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DIRECTED WALKS LATTICE MODELS

Simple lattice models of polymers in solution

Interface of combinatorics, probability theory and statistical physics
There are many exact solutions of single and multiple directed walkers
Focus on the exact generating function for fixed number of walks

are features of the configurations such as vertices of the
walks shared with a wall or between two walks

Interest is in adding multiple for multiple : how many
different properties can we count at the same time

Counting different properties related to different statistical physics

Counting shared sites of three friendly directed lattice paths and related problems Oweczarek
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EXACT SOLUTION OF DIRECTED LATTICE WALKS LATTICE

¢ Recurrence and functional equation for partition or generating function
e Rational, Algebraic, D-finite, D-algebraic generating functions

¢ non D-finite solutions (e.g. g-series) for generating functions

e Vicious walks are related to free fermions (lattice model)

¢ Six vertex model can be mapped to walks that touch (osculating)

e Bethe Ansatz & Lindstrom-Gessel-Viennot (LGV) Lemma

¢ LGV: multiple walks = determinant of single walks (partition functions)

¢ LGV problems result in generating functions that are D-finite

Counting shared sites of three friendly directed lattice paths and related problems Oweczarek
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Double adsorption model

Unzipping model Gelation model
INTERACTING MODELS

Asymmetric case

Conclusion

Previously, interactions applied to single walk of various types
Multiple walks where interaction confined to a single walk
Recently interactions between walks

and/or multiple interactions have been considered
These can give non-D-finite solutions

Vicious No intersection

Osculating Shared sites but not lattice bonds (touch or kiss)
Friendly Shared sites and bonds

Counting shared sites of three friendly directed lattice paths and related problems
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SOME KNOWN EXACT SOLUTIONS: GEOMETRIES
No wall or interaction

e Many vicious directed walks: Fisher ('84), Lindstrom-Gessel-Viennot

Lemma ('85), Essam & Guttmann ('95), Guttmann, Owczarek & Viennot ("98)
(02), Bousquet-Mélou ('06)

e Many friendly walks & Osculating walks: Brak ('97), Guttmann & Voge
With wall but no interaction (LGV)

e Many vicious walks: Krattenhaler, Guttmann & Viennot ('00)

Single walk involved in interactions (recurrence, Bethe Ansatz, LGV):

e Two Vicious walks: with wall interactions Brak, Essam & Owczarek ("98)

e Many Vicious walks: with wall interactions Brak, Essam & Owczarek ('01)

Counting shared sites of three friendly directed lattice paths and related problems
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EXACT SOLUTIONS: MULTIPLE WALKS AND INTERACTIONS

Conclusion

How can we extend the numbers of walks with complex and different types of

interactions that can be solved exactly?

Inter-walk interactions using (obstinate) kernel method:

e Two Friendly walks: with both walks interacting with the wall
Owczarek, Rechnitzer & Wong ("12)

e Two Friendly walks: with both wall and inter-walk interactions
Tabbara, Owczarek, Rechnitzer ('14)

e Three Friendly walks: with two types of inter-walk interactions
Tabbara, Owczarek, Rechnitzer ('16)

T 9ac

Owczarek
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SO HOW DO WE FIND A SOLUTION: KERNEL METHOD

Combinatorial decomposition of the set of walks

Find a functional equation for an expanded generating function

This leads to the use of extra variables

Answer is a ‘boundary’ value

Equation is written as “bulk = boundary terms”

Bulk term is product of a rational and bulk generating function
Set the value of a catalytic variable to make the kernel vanish

Origin of kernel method due to Knuth (1968)

From = early '00’s applied to a number of dir. walk problems

Counting shared sites of three friendly directed lattice paths and related problems Oweczarek
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OBSTINATE KERNEL METHOD

Our problems have several catalytic variables

Need multiple values of catalytic variables: obstinate kernel method

Earliest combinatorial application due to Bousquet-Mélou (‘02).
Bousquet-Mélou Math. and Comp. Sci 2 (2002)
Bousquet-Mélou, Mishna Contemp. Math. 520 (2010)

