
On the Computational 
Complexity of Linear 

Discrepancy

Lily Li and  Aleksandar Nikolov

University of Toronto

September 2020



[IN] An array 𝐴 of 𝑛 real numbers.

𝐴

1/7

5 2 1 7



[IN] An array 𝐴 of 𝑛 real numbers.

[OUT] Let 𝑆 be the array of subset sums of 𝐴
arranged in increasing order. 

5 2 1 7𝐴

𝑆
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1/7



[IN] An array 𝐴 of 𝑛 real numbers.

[OUT] Let 𝑆 be the array of subset sums of 𝐴
arranged in increasing order. Find the largest gap
[𝑠𝑖 , 𝑠𝑖+1] between consecutives terms in 𝑆.
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Point Distributions 
(Relax-Solve-Round)
[IN] All axis-aligned boxes in 
0,1 𝑑, denoted ℛ𝑑, and 

Lebesgue measure 𝜆𝑑 on ℝ𝑑.

[OUT] Point set 𝑃 ∈ [0,1]𝑑

which minimizes
sup𝑅∈ℛ𝑑

𝑅 ∩ 𝑃 − 𝑛𝜆𝑑(𝑅) .
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Point Distributions 
(Relax-Solve-Round) 𝑋
Discretize 0,1 𝑑 to finite set 
𝑋 of size 𝑁.

𝐴 : incidence matrix, 𝑅 ∈ ℛ𝑑

𝑤 =
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𝑁
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Point Distributions 
(Relax-Solve-Round) 𝑋
Discretize 0,1 𝑑 to finite set 
𝑋 of size 𝑁.

𝐴 : incidence matrix, 𝑅 ∈ ℛ𝑑

𝑤 =
𝑛

𝑁
𝕝,

min
𝑥∈ 0,1 𝑁

𝐴𝑤 − 𝐴𝑥 ∞

𝑑𝑖𝑠𝑐 𝑃 ≤ 2 𝐴𝑤 − 𝐴𝑥 ∞
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ILP (Relax-Solve-Round)

max 𝑐⊺𝑤′

𝑀𝑤′ ≤ 𝑏
𝑤′ ∈ 0,1 𝑛
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ILP (Relax-Solve-Round)

Round 𝑤 (approx. satisfy constraints)

min
𝑥∈{0,1}𝑛

max
𝑖∈[𝑚]

(𝑀𝑥 −𝑀𝑤)𝑖 = min
𝑥∈{0,1}𝑛

𝑀 𝑥 − 𝑤 ∞

max 𝑐⊺𝑤
𝑀𝑤 ≤ 𝑏
𝑤′ ∈ 0,1 𝑛

𝑤 ∈ [0,1]𝑛



Linear Discrepancy of matrix 𝑀 ∈ ℝ𝑚×𝑛:

𝑙𝑖𝑛𝑑𝑖𝑠𝑐(𝑀) = max𝑤∈ 0,1 𝑛min𝑥∈{0, }1 𝑛 𝑀(𝑥 − 𝑤) ∞
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Summary of results:

𝑀 ∈ ℤ𝑑×𝑛 with entries of magnitude bounded by 
𝛿; exact linear discrepancy in time

𝑂 𝑑 𝑛𝛿 𝑑2+𝑑

When 𝑑 = 1, exact linear discrepancy can be 
computed in 𝑂(𝑛 log 𝑛).

Linear discrepancy is NP-Hard
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Claim: Given an array 𝐴 of 𝑛 positive real numbers 
sorted in decreasing order, compute 𝑙𝑖𝑛𝑑𝑖𝑠𝑐(𝐴) in 
time 𝑂(𝑛).
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Lemma: Let 𝐴 = 𝑎1, … , 𝑎𝑛 with 𝑎𝑖 ≥ 𝑎𝑖+1. For any 
𝑘 ≤ 𝑛, let 𝐴𝑘 = 𝑎1, … , 𝑎𝑘 . Then 

2𝑙𝑖𝑛𝑑𝑖𝑠𝑐 𝐴𝑘 = max 𝑎𝑘, 2𝑙𝑖𝑛𝑑𝑖𝑠𝑐 𝐴𝑘−1 − 𝑎𝑘 .
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Proof. Show: 
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CRP on Lattices:
[IN] A lattice 𝐿 = ℒ(𝑏1, … , 𝑏𝑚) of 𝑛
dimensional vectors. 
[OUT] max

𝑤∈ℝ𝑛
min
𝑥∈ℤ𝑛

𝐿(𝑤 − 𝑥) ∞
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