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Probabilistic model for N colliding particles (Kac 1956)

1) For a collision randomly and uniformly pick a pair (7, 7) of particles.
y y
ii) Randomly pick a ‘scattering angle’ with uniform probability.
y g ang
(iii) Update the velocities by a rotation, i.e.,

(vi,v5) = (07 (0),07(0)) = (sin(0)v; + cos(0)v;, cos(0)v; — sin(0)v;)

(iv) Assume that the collision times are exponentially distributed, i.e, the
probabiltity that the first collision time is larger than ¢ is given by e .
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Energy is conserved.

N
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Momentum i1s not conserved.

Looking for an evolution on probability distributions
F(v)e LS TH(VN), 1) v = (o100, o)

This setup models a spatially homogenous gas.



Given an initial distribution Fj(v)
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satisfies the linear Kac master equation

d%F(V, t) = —N(I — Q)F(v,t), F(v,0) = Fy(v)
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The collision rate of particular particle colliding
with any other within a time interval dt is 2dt.

The (negative ) Entropy

S(F) = / Flog Fdu®™
SN-1



Cercignani’s conjecture, formulated orginally for the Boltzmann equation

S(F(t) < e “@S(Fy), ¢>0.

Entropy production, McKean, Carlen-Carvalho

L ES(F(1) v N(I = Q)Flog Fdp™
['ny = inf — ‘ — inf
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—(F(t)) < =I'nS(F(1))
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The indications are that exponential decay of the entropy

does not hold for general initial conditions.

Problem: Is there an initial condition F{; such that

S(F(1)) > el - )S(Fy) ?



What are physically reasonable situations where
one can expect exponential decay in entropy
at a rate independent of N7
A good candidate is a ‘small system’ coupled to a large

system in thermal equilibrium.

Joint work with Federico Bonetto



Warm up: System interacting with a thermostat
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vi(0,w) = (v1,...,v;co8 (0)+wsin (0), ..., vpr) , w;(0) = —v;sin (0)+w cos ()



Operators act on probability distributions in L(RM). Energy no longer conserved.
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Unique equilibrium state: Gaussian with temperature 5!
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Relative entropy

S(f1G5) = RMfloggiﬁdv

Theorem (Bonetto-L-Vaidyanathan)

Let f(t) be the solution of the master equation (1)
with initial condition fy. Then

S(F(1)]|Gg) < e MI25(fGg) .

The rate /2 is best possible, (Vaidyanathan)



System interacting with a finite reservoir

Ol =LF =LsF+LpF+LF, F(v,w,t)
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Initital conditions
The reservoir R should be initially in equilibrium,

while no assumption should be made about the system S

Fo(v,w) = fo(v)Gn g(w)
where G g 18 a Gaussian of temperature [ -1
Note that through the interaction term, correlations will

be building up over time. In particular the reservoir will be

out of equilibrium after a finite time.



Equilibrium State for finite reservoir system
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Equilibrium State for the thermostated system
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How do the thermostated model and the finite reservoir model compare?
The Gabetta-Toscani-Wennberg metric

do(fEN, g%Y) = da(f,9)
F(v,w,t) solution of the finite reservoir system.

f(v,t) solution of the thermostated system.

Initial conditions:

F(anv()) — fO(U)GN,ﬁ(w) ; f(U,O) — fO(v) '



Theorem (Bonetto, L, Tossounian, Vaidyanathan (2017))

Under reasonable assumptions of f

dy(F (-, ), F(, )Gy () <
1_6—— Iy Aol £(-,0), Gag () + Ko [do(f(-,0), Gag ()




Rate of decay of entropy for the system interacting with finite reservoir?

For L7 we have the decay
S(f(DGg) < e MPS(folGp) .

Choose § = 27 from now on

Define
f(v,t) = /RN €£tF0(V,W)dW
Fo(v,w) = fo(v)e ™1

fv)

o—T|V[?

s(f) = S(fle™) = [ fiv)los ( ) Iv < oc

RMf



Cannot expect that S(f(¢)) tends to zero.

The (Gaussian is not the equilibrium state

/ F(R™\(v, w))dR # G1 5(v)Cx 5(w)
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Replace the uniform measure % by p(6)do

and assume that

2m
/ p(0)sin 6 cos 6df = 0
0

We do not assume local reversibility!



Theorem (Bonetto-Geisinger-L-Ried)

Assume that the entropy of fj relative to the thermal state is finite

fo(v)
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Then for N > M
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Some ideas for a proof

folv) = ho(v)e ™
eEtFO(V, W) = e_ﬂ<|v‘2+lw‘2>e£tho(v, W)

Fo(v, w) = ho(v)e (VW

f(v,t) = h(V,t)e_W'V‘2 , where h(v,t) = /N eﬁthg(v,w)e_ﬂW‘de
R

S(f(1)) = / h(v. 1) log h(v. t)e™™ du

S(fo) = /ho log hoe_ﬂvzdv
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Power series expansion for the time evolution
(e“'ho) (v, w) =
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Convexity
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Ornstein-Uhlenbeck type operator

Ngh(v) = / hiav+ V1 — a2w)e_ﬁw2dw ,0<a <]
R
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Hypercontractivity in entropic form
Theorem

Assume that A : R — R has finite entropy, i.e.,

S(h) = / h(v)log h(v)e_Mde < 00
R
then

S(Nah) < a*S(h) + (1 = a?)|| k1 log ||



A computation

SNy ph) = S(NaNph) < a®S(Nph) + (1 — a)S(Nph')

< @628 (h)+a>(1-0%) S (h?)+(1—a2)b2S () +(1—a®) (1—=b%) || ||y log || A1

h(vg) = /R dvore ™ 1h(vy, vy) . h(vg) = /R dvoe ™™ h(v), vy)

All; = /R dvduge (g, )



Theorem

Let [pum ho(V)e_ﬂVFCZV = 1 and assume that S(hg) < oo. Then

S(Nk,@,ﬁ hy) <

Z HiEUC%'QHjeJ(l—W]Q‘) /
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where

hiy, (v) = h(Up(a, 0)v)

and the ¢ marginal h({]k is given by

pw = [ U w)e



Theorem
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Barthe’s version of the Brascamp-Lieb inequalities

Fort = 1,...K, let H; C RM he subspaces of dimension d; and
B; : RM H; be linear maps with the property that BZ-BZ-T = Ip,
the identity map on H,. Assume further there are non-negative constants
A,c;,i=1,..., K such that

K
Z CZB;/FBZ — A]M . (2)
1=1
Then for any non-negative functions f; : H; - R, ¢ =1,..., K, and any
non-negative function h € L'(RM, e_”MQdV) with [|R]|] =1
P ]
Zci / h(v)log fZ‘<BZ'V)€_7T|V‘2dV — log/ fi(u)e_MQdu
—  |/RM H; |
< A/ h(v)log h(v)e_ﬂV'de (3)
RM

Carlen — Cordero-Erausquin
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What corresponds to the ¢;s and to the summation
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Key Computation
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THANK YOU!