Solutions are not always D-finite

Quarter plane random walk problems

Diagonals of multi-variate rational functions

Counting shared sites of three friendly directed lattice paths and related problems Oweczarek
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POLYMER ADSORPTION: ONE DIRECTED WALK

Asymmetric case Conclusion

The physical motivation is the adsorption phase transition

Single Dyck path, @, in a half space
o Energy —e, for each time (number m,) it visits the surface
Boltzmann weight (counting variable) 7 = ¢*

Partition function Z,(a) = 3= 5/, a"(®)

Generating function: G(a;z) = Y o, Zn(a) 2"

Counting shared sites of three friendly directed lattice paths and related problems Owczarek
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Unzipping model

ADSORPTION: ONE DIRECTED WALK

Gelation model

Asymmetric case

Conclusion

A complete solution exists and the generating function is algebraic

The thermodynamic reduced free energy:

n—o0

w(a) = lim n~"log (Z.(a))
generating function:

is known exactly from location of closest singularity to the origin of

r(a) = log(z.(a) ).

It has a single non-analytic point —- that is, a phase transition.

Counting shared sites of three friendly directed lattice paths and related problems
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Double adsorption model

Gelation model

Unzipping model
ADSORPTION TRANSITION CHARACTISATION

Asymmetric case

Conclusion

Consider the density of visits (derivative of the free energy)

. (m

A(a) = lim $rma)
n— 00 n

There exists a phase transition at a temperature T, given by 7 — 2:

e For T > T, (a < 2) the walk moves away entropically and .A(2) = 0
e For T < T, (@ > 2) the walk is adsorbed onto the surface and A(7) > 0

Second order phase transition with jump in second derivative of the free energy

Order parameter is density of visits to surface by the polymer

Counting shared sites of three friendly directed lattice paths and related problems
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DOUBLE INTERACTION ADSORPTION MODEL

Motivation arising from Monte Carlo studies of ring polymers in slits in
two dimensions

Figure: Two directed walks with single and “double” visits to the the surface.

energy —e, for visits of the bottom walk only (single visits) to the wall,

energy —eq when both walks visit a site on the wall (double visits)

Counting shared sites of three friendly directed lattice paths and related problems Oweczarek
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MODEL

Unzipping model

Gelation model

Asymmetric case

Conclusion

e number of single visits to the wall will be denoted 1,,
e number of double visits will be denoted m,.
The partition function:

Zu(a,d) = Z o(Ma(@)-eatmg($)-eq) /ksT

73 |@|=n
where a = e¥/%8T and d = ¢=¢/ksT

The thermodynamic reduced free energy:

r(a,d) = lim n~ " log (Z.(a,d)).

Counting shared sites of three friendly directed lattice paths and related problems
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GENERATING FUNCTION

Unzipping model Gelation model

Asymmetric case

Conclusion

o0

To find the free energy we will instead solve for the generating function

G(a,d;z) = Z Zn(a,d)z".

n=0
related to the free energy via

The radius of convergence of the generating function z.(a, d) is directly

r(a,d) = log(z.(a,d)™")
Two order parameters:
Ala.d) = lim <”;“> and Dla.d) = lim M)

n— oo n

Counting shared sites of three friendly directed lattice paths and related problems
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Unzipping model Gelation model

Asymmetric case
FUNCTIONAL EQUATION

We consider walks  in the larger set, where each walk can end at any possible height.

