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Non-Linear Fokker-Planck equation

Pt = A(p;") +div (p;VV) +div (p: V(W xpy))
no-flux BC  p(0)=p?°
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Outline

Non-Linear Fokker-Planck equation

Pt = A(p;") +div (p;VV) +div (p: V(W xpy))
no-flux BC  p(0)=p?°

Goal: Construct solutions

» Inherit essential structural properties
(mass preservation, positivity, energy
dissipation,...)

» Develop Second Order Scheme
(outperform Minimizing Movement Scheme)
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Outline

Non-Linear Fokker-Planck equation

Pt = A(p;") +div (p;VV) +div (p: V(W xpy))
no-flux BC  p(0)=p?°

Goal: Construct solutions Method: Semi-discretization in time
» Inherit essential structural properties » Exploit the Gradient Flow structure
(mass preservation, positivity, energy _
dissipation,...) (FP) { Pt = —Vw,F(pe)
» Develop Second Order Scheme p(0) =p°

(outperform Minimizing Movement Scheme) » Variational formulation of BDEF2

» Geometry of (P2(82), Wa)
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Gradient Flow Structure

Non-Linear Fokker-Planck equation

Pt = A(p;") +div (p;VV) +div (p: V(W xpy))
no-flux BC  p(0)=p?°
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Gradient Flow Structure

Non-Linear Fokker-Planck equation

dpr = Ap/") + +div(pV(Wxpy))
Diffusion 4 + Aggregation
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Gradient Flow Structure

Non-Linear Fokker-Planck equation

dipr = Alp/") + +div (p: V(W xpy))
Diffusion + + Aggregation

Dynamics: JKO’98, Otto’99, AGS’05

p: solves the continuity equation

OF

8tpt = — diV(ptVt), with Vi = —Vg(pt),

where the energy functional F is given by

Flp) = Japlog(p) + Vp + 3(Wxp)p dx
Jo 755p™ + Vp +5(Wsp)pdx
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Gradient Flow Structure

Non-Linear Fokker-Planck equation

dipr = A(p;") + +
Diffusion + +
Dynamics: JKO'98, Otto’99, AGS’05 L2-Wasserstein space:
p: solves the continuity equation (P2(Q), Wh) is the space of probability measu-
. , OF res ¥»(£2) equipped with
dipt = —div(prvy), with vi=—-V—(py), 2(%)
°° WE(w,v):= inf x—y* d
where the energy functional F is given by 2({V) = pe'r?“,v) Q2 yI dp(x.y).
Fip) {pr log(p) + Vp + dx The set of transport plans I'(u, V) is defined by
p)= 1 m
Jo Pt A VoA dx M(u,v):={pe 2(Q?) |njp=p, n3p=v}.
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Gradient Flow Structure

Non-Linear Fokker-Planck equation

drpr=Alp/") + +
Diffusion + +
Dynamics: JKO'98, Otto’99, AGS’05 L2-Wasserstein space:
p: solves the continuity equation (P2(Q), Wh) is the space of probability measu-
OF res &»(2) equipped with
8tpt = —diV(ptVt), with Vi = —Vg(pt), 2( ) quipp
2 o 2

where the energy functional F is given by W5 (u,v) = pGIF?I,V) Q2 X =yI" dp(x.y).

Japlog(p)+ Vo + dx Brenier’'s Formula: If u is regular there exits
Flp) = Jo =p™ 4+ Vp + dx an OT-map f with t,pu = v such that

m—1

W) = | x= G0 dr(x)
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Semi-discretization in time

(Z2(12), 72)
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Semi-discretization in time

%i=-VF(x) = xf—x"=_hvF(xk) F A

Implicit Euler

(Z2(12), 72)
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Semi-discretization in time

Xt = —VF(x) = XX = hVE(xE F A

Implicit Euler

Variational Formulation: Minimizing Movement Scheme b2

Given a time step size h and p,? define inductively

. :
ph € argmin - WZ(p,".p)+F(p)

(F2(12). W)

pEF(Q)
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Semi-discretization in time

Xt = —VF(x) = XX = hVE(xE F A

Implicit Euler

Variational Formulation: Minimizing Movement Scheme b2

Given a time step size h and p,? define inductively

. :
ph € argmin - WZ(p,".p)+F(p)

