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Brunn-Minkowski

For compact K ,L ⊂ Rn and λ ∈ (0,1):

|K + L|1/n ≥ |K |1/n + |L|1/n .

Equivalently, as a rearrangement inequality:

|K + L| ≥ |K ∗ + L∗| ,

where A∗ = rABn
2 such that |A∗| = |A|.



Stochastic Brunn-Minkowski

Stochastic Model:
I K ⊂ Rn convex body.

I {Xi}Ni=1 i.i.d. uniformly in K
(

Xi ∼ 1
|K |1K

)
I Random polytope: [K ]N = conv{X1, . . . ,XN}

Theorem (Paouris & P., 2017)
Let K ,L ⊂ Rn be convex bodies and N,M > n. Then for all
α > 0

P (|[K ]N + [L]M | > α) ≥ P (|[K ∗]N + [L∗]M | > α) .

When L = {0}, get [Busemann,’53], [Groemer ’74] for random
polytopes:

E|[K ]N | ≥ E|[K ∗]N |.



Where does convexity enter the picture?

Use linear images of convex sets C ⊆ RN :∫
(Rn)N

|[X1, . . . ,XN ]C|
N∏

i=1

fi(xi)dx1 . . . dxN ,

I f1, . . . , fN are any densities on Rn.

I Can intertwine operations: convex hull, Minkowski sums,
p − sums, Orilicz sums, via choice of C: [Paouris, P. ’12]

I Rearrangement inequalities: [Rogers, 58],
[Brascamp-Lieb-Luttinger, ’74], [Christ, 84]



Prékopa-Leindler

Let f ,g,h : Rn → [0,∞) be integrable, λ ∈ (0,1). If

h(λx + (1− λ)y) ≥ f (x)λg(y)1−λ, ∀x , y ∈ Rn

then ∫
h ≥

(∫
f
)λ(∫

g
)1−λ

.

As a rearrangement inequality, [Brascamp-Lieb, ’76]:∫
Rn

(f ?λ g)(v) dv ≥
∫
Rn

(f ∗ ?λ g∗)(v) dv ,

(f ?λ g)(v) := sup{f (x)λg(y)1−λ : v = λx + (1− λ)y}

Recent variants: [Melbourne ’19]



A stochastic Prékopa-Leindler inequality
Stochastic Model:

I f : Rn → [0,∞) integrable, log-concave.

I {(Xi ,Zi)}Ni=1 ⊂ Rn × [0,∞) i.i.d uniform in

Gf := {(x , z) ∈ Rn × [0,∞) : z ≤ f (x)}

I [f ]N - least log-concave majorant above {(Xi ,Zi)}:

[f ]N(x) = esup{z : (x , z) ∈ Hf )},

where

Hf ,N = conv{(X1, log Z1), . . . , (XN , log ZN)}.

Equivalently,

[f ]N(x) = sup
{∏

i
Z ci

i : x =
∑

i
ciXi , ci ≥ 0,

∑
i
ci = 1

}
.



A stochastic Prékopa-Leindler inequality

Theorem (P., Rebollo Bueno)
Let f ,g : Rn → [0,∞) be integrable log-concave functions,
λ ∈ (0,1), and N,M > n + 1. Then for all α > 0

P
(∫

Rn
([f ]N ?λ [g]M)(v)dv > α

)
≥ P

(∫
Rn
([f ∗]N ?λ [g∗]M)(v)dv > α

)

For one function, we get a stochastic functional Groemer-type
inequality:

P
(∫

Rn
[f ]N(x) dx > α

)
≥ P

(∫
Rn

[f ∗]N(x) dx > α

)
.



Ingredients in the proof
Reduction to bodies of revolution:

[Artstein-Klartag-Milman, ’04]
[Klartag, ’07]
[Artstein-Klartag-Schütt-Werner, ’12]

Approximation of log-concave functions:

I f : Rn → [0,∞) is s-concave if f 1/s is concave
(non-standard).

I Let f : Rn → [0,∞) be log-concave, then

fs(x) :=
(

1 +
log f (x)

s

)s

+

is s-concave. This way fs ≤ f , ∀ s > 0, and fs
s→∞−→ f locally

uniformly on Rn.



Ingredients in the proof

By Brunn’s principle: For s ∈ N, f : Rn → [0,∞) is s-concave
on Rn if and only if it is a marginal of the uniform measure on a
convex body in Rn+s.

I Let f : Rn → [0,∞) and set

Kf = {(x , y) ∈ Rn × Rs : x ∈ suppf , |y | ≤ f 1/s(x)}.

I f (x) =
∣∣Bs

2

∣∣−1
∫
Rs
1Kf (x , y) dy ,

I

∫
Rn

f (x) dx ' |Kf |.



Ingredients in the proof

Let f ,g : Rn → [0,∞) s-concave.