The expanded generating function

F(r,s;2) = F(r,s) = Z Z\<P|,,L¢JS(<PW/Zama(w)dmd(v?)’
pEeN
where

e zis conjugate to the length |¢| of the walk,

e ris conjugate to the distance || of the bottom walk from the wall and

e s is conjugate to half the distance [¢] between the final vertices of the
two walks.

and we recover G(a,d;z) = F(0,0).

o =
Counting shared sites of three friendly directed lattice paths and related problems
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FUNCTIONAL EQUATION

Unzipping model Gelation model

Asymmetric case

Consider adding steps onto the ends of the two walks

Conclusion

This gives the following functional equation

F(r,s) :1+z<r+%+;+£) - F(r,s)

(1 s
roor

) [PIF(r,s) =22 - [SE(rs)
+2z(a—1)(1 +5) - [r']E(r,s) + z(d — a) - [F's"JE(r, 5).

b
N

i
AN

Figure: Adding steps to the walks when the walks are away from the wall.
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THE KERNEL

Gelation model

Asymmetric case

Conclusion

ite equation as “Bulk = Boundary”

K(r,s)-F(r,s) = L

z
i ;)'Ho’s)‘
where the kernel K is

Recall, we want F(0, 0) so we try to find values that

the kernel

Counting shared sites of three friendly directed lattice paths and related problems

T 9ac

Owczarek




Introduction

Double adsorption model

SYMMETRIES OF THE KERNEL

Unzipping model

Gelation model

Asymmetric case

Conclusion

The kernel is symmetric under the following two transformations:
(r,s) — (r, é) ,

s
(T’, S) = (;7 S)
Transformations generate a family of 8 symmetries (‘group of the walk”)
7 s s r 1 11 1 s
(7’,5), (7’, 7) ) (;7 1’7) ) (;7 g) ) (;7 g) ) (;7 1’7) ) <

7‘1’2

, —

s
, and (7, s)
s’ s r
We make use of 4 of these which only involve positive powers of 1.

This gives us four equations - this is the "half-orbit” sum methodology.

Counting shared sites of three friendly directed lattice paths and related problems
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MAGIC COMBINATION

Unzipping model Gelation model

Asymmetric case

Conclusion

Following Bousquet-Mélou when a = 1 we form the simple alternating sum

Eqnl — Eqn 2 + Eqn 3 — Eqn 4.

e When a # 1 one needs to generalise that approach
e Multiply by rational functions,

2 2 2 2
A r r Lr ror L rl
a“rK(r,s) <sF(r, s) SF (r, 5 > +F <;, " ) 2f <§7 E))

The form of the Left-hand side of the final equation being

where

_zas — ars + rs + zar*
zas — ar +r + zar?

Counting shared sites of three friendly directed lattice paths and related problems
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Double adsorption model

EXTRACTING THE SOLUTION a

Unzipping mode

Gelation model

Asymmetric case

K(r,s) - (linear combination of F)

Conclusion

(s—1)(s*+s+1

s2

) (14 (d = 1)F(0,0))
— 2d(1 4 s)sE(0,5) + 20 +3)
e The kernel has two roots

1
o F(O,g>.

¢ choose the one which gives a positive term power series expansion in z
¢ with Laurent polynomial coefficients in s

7(s;z) =7

s (1 —\/1— 4“*5)222)

2(1+5s)z
where C, = n+1

-y o

s 2n+1 2n+l
n>0

(*") is a Catalan number.

Counting shared sites of three friendly directed lattice paths and related problems
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Unzipping model

EXTRACTING THE SOLUTION a = 1

Gelation model

Asymmetric case

Conclusion

Make the substitution r — 7

rewrite to remove z: z = (F + 1/# + /s +5/#) "
Setting r +— 7 gives

0 = ds*F(0,s) — dsF (o, ;) — (=12 +5+1—=)(s+7) (14 (d — 1)F(0,0))
Note coefficients of F(0,s) and F(0,1/s) are independent of 7.

If we divide by equation by s — then F(0,0) is the constant term in s.