(F2(12). W)

pEF(Q)

. 3 41
h=-VF(x) = Ex,’; —2x;,”+§x,§2:—hVF(x,’;)
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Semi-discretization in time

Xt = —VF(x) = XX = hVE(xE F A

Implicit Euler

Variational Formulation: Minimizing Movement Scheme b2

Given a time step size h and p,? define inductively

] - (12), W5
pK € argmin %sz(p,’f "' p)+F(p) (F2(12). )
pPEZ2(Q)
%= —VF() = 2(xh—xT) — o (eh— xk?) = ~F(ef)
BDF2 h h 2h
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Semi-discretization in time

Xt = —VF(x) = XX = hVE(xE F A

Implicit Euler

Variational Formulation: Minimizing Movement Scheme b2

Given a time step size h and p,? define inductively

] - B(12), 15
ph € argmin - WZ(p,".p)+F(p) (Z2(12). 1)
pPEF(Q)
Xxt=—-VF(x;) = g(x,’f —xk N = —VF(xf)

BDF2 h h g
Variational Formulation: BDF2
Given a time step size h and initial data (p?,p/) define inductively

.1 .

ph € argmin 1V (p; " p) + F(p)
PEF2(RQ)
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Semi-discretization in time

%t = —VF(x,) N xk — XK = — AV F(xk) F

Implicit Euler

Variational Formulation: Minimizing Movement Scheme

Given a time step size h and pﬁ define inductively

(F2(12). W)

1 )
ph € argmin - WZ(p,".p)+F(p)
pEF(Q)
Xxt=—-VF(x;) = g(x,’f — x,’f) = —VF(x;f)

Variational Formulation: BDF2

Given a time step size h and initial data (p?,p/) define inductively

pX € argmin
PEZ2(Q)

+ F(p)

1 .

Plan:
» Existence of (pf)ken

» Euler-Lagrange
Equations

» Estimates
» Convergence
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Single Step Analysis
BDF2 Penalization:

1 1 .
p - WE(1,p) — - WE(v.p)+F(p) ~_ [

Questions: Existence of Minimizer? Discrete Euler-Lagrange
Equation?

(Z2(12), 72)
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Single Step Analysis
BDF2 Penalization:

1 1 .
p - WE(1,p) — - WE(v.p)+F(p) N/ A5

Questions: Existence of Minimizer? Discrete Euler-Lagrange

Equation?
(F2(12), W)

Theorem: Existence of Minimizer

For h small there exists an absolutely continuous
minimizer p, € %2 4¢(2).
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Single Step Analysis
BDF2 Penalization:

1 1 .
p 5 WE(n.p)— 2 WE(v.p)+F(p) N/ 45

Questions: Existence of Minimizer? Discrete Euler-Lagrange

Equation?
(F2(12), W)

Theorem: Existence of Minimizer

For h small there exists an absolutely continuous
minimizer p, € %2 4¢(2).

Main observation: The map
p— 4W5(1,p)— W5(v,p)

is l.s.c. w.r.t. narrow convergence.
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Single Step Analysis

BDF2 Penalization:

1 1
p— —W5(L,p)— —WE(v,p)+F(p)

h 4h

Questions: Existence of Minimizer? Discrete Euler-Lagrange

Equation?

(F2(12). W)

Theorem: Existence of Minimizer Theorem: Discrete Euler-Lagrange equation

For h small there exists an absolutely continuous
minimizer p, € %2 4¢(2).

Let t and s be the OT-maps between p, and u or
p. and v, respectively, then V& ¢ C2(Q,RY):

0= %/Q@ (x),gx—Zt(x)+%s(x)>p*(x)dx

—/Qdiv(ﬁ)pf’— (€, VV+VWsxp.,)p.dx.
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Single Step Analysis

BDF2 Penalization:

1 1
p— —W5(L,p)— —WE(v,p)+F(p)

h 4h

Questions: Existence of Minimizer? Discrete Euler-Lagrange

Equation?

(F2(12). W)

Theorem: Existence of Minimizer Theorem: Discrete Euler-Lagrange equation

For h small there exists an absolutely continuous
minimizer p, € %2 4¢(2).

