
Slicing properties of the lattice point enumerator

Martin Henk

based on ongoing joint work with Ansgar Freyer

BIRS, February 2020

1 / 16



§ Loomis, Whitney, 1949. Let K Ä Rn be measurable. Then

vol pK q n´1
n §

˜
nπ

i“1
vol n´1pK |eK

i q
¸ 1

n

.

Equality holds e.g. for the box K “ ra1, b1s ˆ ¨ ¨ ¨ ˆ ran, bns.

§ Or, equivalently

GpK q n´1
n §

˜
nπ

i“1
GpK |eK

i q
¸ 1

n

,

where GpK q “ #pK X Znq denotes the lattice point
enumerator (Schwenk, Munro, 1983).
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§ Meyer, 1988. Let K Ä Rn be a convex body. Then

vol pK q n´1
n • n!

1
n

n

˜
nπ

i“1
vol n´1pK X eK

i q
¸ 1

n

,

and equality holds iff K “ conv t´aie i , bie i : 1 § i § nu.

§ Gardner, Gronchi, Zong, 2005.

‚ Does there exist a discrete analog of Meyer’s inequality?
- For n “ 2 it holds

GpK q 1
2 ° 1?

3

˜
2π

i“1

GpK X eK
i q

¸ 1
2

,

and it is best possible: conv t˘e1,˘me2u, m P N.
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A discrete Meyer inequality for n • 3

§ For n • 3: No!

§ Let S “ conv t0, e1,m en, e1 ` m e2u, m P N. Then
GpSq “ 2 pm ` 1q and GpS X eK

i
q • m ` 1, 1 § i § n, and so

GpSq n´1
n

±
n

i“1 GpS X eK
i

q 1
n

§ 2pm ` 1q´1{n Ñm 0.

§ So we have to assume K “ ´K .
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§ For the class of o-symmetric convex bodies Kn
o let

cpnq “ inf

#
GpK q n´1

n

±
n

i“1 GpK X eK
i

q 1
n

: K P Kn

o

+
.

§ Gardner, Gronchi, Zong, 2005. cp2q “ 3´1{2 and
cpnq § pn!q1{n{n.

§ In general
cpnq § 3

1´n

n

§ For if, let K “ conv
 

r´1, 1sn´1 ˆ t0u Y t˘m enu
(
. Then

§ GpKq “ 3n´1 ` 2m,
§ GpK X eK

n q “ 3n´1,
§ GpK X eK

i q “ 3n´2 ` 2m, 1 § i § n ´ 1.

§

GpK q n´1
n

±n

i“1 GpK X eK
i

q 1
n

“ p3n´1 ` 2mq n´1
n

3
n´1
n p3n´2 ` 2mq n´1

n

Ñm 3
1´n

n .
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§ Freyer, H. cpnq • 4´pn`opnqq and for the class of unconditional
bodies cpnq • 3´n.
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Some details

§ Discrete John-type theorem.
Berg, H., 2018. For K P Kn

o there exists a Zn-basis A and
b P Rn

•0 such that for
PpA,bq “ tAz : z P Zn, |zi | § bi , 1 § i § nu holds

PpA,bq Ñ K X Zn Ä PpA, nOpln nqbq.

In particular,

nπ

i“1
p2tbi u ` 1q § GpK q § nOpln nqn

nπ

i“1
p2tbi u ` 1q.
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Some details

§ Let m P N. Then GpmK q § p2mqnGpK q.

§ Let t P Rn and K P Kn
o . Then Gpt ` K q § 2nGpK q and the

inequality is best possible.
§ Hence

GpmK q “
ÿ

sPt0,...,m´1un
#pmK X ps ` mZnqq

“
ÿ

tPt0,1{m,...,1´1{mun
GpK ´ tq § 2nmnGpK q.
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Some details
§ Let Ki “ K X eK

i
, and PpA,bq Ñ Kn X Zn Ä PpA, nOpln nqbq.