Counting shared sites of three friendly directed lattice paths and related problems
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SOLUTION FOR 4 = 1

Asymmetric case

Conclusion

Now extract the coefficient of s

( i 12(2n 4 1)

n:O (n+2)?

n+3)c2 2"“) -(1+ (d = 1)F(0,0)) —d - F(0,0)
Solving the above when d = 1 gives

(oo}

G(1,1;z2) —1+Z

12(21’1 + 1 222n+2
(n+2)2(n+3) '
and hence for general d we have
_ Y G(1,1;2)
F0,0)=6(Ld2) = o3 56 12)

Counting shared sites of three friendly directed lattice paths and related problems
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Introduction Double adsorption model
a=d

Unzipping mode

Gelation model

Conclusion

Asymmetric case
Need to extract coefficients term by term in a to give

k
[@*2*"|F(0,0) = Z(

KK +1)2+4n —k'n—2K) 2n—k
bt K—1—-n)(n+1)2(-2n+k)(n+2)
k(k+1)(k+2)

2n
n n
2n—k\ (2n
C 2n—k)(n+1)2(n+2) n
which gives us

n

A k+1)(k+2)
;022 Z (n+1)?

2n\ (2n —k
(mn+2)2n—k)\ n '
Agrees with Brak et al. (1998) that used LGV

One can now consider d # a

Gla,diz) = aG(a,a;z)

d+ (a —d)G(a,a;z)
Counting shared sites of three friendly directed lattice paths and related problems
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Double adsorption model

COMBINATORIAL STRUCTURE

Unzipping model Gelation model

Asymmetric case

Conclusion

¢ Combinatorial structure in the underlying the functional equation.

G(a,d;z) = !

¢ Breaking up our configurations into pieces between double visits gives
pieces.

1 —dP(a;z)

where P(a; z) is the generating function of so-called primitive factors or
¢ Rearranging this expression gives
Pa;z) =

G(a,d;z) -1 _ G(a,a;z) — 1
dG(a,d;z)

aG(a,a;z)
¢ This allows us to calculate P(a; z) from a known expression for G(a, a; z)

Counting shared sites of three friendly directed lattice paths and related problems
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Double adsorption model
PHASES

Unzipping model Gelation model

Asymmetric case

Conclusion

The phases determined by dominant singularity of the generating function
The singularities of G(a, d; z) are

those of P(a; z) which are related to those of G(a, a; z) and
the simple pole at 1 — dP(a;z) = 0.

There are two singularities of G(a, a; z) giving rise to two phases:
e A desorbed phase: A =D =0

¢ The bottom walk is adsorbed (an a-rich phase): A > 0 with D =0
The simple pole in 1 — dP(a;z) = 0 gives rise to the third phase

¢ Both walks are adsorbed and this is a d-rich phase: 0 > 0, and A > 0

Counting shared sites of three friendly directed lattice paths and related problems
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PHASE DIAGRAM

Unzipping model Gelation model Asymmetric case Conclusion

20
~ L
10 |
o]
I D
o
-
I 9
e
0 -
0 5 10
a

The first-order transition is marked with a dashed line, while the two
second-order transitions are marked with solid lines. The three boundaries
meet at the point (a,d) = (a*,d") = (2,11.55...).

=} F = E E DAl
Counting shared sites of three friendly directed lattice paths and related problems Oweczarek
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Double adsorption model

PHASE TRANSITIONS

Unzipping model Gelation model

Asymmetric case

Conclusion

e The Desorbed to a-rich transition is

o the standard second order adsorption transition
e onthelinea =2 ford < d*

e On the other hand the Desorbed to d-rich transition is first order

e While the a-rich to d-rich transition is also second order.

The other two phase boundaries are solutions to equations involving G(a, a)

The point where the three phase boundaries meet can be computed as
* * 1 —

(@, d") = <2’ 6(8 — 3m)
Note that d* is not algebraic.

M—ﬂw)

Counting shared sites of three friendly directed lattice paths and related problems

T 9ac

Owczarek




Introduction
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NATURE OF THE SOLUTION

Unzipping model Gelation model

Asymmetric case

Conclusion

We found

Desorbed to d-rich transition occurs at a value of dc(a) fora < 2.

d(1) = 8(512 — 1657)
which is not algebraic.

