = p a prime such that 2P — 1 is a
Mersenne prime, then we have

o(up) =P —1) =2 —2=2(2" — 1) =2,

and it is conjectured that there are infinitely many Mersenne primes. On
the other hand, Luca’s result shows that the equations ¢ (L,,) = L, and

¢ (Fm) = Lp only have finitely many solutions where Fy, is the mth
Fibonacci number and L, is the nth Lucas number. Moreover, Luca found
all of the solutions to these two equations, which are

(m,n) =(0,1),(1,1),(2,0),(3,0) and

(m,n) =(1,1),(2,1),(3,1),(4,0),(5,3), (6, 3), respectively.
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When (up), and (v,), are the same sequence

One case that the assumptions Al through A3 excludes is the equation

¢ (|aum|) = [bunl .

where (up), is a Lucas sequence of the first kind. There are also results on
this more specific equation. For instance, when u, = %, where b > 1,
we have further results by Luca, and Faye and Luca.

Theorem (Luca (2005))
Let b>1and1 < x,y < b. Then the equation

bT—1\  bm—1
L G N e A

only has finitely many solutions.
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Theorem (Chen and Tian (2017))
Let x > y > 1. Then all of the solutions to

<Xm_ym) _Xn_yn
@) =
X=Yy X=Yy

are (x,y,m,n) = (a, b,1,1) for any integers a > b > 1. Also, all of the
solutions to
m

e(xT—yT) =x"—y"
are (x,y,m,n) = (a+1,a,1,1) for any integer a > 1.
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Theorem (Bai (2020))
Let x > y > 1. Then all of the solutions to

o )=

where xy # 0 and n,m > 0, are
(x,y,m,n)=(a+1,—a,1,2),(axi,—a,2,1), where a is an integer and
i =1,2. Also, all of the solutions to

n n

xm —ym X

X=Yy

-y
X=Y

)

|

(X" =y") =Ix"—y

are (x,y,m,n) = (2871 £1,-2"1+£1,2,1) (-2t £ 1,271 £1,2,1),
where t > 2 is an integer.
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Useful Properties of Lucas Sequences

Let (un), be a Lucas sequence of the first kind. For all natural numbers N
there exists z(N) € N such that N | u, if and only if z(N) | n. We call
z(N) the order of appearance of N in the sequence (uy),,.

Lemma (Lucas (1878))

Let p be a prime. Then z(p) = p if p| D. Also, if p{ D and D is a
quadratic residue (mod p), then z(p) |p—1. If pt D and D isn't a
quadratic residue (mod p), then z(p) | p+ 1.

Lemma (Lucas (1878))

Let a,k,m € N and q be a prime such that q°||u, and q 1 k. Then for any
I >0, we have q*™|uypar with g w0 if g7 # 2.
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Primitive Prime Factors

Another interesting result we'll be using on the prime factors of u, is due
to Carmichael. First, a definition.

Definition

A primitive prime factor of u, (respectively, v,) is a prime factor p of up
(respectively, v,) such that p t up, (respectively, p{ vy,) for all 1 < m < n.

v

Lemma (Carmichael (1913))

If n#1,2,6, then u, has a primitive prime factor, except in the case of
n = 12 in the usual Fibonacci sequence 1,1,2,3,5,8, .. ..
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Method of Proof

Let u, = %, x =y =1, and gcd(n,m) = k < n—m = \. Then we have

bkgbA<””—H<1+>.

Therefore,
k<A< Z Z S,
p\un
where 1
E >
z(p)=d
We get
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We deduce oz |
k<A<l B8P

pln
We obtain

log |
Z CE8P (log log log k)?,
plk P

by the Prime Number Theorem. Also, if p | n and p{ m, then p”| up,
where we can bound 7. If p| d | n, then uy has a primitive prime factor,
say g, and we have d | ¢ — 1, since q | ug—1. So, q | up, so that
plg—1] um. Therefore, we can bound the number of factors of n/p,
which allows us to bound
Z log log p
-

pln
ptm

The prime factors of n are bounded using this technique, bounding n.
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Fibonacci and Pell Sequences

Theorem (Luca and Nicolae (2009))

The only Fibonacci numbers whose Euler totient function is another
Fibonacci number are 1,2, and 3.

A\

Theorem (Faye and Luca (2015))

The only Pell numbers whose Euler totient function is another Pell number
are 1 and 2. )
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My Result

Theorem (S. (2021))

For any fixed natural number P > 3, if we define the sequence (up),, as
up =0, u1 =1, and u, = Pup,_1 + u,_o for all n > 2, then the only
solution to the Diophantine equation ¢ (up) = um is

p(u) =¢p(l)=1=u.

This completely exhausts the problem of finding solutions to ¢ (u,) = unm
where (u,),, is a Lucas sequence of the first kind with recurrence relation
Up = Pup_1 4+ up—2 and P > 0. If, instead, we have P < 0 and (uj),, is
the corresponding Lucas sequence, then we can see that (|u,|), is the
corresponding Lucas sequence of —P. Therefore, it suffices to investigate
the case of P > 0 for a Lucas sequence of the first kind with @ = 1, which
we do here.
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Let m,j € N.

i) Suppose P is odd. Then 3 -2/ | m if and only if 272 | up,.

ii) Suppose P is even and 2%||P. Then 2/ | m if and only if 2+t=1 |y,

We first deduce that m is even. Let k be the number of distinct prime
factors of u, and let qi,..., qx be these prime factors. Then 2571 | up,, so
that 2 < m where the implies constant depends on the P.
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The Case of 2*16 <« m < n

Let / := n— m. For large enough P or o, we have

r k
pi / Up qi
II <« <7:||
<Pi—1> u (qi_l)

i=1 mo =

where p; is the ith prime. For smaller values of o, we can “eliminate” a lot
of the possible p; primes and/or show that / > 2,3, so that we still get

k>r.

16 /22
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n even

Suppose n is even. Then n = 2°n; where s > 1 and ny is odd. It turns
out, for all /, we have up; = ujv;, where v; is the corresponding Lucas
sequence of the second kind. Also, in general, we have

So if i is odd and p | v;, then
—Du? = —4Q" (mod p).

If @ =1, then D is a quadratic residue (mod p), so that z(p) | p — 1.
Also,

Up = Up Vi Von, =+ Vas—1p, -
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We can derive

lloga < loglogar + 2.163 + Z Ty,

d|n
d>a?
where 1
Ty = —.
—d P
p>o¢4
We split up the sum
> Ta=Li+Lly,
d|n
d>a?
where
Ll = Z Td and L2 = Z Td.
din d|n
rld = ri2M r|d for some rtm
d>a? d>a?
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Suppose n is odd. Then
v,% — Du,z, =—4

So, if p| up, then —1 is a quadratic residue (mod p), so that p =2 or

p=1 (mod 4). Therefore, 471 | up,, so 4k < n. We show that n < 4K,
leading to a contradiction for n > m > 2416

We have
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Noting that 2X < m gives

log log |
| < 2808081 | g3,
log «
We prove by induction that

3f—1

qi1q2---q;i < (2ka1'83 log log n) 2

Therefore,

3k

up < qiqe - qruy < (2k041‘83 log log n)T_ (log log n)a %17

3k

< (2ka1'83 log log n) 2
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Future Research

Can we get the same result for any Q@7 What about other binary
recurrence sequence?

Can we replace the Euler totient function with another arithmetic
function, such as the sum of the divisors function or the sum of the kth
powers of the divisors function? Luca proved that if k > 2 in this problem
and the sequence is the Fibonacci sequence, then n=m =1 or k = 2,
m=23,and n=>5.
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