I Homothety:

(λ ·s f )(x) := λsf
(x
λ

)
=⇒Kλ·s f = λKf .

I s-Minkowski Sum:

(f⊕sg)(v) := sup
v=x+y

{(f (x)1/s+g(y)1/s)s}=⇒Kf⊕sg = Kf+Kg .

Crucial property:

f ?λ,s g := (λ ·s f )⊕s ((1−λ) ·s g) =⇒Kf?λ,sg = λKf +(1−λ)Kg .

and f ?λ,s g s→∞−→ f ?λ g.



Rearrangement inequality

F : (Rn)N → [0,∞) is Steiner convex if for each θ ∈ Sn−1 and
Y = {y1, . . . , yN} ⊂ (θ⊥)N

FY ,θ(t1, . . . , tN) := F (y1 + t1θ, . . . , yN + tNθ)

is even and quasi-convex.

Theorem (Rogers ’58 & Brascamp-Lieb-Luttinger ’74 & Christ ’84)

Let F : (Rn)N → [0,∞) be Steiner convex and fi : Rn → [0,∞),
i = 1, . . . ,N. Then∫

(Rn)N
F (x1, . . . , xN)

N∏
i=1

fi(xi) dx ≥
∫
(Rn)N

F (x1, . . . , xN)
N∏

i=1

f ∗i (xi) dx



Some examples of Steiner convex functionals

I [Busemann, 53]: (x1, . . . , xn) 7−→ |det(x1, . . . , xn)|.

I [Groemer, ’76] (x1, . . . , xN) 7−→ |conv{x1, . . . , xN}|.

I [Pfiefer, ’82]: For r > 0

(x1, . . . , xN) 7−→ |conv{Br (x1), . . . ,Br (xN)}| .

I [Paouris, P. ’12]: For C ⊂ RN convex set

(x1, . . . , xN) 7−→ |[x1 · · · xN ]C|

where [x1 · · · xN ]C =

{
N∑

i=1
cixi : (ci) ∈ C

}
.



Key lemma

Notation:

Bs
ρ(x) = {(x , ẑ) ∈ Rn × Rs :

∣∣ẑ∣∣ ≤ ρ}.
Lemma
Let {(xi , zi)}Ni=1 ⊂ Rn × [0,∞), wi = (xi , zi). Denote by T{wi},
the least s-concave function above {wi}. Then

KT{wi}
= conv{Bs

ρ1
(x1), . . . ,Bs

ρN
(xN)}, where ρi = z1/s

i .

and

(x1, . . . , xN) 7−→
∣∣conv{Bs

ρ1
(x1), . . . ,Bs

ρN
(xN)}

∣∣
is Steiner convex.



A last reduction

For compactness and degeneracy issues, we use instead

K[fε]N,s?λ,s[gε]M,s = λK[fε]N,s + (1− λ)K[gε]M,s ,

where
I fε = f · 1{f≥ε}.

I [fε]N,s =

(
1 +

log [fε]N
s

)s

, s > − log ε.

Allows a uniform treatment for one random sample {(Xi ,Zi)}.



Applying the R-BLL-C rearrangement inequality

For the functional Groemer inequality:

P

(∫
Rn

[f ]N(x)dx >α

)
=

1

‖f‖N1

∫
(Rn×[0,∞))N

1{F>α}(w)
N∏

i=1

1[0,f (xi )](zi)dw

=
1

‖f‖N1

∫
[0,∞)N

(∫
(Rn)N

1{F>α}

N∏
i=1

1[0,f (xi )](zi)dx

)
dz

≥ 1

‖f ∗‖N1

∫
[0,∞)N

(∫
(Rn)N

1{F>α}

N∏
i=1

1[0,f∗(xi )](zi)dx

)
dz

= P

(∫
Rn

[f ∗]N(x)dx >α

)
.



For the stochastic Prékopa-Leindler inequality:

K[fε]N,s?λ,s[gε]M,s = λK[fε]N,s + (1− λ)K[gε]M,s

K[fε]N,s = conv{Bs
R1
(X1), . . . ,Bs

RN
(XN)}

= ⊕CN ({B
s
Ri
(Xi)}Ni=1),

K[gε]M,s = conv{Bs
RN+1

(XN+1), . . . ,Bs
RN+M

(XN+M)}

= ⊕CM ({B
s
Ri
(Xi)}Mi=N+1),

where Ck = conv{e1, . . . ,ek}, k = N,M, so

K[fε]N,s?λ,s[gε]M,s = ⊕CN ({B
s
Ri
(Xi)}Ni=1) +λ ⊕CM ({B

s
Ri
(Xi)}N+M

i=N+1)

= ⊕CN+λĈM
({Bs

Ri
(Xi)}N+M

i=1 ),

where ĈM = conv{eN+1, . . . ,eN+M},

More generally, useM-addition of [Gardner, Hug, Weil, ’13]



Thank you!