© 4096 — 13057

If generating function were D-finite then d.(1) must be algebraic
Hence generating function is not D-finite

though it is calculated in terms of one.

Counting shared sites of three friendly directed lattice paths and related problems
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DOUBLE INTERACTION MODEL SUMMARY

Asymmetric case Conclusion

Vesicle above a surface — both sides of the vesicle can interact

Exact solution of generating function

Obstinate kernel method with a minor generalisation

Solution is not D-finite — LGV lemma does not apply directly

There are two low temperature phases

Line of first order transition and usual second order adsorption.
Owczarek, Rechnitzer, and Wong, . Phys. A, 45 425002, (2012)

u]
|
1
ul
i
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Asymmetric case

UNZIPPING ADSORPTION MODEL OF DN A DENATURATION

Conclusion

Simple model of DNA as two friendly walks near a boundary

O
a

Figure: An allowed configuration of length 10. The overall weight is a3¢”

a is a fugacity for each single visit to the wall

c is a fugacity for each contact of the two walks to site

Counting shared sites of three friendly directed lattice paths and related problems
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Introduction Double adsorption model Unzipping model
UNZIPPING ADSORPTION MODEL

Gelation model

Asymmetric case

Conclusion

e surface visit step:a =e

ca/kgT

Let T be the system temperature, ks the Boltzmann constant.
e shared site contact: c = e

ec/kgT

The partition function is

Energy —e, for visits of the bottom walk only (single visits) to the wall

Energy —e. when both walks visit the same site (contacts)

Zu(a,c) = Z g"a(@) e (@)

@3 [@|=n

number of visits to the wall denoted m,,

number of joint contacts denoted m..

Counting shared sites of three friendly directed lattice paths and related problems
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Double adsorption model

GENERATING FUNCTION

Unzipping model

Gelation model

Asymmetric case

Conclusion

e Partition function: Z,(a,c)

S @

?3|p|=n
e Generating function: G(a,c)

= G(a,c;2) ZZ (a,0)z
e Reduced free energ

n>1
k(a,c) = lim n~

log Zy(a,c) = logzs(a,c)
where z,(a, ¢) is dominant singularity of G w.r.t. z
Two order parameters

A(a,c) = lim @

and

C(a,c) = lim $me)

n—o00 n

Counting shared sites of three friendly directed lattice paths and related problems
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Double adsorption model

Gelation model

Unzipping model
GENERALISED GENERATING FUNCTION

Asymmetric case

Conclusion

consider walks o in the lar

er set, where e

walk can end at any po

ble height.
e To find G(a, c), consider larger class of configs

¢ Generalised generating function:

F(r,s)

F(r,s,a,c;2)
— Z g"a (@) e (@) i n

\

2
“J
weN .
]
e G(a,c) = F(0,0)
| |
=} F = E E DAl
Counting shared sites of three friendly directed lattice paths and related problems Owczarek
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Unzipping model Gelation model Asymmetric case Conclusion
ESTABLISHING A FUNCTIONAL EQUATION

¢ By considering the addition of a single column onto a configuration, and

the types of walks obtained, we can find a decomposition of all
configurations

¢ Translating back to generating functions we end up with

K(r,s)F(r,s) = % + (C -1 — %) F(r,0)

c

+ [” - L f (s + 1)] F(0,5)— =1 - ) L;DF(O,O)

where the kernel K(r,s) is

K(r,s) =K(r,s;z) = <1—z[r+;+£+%]>.

o =
Counting shared sites of three friendly directed lattice paths and related problems

wa

Owczarek



Introduction

Double adsorption model Unzipping model Gelation model Asymmetric case Conclusion
SYMMETRIES OF THE KERNEL

The kernel is symmetric under the following two transformations, which are
involutions:

(ry8) — (r, é) , (rys) — (;,s)

Transformations generate a family of 8 symmetries (‘group of the walk’)
s s s r 1 11 1 s rr s
(T,S),(T’, ;) 7(;7’72)7 (gvg) 7<;7g>7(;7r72>7<§7;> ’ and (;75)

Use "half-orbit” sum methodology

We make use of four of these which only involve positive powers of r.
This gives us four equations.