Let t and s be the OT-maps between p, and u or
p. and v, respectively, then V& ¢ C2(Q,RY):

0= :_7/9@ (x),gx—2t(x)+%s(x)>p*(x)dx

—/Qdiv(ﬁ)pf’— (€, VV+VWsxp.,)p.dx.
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Single Step Analysis

BDF2 Penalization:

1 1
p— —W5(L,p)— —WE(v,p)+F(p)

h 4h

Questions: Existence of Minimizer? Discrete Euler-Lagrange

Equation?

(F2(12). W)

Theorem: Existence of Minimizer Theorem: Discrete Euler-Lagrange equation

For h small there exists an absolutely continuous
minimizer p, € %2 4¢(2).

Idea of proof: Variation by (CE)
Po = Px

and use the differential calculus in (Z%2(2), Wa).

Let t and s be the OT-maps between p, and u or
p. and v, respectively, then V& ¢ C2(Q,RY):

0= :_7/9@ (x),gx—2t(x)+%s(x)>p*(x)dx

—/Qdiv(ﬁ)pf’—<§,VV+VW>|<p*>p*dx.
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Estimates

Discrete Solution (pf)«cn and pc-interpolation p ,(t): F
.1 ) 1 )
pn € argmin - WZ(p; ™. p) — - WE(py 2.p) + F(p)
peF(Q) ‘\
Ph(0)=po,  Put)=pk forte ((k—1)hkh] WY Aol

(F2(12). W)

Questions: Classical Estimates? Better A-priori Bounds?
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Estimates

Discrete Solution (pf)«cn and pc-interpolation p ,(t):
1

N :
pis € argmin - WE(py".p) — 5 Wi (P 2.p) + F(p)
pPEZ2(Q)

Pr(0)=po,  Pu(t)=pp forte ((k—1)hkh]

Questions: Classical Estimates? Better A-priori Bounds?

Theorem: Intrinsic Bounds (A-stability)
Step size independent bounds V kh < T

F(pf) < C (internal energy)

k
Z Ph Ph- )SC (kinetic energy)

W%(So,pé‘) < C (W-bounded)
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DGD | TUT

Estimates
Discrete Solution (pf)«cn and pc-interpolation p ,(t): =
0
. i 1 i |
pis € argmin - WE(py".p) — 5 Wi (P 2.p) + F(p) /5
pPEF2(Q) 2
. Ph_
Pn(0)=po,  Pult)=pp forte ((k—1)hkh] T M
Questions: Classical Estimates? Better A-priori Bounds? (F2(12). %)
Theorem: Intrinsic Bounds (A-stability) Theorem: BV({Q2)-estimates
Step size independent bounds V kh < T Step size independent bounds V kh < T:

k .
F(pp) < C (internal energy) Var((pk)™.Q) < % (h+ Wa(pK,pf ")+ Wz(P/’?,P;,(_Z))
k
Z p,, P ) < C (kinetic energy) 1971 20,7.8v()) < C

W%(So,pé‘) < C (W-bounded)
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DGD | TUT

Intrinsic Bounds (A-stability)

Theorem: Intrinsic Bounds (A-stability) Proof:
Step size independent bounds V kh < T » Variational Formulation of BDF2
F(P/lv() < C (internal energy) » Discrete Gronwall-inequality
Zk: Wp:"(p,z,p,',’ ) < C (kinetic energy)
n=1
W2(80,pK) < C (Ws-bounded)
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DGD | TUT

Intrinsic Bounds (A-stability)

Theorem: Intrinsic Bounds (A-stability) Proof:
Step size independent bounds V kh < T » Variational Formulation of BDF2
F(Pﬁ) < C (internal energy) » Discrete Gronwall-inequality
Zk: Wp:"(p,z,p,',’ ) < C (kinetic energy)
n=1
W2(80,pK) < C (Ws-bounded)

Since pf is a minimizer we have
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DGD | TUT

Intrinsic Bounds (A-stability)

Theorem: Intrinsic Bounds (A-stability) Proof:
Step size independent bounds V kh < T » Variational Formulation of BDF2
F(Pf’f) < C (internal energy) » Discrete Gronwall-inequality

h
WE(80,pk) < C  (We-bounded)

k W2 n n-1
Z 5(PhPh ) < C (kinetic energy)
n=1

Since pf is a minimizer we have

1 1
—Wz(ph PR — —WE(pK 2 pf) +Fpf) < — Wz(Ph P)— —WE(pf2,p)+ F(p)
4h 4h
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DGD | TUT

