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FIGURE: Logs in the Spirit Lake, Mt. St. Helens.
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Q-TENSOR THEORY

Let Q C R3 and p(n, x) be a pdf of molecular orientations at x € Q, where
nes?

Dmitry Golovaty (UA) May 1, 2017 3/ 33



Q-TENSOR THEORY

Let Q C R3 and p(n, x) be a pdf of molecular orientations at x € Q, where
nes?

Since head and tail are equiprobable = p(—n, x) = p(n, x) and the first
moment of p vanishes.

Dmitry Golovaty (UA) May 1, 2017 3/ 33



Q-TENSOR THEORY

Let Q C R3 and p(n, x) be a pdf of molecular orientations at x € Q, where
nes?
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-
Q-TENSOR THEORY

Let Q C R3 and p(n, x) be a pdf of molecular orientations at x € Q, where
nes?

Since head and tail are equiprobable = p(—n, x) = p(n, x) and the first
moment of p vanishes.

Nontrivial information about LC configuration at x is given by the second
moment

Mx) = [ (n s m)p(n,x)dn
S2
Note: M7 (x) = M(x) and tr M(x) = 1 for all x € Q.
LC is isotropic at x if p(n, x) = £ = M(x) = M5, = 31.

Q—tensor: Q(x) = M(x) — Miso so that Q vanishes in the isotropic state.
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.
NEMATIC Q-TENSOR

(ONS Ms3yfn3 is a traceless tensor = eigenvalues satisfy A1 + Ao + A3 =0

with a mutually orthonormal eigenframe {e;, e, e3}.
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.
NEMATIC Q-TENSOR

(ONS ngﬁf is a traceless tensor = eigenvalues satisfy A1 + Ao + A3 =0

with a mutually orthonormal eigenframe {e;, e, e3}.

Uniaxial nematic: repeated nonzero eigenvalues A\ = Ay =

R=S (n Qn— %I) , where S := % is the uniaxial nematic order
parameter and n € S? is the nematic director.

Biaxial nematic: no repeated eigenvalues =

R=5 (e1 QKep — %l) + 53 (63 ® ez — %l) , where $1 := 2X1 + A3 and
S3 = A1 + 2)\3 are biaxial order parameters.

Isotropic: all eigenvalues are equal zero = Q = 0.

By construction, \; € [—3, 3], where i = 1,2,3.
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LANDAU-DE GENNES MODEL

Bulk elastic energy density:
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LANDAU-DE GENNES MODEL

Bulk elastic energy density:

L L L L
£(Q.VQ) = VI + =2 Quy Qi + = Qi Qi + = Qu Qs Qi

Bulk Landau-de Gennes energy density:
2b
flac(Q) = atr (Q2) 4 ?tr (Q3) + % (tr (Qz))2

Here a(T) is temperature-dependent, ¢ > 0, and f 4 > 0 by adding an
appropriate constant. Function of eigenvalues of Q only. Depending on T,
minimum is either isotropic or nematic w/specific s.
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LANDAU-DE GENNES MODEL

Bulk elastic energy density:

L L L L
£(Q.VQ) = VI + =2 Quy Qi + = Qi Qi + = Qu Qs Qi

Bulk Landau-de Gennes energy density:
2b
flac(Q) = atr (Q2) 4 ?tr (Q3) + % (tr (Qz))2

Here a(T) is temperature-dependent, ¢ > 0, and f 4 > 0 by adding an
appropriate constant. Function of eigenvalues of Q only. Depending on T,
minimum is either isotropic or nematic w/specific s.

Surface energy density (Either strong or weak anchoring):
f(Q) == f(Q,v)

on the boundary of the container and v € S? is a normal to the surface of
the liquid crystal.
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.
NEMATIC FILM

N>

FIGURE: Geometry of the problem.

Here Q ¢ R2 and h > 0 is small.
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Nematic energy functional:

E[Q] = / (£(Q.VQ) + fiac(Q)} dV + / £(Q.5) dA
Qx[0,h] Q

x{0,h}
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Nematic energy functional:
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Uniaxial data on the lateral boundary of the film:

Qloax(on = & € H?(0; A).
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Nematic energy functional:

E[Q] = / (£(Q.VQ) + fiac(Q)} dV + / £(Q.5) dA
Qx[0,h] Q

x{0,h}

Uniaxial data on the lateral boundary of the film:

Qloax(on = & € H?(0; A).

