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A solution on the path 
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Quasi-periodic solutions

Are there analogues for the water wave?
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Part 1: spatially quasi-periodic water waves

Part 2: temporally Quasi-periodic solutions (if time permits)

Part 0: Introduction

✤ two quasi-periods (methods and examples)
✤ three quasi-periods (method and example)

✤ Equations of motion
✤ Initial value problem
✤Traveling waves (two quasi-periods)



Banff Workshop on Dynamics in Geometric Dispersive EquationsFeb 4, 2020 Wilkening 9

Setup

parametrizes

Free surface

Rigid boundaries



Cauchy integral code (method 3 below)

Ambrose, Camassa, Marzuola, McLaughlin, Robinson, Wilkening
Numerical Algorithms for Water Waves with Background Flow over Obstacles and Topology, (coming soon!)



Equations of Motion

Bernoulli



Equations of Motion

particle on surface:

Bernoulli



Curve representations

(DNO)

method 1:
standard

graph-based
representation



Curve representations

method 2:

Here we also define the complex velocity potential:

chain rule + Cauchy-Riemann:



Curve representations

method 2:



Curve representations

method 3 (HLS):

choose V so that 



Dirichlet-Neumann operator



Conformal mapping approach (method 2)

The Bernoulli equation simplifies to



Conformal mapping approach (method 2)

Summary of equations of motion:



Quasi-periodic, real-analytic functions

Bounded, analytic extension to lower half-plane satisfying

Extract imaginary part on real axis



Quasi-periodic Hilbert transform

Torus version: want

Projections

The analytic extension is quasi-periodic on slices of constant depth



Pseudo-spectral method in space (on torus)



High-order Runge-Kutta or ETD in time

ETD/SSD:



Overturning wave example (k=1/ )2
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initial conditions on torus:



Overturning wave example
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M=4096  (over 16 million degrees of freedom)
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Spatially quasi-periodic traveling waves

see also  Bridges/Dias, 1996 



Linearization about zero

dispersion relation:

denote zeros by .  Non-dimensionalize so  k1, k2 k1 = 1, k2 = k1k

If    is rational, this leads to the classical Wilton ripple problemk

If    is irrational, good place to search for quasi-periodic traveling waves k



Nonlinear least squares problem (overdetermined)

Residual

Objective function

Numerical version



Nonlinear least squares problem (overdetermined)

Numerical version

unknowns:

x -dir FFT y -dir FFT
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Two-parameter family of spatially quasi-periodic traveling waves
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Linear theory
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Spatially quasi-periodic traveling waves ( )t = 0

0 6 12 18 24 30 36
-0.04

-0.02

0

-0.02

0.04

0 6 12 18 24 30 36

-0.06

-0.03

0

-0.03

0.06

0 6 12 18 24 30 36
-0.04

-0.02

0

-0.02

0.04



Spatially quasi-periodic traveling waves



Spatially quasi-periodic traveling waves (torus view)
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Spatially quasi-periodic traveling waves (Fourier modes)

(a) (b)

(c) (d)

j1 + j2k = 0

γ = 5 γ = 1

γ = 0.2 γ = 1



Error in evolving the solution from    to  t = 0 t = 3
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Families of quasi-periodic solutions and a return to physical space



Conformal mapping theorems
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Part 1: spatially quasi-periodic water waves

Part 2: temporally Quasi-periodic solutions  (ran out of time)

Part 0: Introduction

✤ two quasi-periods (methods and examples)
✤ three quasi-periods (method and example)

✤ Equations of motion
✤ Initial value problem
✤Traveling waves (two quasi-periods)