Intrinsic Bounds (A-stability)

Theorem: Intrinsic Bounds (A-stability) Proof:
Step size independent bounds V kh < T » Variational Formulation of BDF2
F(Pf’f) < C (internal energy) » Discrete Gronwall-inequality

k W2 n n-1
Z 2(pf;7’ph ) < C (kinetic energy)
n=1

WE(80,pk) < C  (We-bounded)

Since pf is a minimizer we have

1 ) 1 } . .
_WZ(ph 7pll7()_EW22(ph 7ph)+F(ph)< W2(ph 7pf/;1)_EW§(pg2apg1)+F(pg1)
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DGD | TUT

Intrinsic Bounds (A-stability)

Theorem: Intrinsic Bounds (A-stability) Proof:
Step size independent bounds V kh < T » Variational Formulation of BDF2
F(Pf’f) < C (internal energy) » Discrete Gronwall-inequality

k W2 n n-1
Z 2(pf;7’ph ) < C (kinetic energy)
n=1

WE(80,pk) < C  (We-bounded)

Since pf is a minimizer we have

1 _ 1 - ,
TRk k) — - WA (L2 k) + (k) < — 3 AR % o) )+ (o) )
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Intrinsic Bounds (A-stability)

Theorem: Intrinsic Bounds (A-stability) Proof:
Step size independent bounds V kh < T » Variational Formulation of BDF2
F(Pf’f) < C (internal energy) » Discrete Gronwall-inequality
Zk: Wp:"(p,z,p,'] ) < C (kinetic energy)
n=1
W2(80,pK) < C (Ws-bounded)

Since pf is a minimizer we have

1 _ 1 - ,
TRk k) — - WA (L2 k) + (k) < — 3 AR % o) )+ (o) )

Use that W2(p, ) < 2W3(p,v)+2W2(v, ).
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Intrinsic Bounds (A-stability)

Theorem: Intrinsic Bounds (A-stability) Proof:
Step size independent bounds V kh < T » Variational Formulation of BDF2
F(Pﬁ) < C (internal energy) » Discrete Gronwall-inequality
Zk: Wp:"(p,z,p,',’ ) < C (kinetic energy)
n=1
W2(80,pK) < C (Ws-bounded)

Since pf is a minimizer we have

1

’
S5h WE(p S, pf) + F(pf) < e WE(p K2 pf )+ F(pfT) (almost energy diminishing)

Use that W2(p, ) < 2W3(p,v)+2W2(v, ).
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Intrinsic Bounds (A-stability)

Theorem: Intrinsic Bounds (A-stability) Proof:
Step size independent bounds V kh < T » Variational Formulation of BDF2
F(Pf’f) < C (internal energy) » Discrete Gronwall-inequality
Zk: Wp:"(p,z,p,'] ) < C (kinetic energy)
n=1
W2(80,pK) < C (Ws-bounded)

Since pf is a minimizer we have

1

’
S5h WE(p S, pf) + F(pf) < e WE(p K2 pf )+ F(pfT) (almost energy diminishing)

Use that W2(p,pn) < 2W2(p,v)+2W2(v, ). Summing up yields

k
1 -
Flpn)+ Y, z-We(pn.pp ) < Flpp).
n=1
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SGD | UM

BV((2)-Estimates

Theorem: BV(Q)-estimates
Step size independent bounds V kh < T

C B} }
Var((pk)™,Q) < 7 (h+ Wa(pf.pi™") + Walpk. pi?) )
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SGD | UM

BV((2)-Estimates

Theorem: BV(Q)-estimates Proof:
Step size independent bounds V kh < T Use Discrete-Euler Lagrange Equations

C B} }
Var((pk)™,Q) < 7 (h+ Wa(pf.pi™") + Walpk. pi?) )
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BV (£2)-Estimates

Theorem: BV(Q)-estimates Proof:
Step size independent bounds V kh < T Use Discrete-Euler Lagrange Equations

C B} }
Var((pk)™,Q) < 7 (h+ Wa(pf.pi™") + Walpk. pi?) )