Admissible class:
Ch={Q e H (2 x[0,h]; A) : Qlagxpn =&}

where A is the set of three-by-three symmetric traceless matrices.
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.
OSsIPOV-HESS SURFACE ENERGY

"Bare” surface energy (Osipov-Hess):
£(Q,2) = a(Q2-2) + ©Q- Q+ c3(Q2 - 2)* + cal Q2

where ¢;, i =1,...,4 are constants.
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"Bare” surface energy (Osipov-Hess):
£(Q.2) = c(Q2 2) + Q- Q+ c3(Q2- 2)* + cal Q2
where ¢;, i =1,...,4 are constants.
Observe that:
Q-Q=2Qz* - (Q2-2*+ Q- @,

where

Q is traceless =
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In terms of x and @Q»:
f(Q,2) = ca(Q2-2) + @@ Qo+ (3 — @) (Q2 - 2)° + (22 + ca) | Q2
This expression has a family of surface-energy-minimizing tensors that is

@ parameterized by at least one free eigenvalue

© normal to the surface of the liquid crystal is an eigenvector

aslongas =0, a=c3+c>0,and v=¢ > 0.
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In terms of x and @Q»:
f(Q,2) = ca(Q2-2) + @@ Qo+ (3 — @) (Q2 - 2)° + (22 + ca) | Q2
This expression has a family of surface-energy-minimizing tensors that is

@ parameterized by at least one free eigenvalue

© normal to the surface of the liquid crystal is an eigenvector

aslongas =0, a=c3+ ¢4 >0, and v = ¢4 > 0. Then the surface
energy has the form

fi(Q2) =al(Q2-2) - B +1|(1 - 2© 2) Q2

1
2(c3+ca)”

where = —
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NONDIMENSIONALIZATION

Let L4 =0 and
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|
NONDIMENSIONAL ENERGY

1 1
Alal= [ (V) + (@) vl [ r(@2)0n
Qx[0,1] Qx{0,1}

€

where
f(VQ) 1= [|V2y QP + KoQuey Qik + K3 Qi Qi
2
+ [K2Qi3j Qi3 + K3Qi i Qiz 3]

1
+ 5 1@ + (Ko + Ka) QB3

flac(Q) = 2Atr (Q2) + gBtr (Q3> 4 (tr (02))2,

£(Q.2) = al(Q2-2) — A2 +1(1 - 22 2) Q2P
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.
ASSUMPTIONS

Suppose for simplicity that K» = K3 = 0 then for every Q € C§

Fe[o]z/ﬂ[ {|ox| FIQR+ 510

o <2Atr(Q2)+3Btr(Q3) (1 (@) } dv

+1/ a[(Q2-2) = B +|(1 - 22 2) Q21 dA,
Qx{0,1}

and set

£(Q.2) = £9(Q,2) + £M(Q, 2)

—this allows for different asymptotic regimes for « and ~.
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LIMITING PROBLEM

Let
foi@) = | 202 {1V QP + Efiac(Q) + £7(Q.2)} dA it Qe H,
+00 otherwise.
Here
Hél, = {Q € Hl(Q;D) : Qlaa = g}
and

D= {Q cA: Qe argminQeAfs(O)(Q)} ,
for some boundary data g : 9Q2 — D.
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THEOREM (G, MONTERO, STERNBERG (2015))

Fix g : 9Q — D such that Hg1 is nonempty. Then T-lim¢ F. = Fo weakly in
C{. Furthermore, if a sequence {Qc},.o C C§ satisfies a uniform energy
bound F.[Qc] < Cy then there is a subsequence weakly convergent in C$ to
a map in Hé}.

4

PRrOOF.

