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Generating Functions
A D-Finite function is one which satisfies a linear differential 
equation with polynomial coefficients.  
 
Example: The transcendental generating function  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Basics of Analytic Combinatorics
There are deep links between analytic properties of a 
generating function and asymptotics of its coefficients. 

If                         is analytic at the origin, then CIF implies 

 
 
where C is a sufficiently small circle around the origin 

 



Example 
The number of walks from the origin taking steps {NE,NW,SE,SW} 
and staying in the first quadrant has GF satisfying                               

where 

D-Finite Functions



D-Finite Functions
This is equivalent to the coefficient sequence       satisfying a linear 
recurrence relation with polynomial coefficients.  
 
For the last example, 

There are methods to find an asymptotic basis of solutions of a 
linear recurrence, but one must write the sequence of interest as a 
linear combination of the basis elements (connection problem). 
 
Here a basis has leading terms                    , so
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Consider walks on the steps {N, SE, SW}, restricted to the non-
negative quadrant. The number of walks satisfies an order 15 linear 
recurrence with poly coefficients.  
 
There is an asymptotic basis consisting of 

 
 
 
with other elements

Lattice Path Example
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One can write 
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One can write 

 
Bostan, Chyzak, van Hoeij, Kauers, and Pech 2017 
Let  
 
 
Then            if and only if  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One can write 
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M. and Wilson 2016/18 
        , values for other constants, and results for similar lattice path models
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Multivariate Rational Diagonals
Idea: Use a multivariate rational function                            to 
encode sequences 
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 Example (Main Diagonal) 
 The main diagonal sequence consists of the terms   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Multivariate Rational Diagonals
Idea: Use a multivariate rational function                            to 
encode sequences 
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 Example (Apéry) 
     

 Here                   determines Apéry’s sequence, related to his  
 celebrated proof of the irrationality of       .  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Idea: Use a multivariate rational function                            to 
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 Example (Lattice Paths) 
 The number of walks on         which start at the origin and  
  stay in the first quadrant form the diagonal of 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Idea: Use a multivariate rational function                            to 
encode sequences 

 

z z z

F (z) =
X

(i1,...,id)2Nd

fi1,...,idz
i1
1 · · · zidd =

X

i2Nd

fiz
i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

 Example (Lattice Paths) 
 The number of walks on         which start at the origin and  
  stay in the first quadrant form the diagonal of 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Lattice Path Example
The minimal order linear differential annihilator for          :

Bostan, Chyzak, van Hoeij, Kauers, and Pech 2017



Lattice Path Example
An “explicit” expression for          :

Bostan, Chyzak, van Hoeij, Kauers, and Pech 2017



Many problems in  

• combinatorics (lattice path enumeration, tilings, strings) 

• probability theory (random walk models) 

• number theory (binomial sums like Apéry's sequence)  

• physics (the Ising model, rational period integrals) 

• representation theory (Kronecker coefficients) 

• computer science (automatic sequences, Kronecker coefficients)

Multivariate Rational Diagonals

and more appear naturally as questions about rational diagonals,  
which are compact encodings 
 
Goal: Automatic asymptotics of rational diagonal sequences.
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Diagonal Asymptotics
Assume  

 
is analytic at the origin, with open domain of convergence    . 
 
The singularities of        are given by                           .  
Points in            are called minimal points.
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Diagonal Asymptotics
Assume  

 
is analytic at the origin, with open domain of convergence    . 
 
The singularities of        are given by                           .  
Points in            are called minimal points.
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Equivalently, no other singularities 
have smaller coordinate-wise modulus
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Diagonal Asymptotics
Assume  

 
is analytic at the origin, with open domain of convergence    . 
 
The singularities of        are given by                           .  
Points in            are called minimal points. 

The Cauchy integral formula has a higher-dim generalization 
 
 
 
The field of analytic combinatorics in several variables (ACSV) 
uses singularity analysis to determine asymptotics
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Critical Points
We understand asymptotics of Gaussian integrals very well 

 
The Cauchy integral has the Fourier-Laplace form  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Critical Points
ACSV uses complex residues to rewrite the Cauchy integral as a 
local integral restricted to part of  

Thus, one decomposes     into a union of smooth manifolds and 
finds critical points of         on each strata 

Critical points are defined by vanishing of matrix minors. 
Simplest case:    is a manifold and critical points defined by 
 
 
 