One can eliminate many of the unknown generating functions by a clever
choice of adding these equations

u]

|
1
i
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Double adsorption model
ROOTS OF THE KERNEL

Unzipping model Gelation model

Asymmetric case

Conclusion

e The kernel has two roots as function of either r or s

e choose the one which gives a positive term power series expansion in z
¢ with Laurent polynomial coefficients in s (r)

P(s;2) =7 =

s(l—./1—4M>
s

where C, = nlﬁ n

1 + S)2n+l 2n+1
2(1+9)z ->al
(%"} is a Catalan number.

bl
n>0
Make the substitution r — 7
U

Counting shared sites of three friendly directed lattice paths and related problems
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FINDING THE SOLUTION

Key idea
e Treat K as fn. of r or s to get roots 7 and §

o Then use subset of F to get system of eqns. E.g. Using :

(5] [ F5,0) | F(0,5) | F©,0)
(7,7°/s) F(7,0) | F(0, /“ s) | F(0,0)
(7#/s,7°/s) || F(7/s,0) | F(0,77/s) | F(0,0)
(7/s,1/s) || F(?/s.0) | F(0,1/s) | F(0,0)

Combine these eqns. to get new fn. eqn

N7 (5;2)F (0,1/5)+N3 (s;2)F(0, 5) = [M*(s) - CZH*(S;Z)] (% fACF(0,0)) ,

Can do the same using 5!

Nice things happen whena = 1 or ¢ = 1 to N7 (s; z) etc

wa

u]
|
1
ul
i
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Double adsorption model
SOLUTION FOR G(a,1)

Unzipping model Gelation model

Asymmetric case

Conclusion

e Brak, Essam & Owczarek (1998, 20

Exact solution for G(a, 1) is known and can be found using the kernel method
Lindstrom-Gessel-Viennot Thm

In fact, the exact solution for G(a, 1) is known from first part of talk!

): Partition fn. using
z vvong
same kernel method techniques
Specifically

e Oweczarek, Rechnitzer & Wong (2012): Gen. fn calculated by employing

"N g
by

k+1)(k+2)

2n—k\ (2n
Y(n+1)2(n+2) n n)

Counting shared sites of three friendly directed lattice paths and related problems
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Double adsorption model
SOLUTION FOR G(1,¢)

Unzipping model Gelation model

Asymmetric case

Conclusion

¢ No known previous solution for G(1,c)
We can write functional equation as

G(1,¢c) = [,,lﬁ (- ) [r—cr+cz(1+7

—9)]
(c—1) (8 —cS+crz) '
where 5(r) is the appropriate root of the kernel, expanding RHS as power
series in ¢ and so obtain, after some work

G(l,62) =14 222 + 3 (14 22)

A
_,’_ZZZIZ Zm:( 1k+1k —D(k—2)(2i -
m=3

k+1)(i—k+2)
2i—-12(G1+1)(i—-2)

(m> (2i — k) (21' —k— 1)
k/\i—2 i—3

o = = = = VAl
Counting shared sites of three friendly directed lattice paths and related problems Oweczarek
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SOLUTION FOR G(1,¢)

Unzipping model Gelation model Asymmetric case Conclusion

e While we have an explicit solution for G(1, ¢) it is advantageous for
analysis to directly read off the singularities

¢ Alternative — find differential equation satisfied by generating function

e Use Zeilberger-Gosper algorithm: Maple: DETools package, Zeilberger
hyperexp. implementation

e Result: DE for G(1, ¢) is order 6 with poly. coeff of deg, = 12

Counting shared sites of three friendly directed lattice paths and related problems Oweczarek
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Double adsorption model

Gelation model

Unzipping model
FORTUNATE DECOMPOSITION OF G(a,c)

Asymmetric case

Conclusion

G(a,c) = !