Idea: can use a trivial recovery sequence. Indeed, if Q. = Q € Cig\H; then
lime—0 Fe[Q] = +00 = Fp[Q] and when Q. = Q € Hg1 then

F Q] = Fo[Qc] = Fo[Q] for all €. O

v
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.
ASYMTOTIC REGIME

Let
O =al(Qz-2) - P +(1-2©2) Q2P and V=0 =
(i). Admissible tensors satisfy Q2 = 32

and

(ii). Thera are two types of D-valued uniaxial Dirichlet data on 0Q:
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.
ASYMTOTIC REGIME

Let
O =al(Qz-2) - P +(1-2©2) Q2P and V=0 =

(i). Admissible tensors satisfy Q2 = 32
and

(ii). Thera are two types of D-valued uniaxial Dirichlet data on 0Q:

e Q=-30 (n ®n— %I) , where n L % is any S'-valued field on 0.

o Q=¥ (202-11).
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Can represent @ € Hgl, as

pL— 35 p2 0
Q= P —p—% 0
0 0 B
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Can represent @ € Hgl, as

Then
Fal] = Flol = [ {2707 + L w(loD} av.

where p = (p1, p2) and
W(t) = 4t* + Ct* + D,

with € =682 — 4BS + 4A and D € R.
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If

3
admissible functions satisfy the boundary condition

3 .1
Qlaax(o,1] = 55 <Z®Z — |> )

ploa = 0.
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The minimizer of
_ 1
Folol = [ {2VpP + S wlp } av

then has a constant angular component = scalar minimization problem for
p:=|p| and
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If

3
admissible functions satisfy the boundary condition

3 .1
Qlaax(o,1] = 55 <Z®Z — |> )

Plaa = 0.
The minimizer of
. 1
Folol = [ {2VpP + S wlp } av

then has a constant angular component = scalar minimization problem for
p:=|p| and

o IfcC > 0 then the minimizer p = 0.
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If
3 o1
Qlaax[,1 = 55 <Z®z — 3I> ,
admissible functions satisfy the boundary condition

ploa = 0.

The minimizer of
_ 1
Folol = [ {2VpP + S wlp } av

then has a constant angular component = scalar minimization problem for
p:=|p| and

o IfcC > 0 then the minimizer p = 0.

© If C < 0 then the minimizer p solves the problem
1
52
May 1, 2017 17 / 33

~Ap+ W'(p)=0inQ, p=20on0Q.



Now suppose
1
Qlaax[o,y = =38 (n ®n— 3I> 7

where n: 9Q — St.
We have

1
pP= _3[3 (n% - 57 n1n2> ’

on 0 where |p| = % If p is smooth and nonvanishing, it has a
well-defined winding number d € Z. We set the degree of g to be equal to
d/2. Then p must vanish somewhere within a vortex core structure of a
characteristic size of § in €.
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Topologically nontrivial boundary

data will cause the director to "escape” from

the xy-plane to the z-direction. The requirement
that Qp takes values in D forces the escape

to happen through biaxial states that are heavily
penalized by the Landau-de Gennes energy.

F1GURE: Geometry of
the target space.
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Topologically nontrivial boundary

data will cause the director to "escape” from
the xy-plane to the z-direction. The requirement
that Qp takes values in D forces the escape

to happen through biaxial states that are heavily
penalized by the Landau-de Gennes energy.

Degree of biaxiality:

(rQ*)" _ . B4~ 5’
(trQ2)* (4p% + 342)3

F1GURE: Geometry of
the target space.

where £(Q) = 0 implies that Q is uniaxial.
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.
GENERAL SURFACE

F1GURE: Geometry of the problem.

Qp:i={XeR®: X=x+htv(x)forxe M, tc(-1,1)},
Moip:={x+ hv(x): x € M}
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VARIATIONAL PROBLEM

Minimize
EIQ):= [ {£(VQ)+ fac(Q)} dV + / £(Q,v) dA.
Qp M_ UMy,
in the class

cf ={QeH (% A): Qg =g}

of admissible functions. Here A is the set of three-by-three symmetric
traceless matrices.
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COORDINATE SYSTEM

Let 7: U x [-1,1] — R3 given by
X(u, t) = x(u) + htv(x(u)),

such that
X = hv, D,X = Dyx (I + htA),

where
A= —T"MI,

is the matrix of the shape operator V oqv and I and II are the first and
second fundamental forms for M. Here

(Vmr)r =0, (Vmr)dr = kidy, (V) da = kods.

ki and d;, i = 1,2 are the principal curvatures and directions at x(u),

respectively.
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Given X € Qp, let x = Projy,X and Px =1 — v(x) ® v(x). Then
Va = Va(l — Px) + VaPx.

so that
Va2 = Va-Va = |Va(l — Px)|]*> + |[VaPx|*.