Minimal points are those that the Cauchy integral can be 
deformed close to, critical points are those where saddle-point 
approximations can be made
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Complexity Results for ACSV

  is explicit and can be determined to       in                            bit ops

Suppose that        and         have coefficients       and degree q        z z

Suppose also that the power series of         has non-negative coefficients       F (z)
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 Theorem (M. and Salvy, 2016) 
 Under generic and verifiable assumptions one can find all  
 minimal critical points in                bit operations 
  
  For any            one can compute algebraic constants such that  
 
 
 

M 2 N
<latexit sha1_base64="E2hG/Sak5dnX3sXzWcoCQkOiKc0="></latexit><latexit sha1_base64="E2hG/Sak5dnX3sXzWcoCQkOiKc0="></latexit><latexit sha1_base64="E2hG/Sak5dnX3sXzWcoCQkOiKc0="></latexit><latexit sha1_base64="E2hG/Sak5dnX3sXzWcoCQkOiKc0="></latexit>

2�C0
<latexit sha1_base64="omHsVRqHdSHD/7XkH5/R+WfN2as=">AAASp3icjZhtb9s2EIDV7q3z3tLs474QUwOkrW1Ybtc2KFZkTYMWKJq+OG+o5RmURMusJVEg6dqOoJ8w7Nv22/ZvRkqOY+uoogIcM3fPnU7H41G0l0ZUyE7nv2vXv/jyq6+/ufFt47vvf/jxp62b26eCTblPTnwWMX7uYUEimpATSWVEzlNOcOxF5MybHGj92UfCBWXJsVykZBDjMKEj6mOpRL2DYWe4ZXfaew/2frvvoGLwsH </latexit><latexit sha1_base64="omHsVRqHdSHD/7XkH5/R+WfN2as=">AAASp3icjZhtb9s2EIDV7q3z3tLs474QUwOkrW1Ybtc2KFZkTYMWKJq+OG+o5RmURMusJVEg6dqOoJ8w7Nv22/ZvRkqOY+uoogIcM3fPnU7H41G0l0ZUyE7nv2vXv/jyq6+/ufFt47vvf/jxp62b26eCTblPTnwWMX7uYUEimpATSWVEzlNOcOxF5MybHGj92UfCBWXJsVykZBDjMKEj6mOpRL2DYWe4ZXfaew/2frvvoGLwsH </latexit><latexit sha1_base64="omHsVRqHdSHD/7XkH5/R+WfN2as=">AAASp3icjZhtb9s2EIDV7q3z3tLs474QUwOkrW1Ybtc2KFZkTYMWKJq+OG+o5RmURMusJVEg6dqOoJ8w7Nv22/ZvRkqOY+uoogIcM3fPnU7H41G0l0ZUyE7nv2vXv/jyq6+/ufFt47vvf/jxp62b26eCTblPTnwWMX7uYUEimpATSWVEzlNOcOxF5MybHGj92UfCBWXJsVykZBDjMKEj6mOpRL2DYWe4ZXfaew/2frvvoGLwsH </latexit><latexit sha1_base64="omHsVRqHdSHD/7XkH5/R+WfN2as=">AAASp3icjZhtb9s2EIDV7q3z3tLs474QUwOkrW1Ybtc2KFZkTYMWKJq+OG+o5RmURMusJVEg6dqOoJ8w7Nv22/ZvRkqOY+uoogIcM3fPnU7H41G0l0ZUyE7nv2vXv/jyq6+/ufFt47vvf/jxp62b26eCTblPTnwWMX7uYUEimpATSWVEzlNOcOxF5MybHGj92UfCBWXJsVykZBDjMKEj6mOpRL2DYWe4ZXfaew/2frvvoGLwsH </latexit>
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Can remove non-negativity assumption, with increased complexity.

Theorem (M. and Salvy, 2018) 
 Under verifiable assumptions, there exists a probabilistic algorithm  
 which finds minimal critical points in                    bit ops.

Complexity Results for ACSV

Õ(hq9d+423d)
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 Example (Apéry) 
     



Analytic Combinatorics in Several Variables

Theory developing rapidly 
(textbook based on thesis coming soon)



In general, the r-diagonal of F forms the coefficient sequence of 
 
 
 
 
A priori, the coefficient       is only nonzero if  
In particular, this sequence is only non-trivial when  

Diagonals in General Directions
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In general, the r-diagonal of F forms the coefficient sequence of 
 
 
 
 
A priori, the coefficient       is only nonzero if  
In particular, this sequence is only non-trivial when  
Again we can write 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Diagonals in General Directions