_ 1
[ (@) pfymdx = [ 6. VV+YWspfphdx+ 1 [ & x—tphdx— o [ (& x-Stk
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BV (£2)-Estimates

Theorem: BV(Q)-estimates Proof:
Step size independent bounds V kh < T Use Discrete-Euler Lagrange Equations

C B} }
Var((pk)™,Q) < 7 (h+ Wa(pf.pi™") + Walpk. pi?) )

_ 1 1 1
| dv®) pmax = | €. VV-VWph)phdx+ [ Eox—tpkax—o [ (E.x— 3tk

Wao(pk pkT Wa(pk,pk2
<CIEl (1 + Wa(So,0%)) +2 1€ ||, Y2 Pr-Ph ) e WalPh.Pp )
h 2h

)pAdx
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BV (£2)-Estimates

Theorem: BV(Q)-estimates Proof:
Step size independent bounds V kh < T Use Discrete-Euler Lagrange Equations

C B} }
Var((pk)™,Q) < 7 (h+ Wa(pf.pi™") + Walpk. pi?) )

: 1 1 1
| dv®)pfymdx = [ & VV-vWeph)phdxt [ Ex—t)pkax— - [ (E.x— st oipkax

W2 pkvpk_1 W2 pk7pk—2
<CIEl (1 + Wa(So,0%)) +2 1€ ||, Y2 Pr-Ph ) e WalPh.Pp )
h 2h

Taking the supremum over all & € C*(Q,RY) with ||§||., < 1 yields the claim.
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BDF2: Main Theorem

Main Result [P. ’18]
Let h 0. Then F 0

» pp(t) — p«(t) narrowly, Vit > 0

loc

and p, is a weak solution of the FP equation.

» pp— P« in L0, T; L7 (2)) NNl

(F2(12). )

Proof:

» Compactness:
Aubin-Lions Lemma for Banach-spaces RS’03

» Weak Formulation:
Sum discrete Euler-Lagrange eq. JKO'98

pe(X)
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Numerics

m=1 m=2
102} [~ o 02l [-e- o
- o) F|-e- o)
10-3 £ |—e— Implicit Euler 10-3 & |—e— Implicit Euler
. r |—=— BDF2 r |—=— BDF2
() 1074 1074 F
= 5 i 5 i
() S 1070 S 105)
1 o F o F
(q\] o F & [
§ = jo6) = o)
1077 f 1077 f
1078 - 108
1079% 1079;7 L1 L1 L1
. 1073 1074 1073
step size h step size h
102 |~o O 02l |- e
L |e o) e e
.. 10-3 £ |—e— Implicit Euler 10-3 & |—e— Implicit Euler
— r |—=— BDF2 & | |—= BDF2
e 1074 | e 1074 |
— 5 =l 5
() S i S i
1 SO0 S 105k
IS 2 g 2 i
~ 108k 100k
10*7% g 10*7%
§ - §
1078 E 1078 E
1079% L1 L1 L1 1079;7 L1 L1 L1
1073 1074 1073 1073 1074 1073
step size h step size h
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Conclusion

Pros

» Well-posedness and convergence of BDF2:

» No convexity assumptions (contrary to MP’18)
» Solely differential calculus in (2(Q2), Wo)
» Application to other PDEs?

» Numerically better convergence than MMS
» New ansatz for spacial discretization

DGD | TUT

» No extension to BDFk schemes

» No analytical convergence rate
» Ansatz taylored to (Z%(£2), W5)
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Conclusion

Pros

» Well-posedness and convergence of BDF2:

» No convexity assumptions (contrary to MP’18)
» Solely differential calculus in (2(Q2), Wo)
» Application to other PDEs?

» Numerically better convergence than MMS
» New ansatz for spacial discretization

DGD | TUT

» No extension to BDFk schemes

» No analytical convergence rate
» Ansatz taylored to (Z%(£2), W5)

Thank you for your attention!

@ D.MATTHES, S. PLAZOTTA A Variational Formulation of the BDF2 Method for Metric Gradient Flows, arXiv preprint

arXiv:1711.02935 (2018)

[ S.PLAZOTTA A BDF2-Approach for the Non-linear Fokker-Planck Equation, arXiv preprint arXiv:1801.09603 (2018)
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