§ Let aj “ Ae j R eK
j
, 1 § j § n ´ 1. Then

GpKj ` t´tbj uaj , . . . , tbj uajuq “ GpKjq p2tbj u ` 1q
Gp2K q • GpKjq p2tbj u ` 1q.

Hence,

GpK q • 4´nGp2K q • 4´n

˜
n´1π

j“1
GpKjq

¸ 1
n´1

˜
n´1π

j“1
p2tbj u ` 1q

¸ 1
n´1

• 4´pn`opnqq
˜

n´1π

j“1
GpKjq

¸ 1
n´1

˜
n´1π

j“1
p2tnOpln nqbj u ` 1q

¸ 1
n´1

• 4´pn`opnqq
˜

nπ

j“1
GpKjq

¸ 1
n´1

.
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Reverse Inequalities

§ Reverse Loomis-Whitney inequality:

§ Campi, Gritzmann, Gronchi, 2018. For any convex body K
there exists an orthogonal basis u1, . . . ,un such that

vol pK q n´1
n •

`2n
n

˘

p2nqn

˜
nπ

i“1

vol n´1pK |uK
i q

¸ 1
n

.

§ Koldobsky, Saroglou, Zvavitch, 2018. Optimal order is n´n{2.
§ Discrete Reverse Loomis-Whitney inequality?

§ Freyer, H. Let K P Kn
o , dimK X Zn “ n. Then there exist

linearly independent v i P K X Zn, 1 § i § n, such that

GpK q n´1
n • c´n

˜
nπ

i“1

#pK |vK
i X Zn|vK

i q
¸ 1

n

.
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Reverse Inequalities

§ Reverse Meyer inequality:
§ Feng, Huang, Li, 2019. For any K P Kn

o there exists an
orthogonal basis u1, . . . ,un such that

vol pK q n´1
n § pn ´ 1q!

˜
nπ

i“1

vol n´1pK X uK
i q

¸ 1
n

.

§ Alonso-Gutierrez, Brazitikos, 2020. Optimal order is „ Ln
(maximal isotropic constant) for all centered convex bodies.

§ Discrete Reverse Meyer inequality:

§ Freyer, H. For any K P Kn
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§ Ingredient of the proof:
Discrete Brunn theorem: Let K P Kn

o and let L be a
k-dimensional linear lattice subspace. Then for t P Rn

GpK X pL ` tqq § 2kGpK X Lq

and the inequality is best possible.

- Let K “ conv t˘pr0, 1sn´1 ˆ t1uqu and L “ Xn

j“k`1e
K
j
. Then

GpK X pen ` Lqq “ 2k´1 and GpK X Lq “ 1.
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§

GpK q n´1
n § 2Opnq

˜
nπ

i“1
GpK X aK

i q
¸ 1

n

§ inhomogeneous version:

GpK q n´1
n § Opn5{2q

˜
nπ

i“1
maxtGpK X paK

i ` tqq : t P Rnu
¸ 1

n

.
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‘‚ Let LZpk , nq be the set of linear lattice subspaces, and
AZpk , nq be the set of affine lattice subspaces

§ Berg, 2018. K P Kn
o .

GpK q § pmaxtGpK X Lq : L P LZp1, nqu ` 1qn ´ 2n ` 1

§ Rabinowitz, 1989.

GpK q 1
n § maxtGpK X Aq : A P AZp1, nqu.

All bounds are tight.
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§ Alexander, H., Zvavitch, 2015. K P Kn
o .

GpK qm

n § Op1qnnn´m maxtGpK X Lq : L P LZpm, nqu

§ Freyer, H.

GpK qm

n § nOpn´mq maxtGpK X Aq : A P AZpm, nqu

§ Koldobsky, 2014; Chasapis, Giannopoulos, Liakopoulos, 2017.
0 P intK .

vol pK qm

n § Opmqpn´mq{2 maxtvolmpK X Hq : H P LRpm, nqu.
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Thank you for your attention!
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