Generic Asymptotics
For “generic” directions r asymptotics have a uniform expression 
varying smoothly with r staying in fixed cones of  
 
 
Thus, one can define asymptotics for any (generic) direction  
as a limit! 
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Example
Consider 
 
 
 
Then 

 

F (x, y) =
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Example
Consider 
 
 
 
Then 

 
Interpreting as the limit gives asymptotics for
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Example #2
Let  
 
 
 
Then                      satisfies

F (x, y) =
1

(1� x� y)(1� 2x)
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After introducing negligible error terms, some residue computations 
reduce dominant asymptotics to finding asymptotics of a Fourier-
Laplace integral 
 
 
 
 
where             and     is a symmetric positive definite matrix  
 
 
 
Terms in such an asymptotic expansion are known explicitly.

Asymptotics in Generic Directions
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In “non-generic” directions, one is not allowed to do all the necessary  
residue computations needed to reduce to a Fourier-Laplace integral,  
while still having acceptable error bounds 

One ultimately obtains a modified expression of the form 

 
where            . 

 
These “negative Gaussian moments” seem to be much less studied 
(one dimension is easy, otherwise ad hoc using e.g. int. by parts)

Asymptotics in Non-Generic Directions
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Then                      satisfies
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Another Example



Asymptotic Regime Change
The exponential growth of                       varies smoothly with  
      , so scale by the exponential growth. 

For our example, around               the remaining terms go from 
decaying as           to being the constant 2. 
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Asymptotic Regime Change
The exponential growth of                       varies smoothly with  
      , so scale by the exponential growth. 

For our example, around               the remaining terms go from 
decaying as           to being the constant 2. 

How does this transition occur? 
It makes sense to look at the transition on the square-root scale 
 
 
                                   for  
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Asymptotic Regime Change
The exponential growth of                       varies smoothly with  
      , so scale by the exponential growth. 

For our example, around               the remaining terms go from 
decaying as           to being the constant 2. 

How does this transition occur? 
It makes sense to look at the transition on the square-root scale 
 
 
                                   for  

 
First step: Get data for our example!
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Experimental Data
How do we usually generate        for large n?  

Theorem (Christol, Lipshitz): The sequence       satisfies a 
linear recurrence relation with polynomial coefficients. 

There are good algorithms (Lairez / Bostan, Lairez, Salvy) for 
determining such a recurrence and practical implementations 
(Best: Lairez’s MAGMA package, Also Good: Koutschan’s 
Mathematica package) 
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Experimental Data
How do we usually generate        for large n?  

Theorem (Christol, Lipshitz): The sequence       satisfies a 
linear recurrence relation with polynomial coefficients. 

There are good algorithms (Lairez / Bostan, Lairez, Salvy) for 
determining such a recurrence and practical implementations 
(Best: Lairez’s MAGMA package, Also Good: Koutschan’s 
Mathematica package) 

Problem #1: Singly exponential complexity which increases 
with the numer/denom of  .’s coordinates 

Problem #2: We need truly multidimensional data
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Computing Coefficients
With Kevin Hyun and Éric Schost: 
Efficient algorithm for generating terms of multivariate rational 
function (right now only in bivariate case) 

Idea: Each section                     is a rational function 

Can find      using fast interpolation procedures 

Since denominator is a power of a fixed polynomial, can 
find terms in good complexity using work of Hyun, M., 
Schost, and St-Pierre 

↵j(x) =
X

n�0

fn,jx
n

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Pj(x)

H(x, 0)j
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Pj
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Very efficient implementation in C++ using Shoup’s NTL library





Asymptotic Transition For Our Example
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A Gaussian error curve!
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General (Linear) 2D Transition

Theorem (Baryshnikov, M., Pemantle):  This error function 
appears more generally. For instance, suppose 

For “non-generic” directions where asymptotics are determined by 
a singularity     there exist explicit constants              and            
such that

v 2 R2
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Similar results in more variables when  
denominator product of linear functions



Example #3
F (x, y) =

1

(1� 2x� y)(1� x� 2y)
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CONCLUSION



Conclusion
• ACSV developing rapidly, including increasingly powerful algorithms 

• Diagonals are data structures for univariate sequences, but ACSV   
 also allows for treatment of truly multivariate questions 

• Now that “generic” behaviour is starting to be figured out, time to  
 branch out to more pathological cases (using Morse theory, algebraic 
geometry, …) 

• Perhaps most interesting, we can examine how behaviour transitions 
between different uniform regimes 

• Still many ways to generalize, and lots more to come!
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