Further

1
Va(l — Px) = Eat R,
VaPx = Dya (I + htA) (Dyx) 7,
Note: Setting h = 0 implies

VaPx = D,a(D,x)"! = V ya.
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.
NONDIMENSIONAL ENERGY FUNCTIONAL

Fe[o]—/ (fe(vo)+;2deG(Q)> dV+1/ £(Q.v) dA.
Q1 € M_1UM;

Expanding in €, we have

3

1 1
f(VQ 22{‘VMQi+EQi,t®V

2

1 2
+M, (diVM Qi + gQi,t . V>

+ M (vMo,- + iczi,t@u) - (vMo,-T + §u® o,-,t>}
+ O(e),
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LIMITING PROBLEM

Let

FolQ] = | T {feO(VM Q) + % fiac(Q) + 2f5(1)(Q,1/)} dS if Q € HL,
oo otherwise.

Here

O (VmQ,v) :=minfo(BR v+ VuQ)
BeA
and the space
HE = {Q € HY(M; A) : Qlam = g, AU(Q(x), v(x)) = 0 for a.e. x € M}

for some uniaxial boundary data g € H'/2 (OM; A).

Dmitry Golovaty (UA) May 1, 2017 25 / 33



Note that, generally,

3
RV Q) # IV MQP + Ma|divag QP + Ms > V@i - (Va@)".
i=1

@ True when M, = M3 = 0.

e Lemma: Suppose that M3 = 0 and M, > —%. Then

2M2(M2 + 1)
M2 +2
M3

~ M £ 2) (20, 1 3) VM Q)z} ‘

1
e (VamQ,v) =5 {WMQF + divamQP*
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THEOREM (G, MONTERO, STERNBERG (2016))

Fix g € HY/2(OM; A) such that the set H} is nonempty. Assume that
—1< M3 <2, and —2 — 35M3 < M. Then T-lim. F. = Fo weakly in C%.
Furthermore, if a sequence {Q:}.., C C{ satisfies a uniform energy bound

F-[Q:] < Gy then there is a subsequence weakly convergent in C§ to a
map in Hgl.
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EXAMPLE
M is a surface of revolution:
a(s) cos b
V(s,0) =1 a(s)sinf |,
b(s)

where 6 € [0,27] and r(s) := (a(s), b(s)), s € [0, L] is a smooth curve in
R2,

Ll
N

r(s)=(a(s), b(s))

X

FIGURE: Radial Geometry.
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Set r'(s) = (cos ¢(s),sin ¢(s)) and introduce the eigenframe

cos ¢(s) cos —sin@
T(s,0) = ( cos ¢(s)sin @ ) , N(s,0) = ( cos @ ) ,

sin ¢(5) 0
—sin¢(s) cosd
v(s,0) = ( —sin¢(s)sin@ ) ,
cos ¢(s)
. ¥ (s, 0)
.

FI1GURE: Eigenframe.
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Q@ can be expressed in the form

3 1
Q:p1(T®TN®N)+p2(T®N+N®T)+25<y®y3I>,

With g = —1/3, fs(l) =0,and Mo = M3 =0:

4co 10)

VMm@ = P, o> + 2“3 o> + (P1P2,6 — P2p1,6)
4
+ (ag — 3Ky + /<&2T> p|> — p1 (k3 — k%) := fu(Vp, p),

fLac(Q) — frac(lpl),
so that

so+L 27
E[Q] — Eolp] = /s + /0 <fe/(Vp7 p) + (slszdG(‘p‘)> a(s)dods.
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FIGURE: Minimizing configurations.
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e Assume that M is a truncated cone: r(s) = (cos ¢, sin ¢g)s, where
s € [so, 50 + L]

@ Impose natural boundary conditions on p on each orifice of the cone.
o Let § — 0 so that |p| = const; set |p| = 1. Then

p = (cosV(s,0),sinV(s,0)).

It follows that, up to a constant,

sotL pom 1 4 cos ¢g sin? ¢
Eo[V] = v V2 W, — ) do d
olV] / /o < TR 0T TR 0T 2 (s) >3(5’ °
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Can assume that W ¢ = 0, then need to study
2w
Eo[V] = / (\IJ?G + 4 cospoV g — sin? ¢ cos lU) deo,
0

subject to W(27) = W(0) 4 27k for some k € Z.

——deg(p)=0
——deg(p)=1

FI1GURE: Energies of possible competitors.
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