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What are the relationships between different families?




Lifts of convex sets

Definition: A convex set C has a K-lift
if there is a subspace L and linear map 7
such that

c-rent)

If C has a K-lift then conic programs over C can be
reformulated as conic programs over K.




Finite Cartesian products

K=K x Ky x--x K,

Some benefits:
» Membership, separation, projection, etc. are separable
» Easier to exploit sparsity
Examples:
» Anything with SOCP representation has a (§7)"-lift
» SDSOS, SONC, power cone, etc.
» SAGE cone has a K.-lift where

ent
Kent = c{(x,y,2) : x,z >0, zlog(z/x) < y}
» G chordal graph with maximal cliques of size kq, ..., kpy:

{PSD and sparse w.r.t. G} has S* x ... x Sk-lift



This talk

What are obstructions to representability with
products of ‘low-complexity’ cones?

Outline:
» What does ‘low-complexity’ mean?
» An obstruction: infinite k-neighborly

» Ingredients of proof
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Examples

Inifinite 1-neighborly: infinitely many x
(exposed) extreme points

PSD cone: S** infinite k-neighborly with
»V=A{vy] =117 i* - ik}T, i € N}
> Us(vev)) = Hf'(es(t — i)
Averkov (2019): If X C R” has non-empty interior and
PSD,24(X)* € C C SOS; 4

then C is infinite ((”Zd) — 1)—neighbor|y.
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Examples

k-dimensional convex cone: ¢(K) < k+1
Halfspace: ¢(K) <2

Smooth cone: ((K) <3

k x k PSD cone: ¢(K) < k+1

Hyperbolicity cone: ¢(K) < deg(p) + 1

11



Main result

Theorem (S. 2019)
If C is infinite k-neighborly proper convex cone then
C does not have a K; x -+ x K,-lift
whenever
» m is positive integer and
» U(K)<k+1lfori=12....m

12



Main result

Theorem (S. 2019)
If C is infinite k-neighborly proper convex cone then
C does not have a K; x -+ x K,-lift
whenever
» m is positive integer and
» U(K)<k+1lfori=12....m

Special cases:
» infinite 1-neighborly implies no polyhedral lift
> infinite 2-neighborly implies no (S2)™-lift (Fawzi)
> infinite k-neighborly implies no (S%)™-lift (Averkov)

Corollary: Infinite k-neighborly —
no lift using hyperbolicity cone where all irreducible
components of p have degree at most k
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Origin of proof

» Modify Averkov’s proof for ruling out (S¥)™-lifts

» Essentially: ‘rank’ — ‘length of longest chain of faces’

Main contribution: algebraic — convex geometric

13



Slack matrix

Associate slack matrix with convex cone C

where
» /¢ linear functional non-negative on C

» x an element of C

The slack matrix is entry-wise nonnegative.

cone C is k-neighborly w.r.t. V
—

(\,:) x V submatrix of slack with certain zero/non-zero pattern

14



Factorization theorem

Special case of Gouveia-Parrilo-Thomas (2013)

If C has a proper K1 X Ky X - -+ X K,,-lift then

St = (b1(£); a1(x))+(b2(£), a2(x)) 4+ - ~+(bm(€), am(x))

where a;(x) € K, bj({) € K; forall i=1,2,....,m

Obstructions to factorization == obstructions to lifts

15



Ramsey’s theorem for (hyper)graphs

Ramsey (1930): There is a positive integer R»(3; ¢) such that

If n > R>(3; ¢) then any coloring of the edges of the
complete graph on n vertices with ¢ colors has a
monochromatic triangle.

Ramsey (1930) also extends to complete uniform hypergraphs



Outline of argument

Suppose infinite k-neighborly C has K; x Ky x - -+ x K, -lift
» Choose finite V' C V with |V'| > Ry(k +1;(k +1)™)
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» Choose finite V' C V with |V'| > Ry(k +1;(k +1)™)
» From factorization of (i,) x V' submatrix of slack,
extract (k 4+ 1)™ coloring of (‘il)
» Ramsey's theorem = monochromatic (k + 1)-‘clique’

» Convex geometry argument implies
corresponding k + 1 x k 4+ 1 submatrix of slack is all zero

» Contradicts k-neighborly property
» — ( does not have a K1 x Ky x -+ x K,-lift

Since V is infinite, can do this for any finite m.
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Conclusion

Expressivity of finite products of ‘low-complexity’ cones?

Main technical conclusion:
» infinite k-neighborly is obstruction
to having Ky X --- X Kp,-lifts where
each K; only has chains of faces of length at most k + 1

Questions:
» Quantitative results?
» Other limitations on lifts using
hyperbolicity cones (beyond quantifier elimination)
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Thank you!
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