Using various combinatorial relationships between the generating functions
we can re-write G(4, ¢) in terms of G(a,1) and G(1, ¢):
(a—1)(c—1)
Pl (a7 c, Z)
p2(a,c,z) + ps(a,c,z)C(a, 1) + pa(a,c,z)G(1,c)

where p; are polynomials in a, c and z: quadratics in 22,

for G(a, c).

Key point: With solutions to G(a, 1) and G(1, ¢) we additionally have solved

Counting shared sites of three friendly directed lattice paths and related problems
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Introduction Double adsorption model Unzipping model Gelation model
SINGULARITIES OF G(a,1) & G(1,c¢)

Asymmetric case

Conclusion

e Recall, free energy «(a,c) = logz(a, c)
e For G(a,1), prev. known:

zs(a,1) = {Zb i /4

a<2
—1
Za T

a>2
e For G(1,c), we use the DE (roots of leading poly. coeff.):

z, = 1/4,
zs(1,¢) = ! /
Ze =

1—c+

c<4/3
e c>4/3

c

Counting shared sites of three friendly directed lattice paths and related problems
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Double adsorption model

RECALL ORDER PARAMETERS

Unzipping model

Gelation model

Asymmetric case

Conclusion

Recall lim. avg. surface and shared site contacts resp.

Ala,c) = lim {rma)

n—oo N

Ok

OK S T <7’I’lc> %
=ag. C(a,c) —nlingo =

dc

Counting shared sites of three friendly directed lattice paths and related problems
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TRANSITIONS OF G(a,1) & G(1,c¢)

e For G(a,1): the order parameter

associated with the phase transition is A
the surface coverage o
0.2
0 a<?2 )
.A(ll7 1) = ;72 2 ‘
-y 1>

e For G(1,c): the order parameter
associated with the phase transition is
the shared site density

0.8 C
C(1.0) 0, c<4/3 :
€)= c—2+4/c(c—1) 0.6
e c>4/3 .
e Second-order adsorption and zipping 02

phase trans. resp.

Counting shared sites of three friendly directed lattice paths and related problems Owczarek
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Double adsorption model

SINGULARITIES AND PHASES

Unzipping model Gelation model

Asymmetric case

Conclusion

This leads us to associate the singularities of G(a, 1) and G(1, ¢) with the
phases as
e 7,

oz, = Va—1

= 1/4 with a desorbed phase where A =0and C =0
2a
e Z

with an adsorbed phase where A > 0
1—c++/c2—c
[

with a zipped phase where C > 0

Counting shared sites of three friendly directed lattice paths and related problems
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Double adsorption model Unzipping model Gelation model Asymmetric case Conclusion
ORDER PARAMETERS FOR THE FULL MODEL

Four possible phases:

Desorbed: A=C =0

Adsorbed: (a-rich) A > 0,C =0

Zipped: (c-rich) A =0,C >0

Zipped & Adsorbed: (ac-rich) A > 0,C >0

Dac

Owczarek
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ANALYSING G(a,c)
Recall
G(a,c) ~

Pl(a:C7 Z)
p2(a,c,z) + pa(a,c,z)C(a, 1) + paa,c,z)G(1,c)

e = Singularities: Look at G(a,1), G(1, ¢) and root of above denom.

e root of denominator is associated with the zipped-adsorbed phase
The dominant singularity zs(a, c) of the generating function G(a, c; z) is one of
four types associated with the four phases

z, =1/4,

zs(a,c) _ Z,(a) =

a—1

a<2,c<4/3
, a>2,c<a)
ze(c) = Ve Ve 4 < ~(c),c > 4/3
Z“C(a7c)7

a>vy(c),c > aa)
¢ a(a) is boundary between adsorbed and zipped-adsorbed phases

[m]

=

¢ ~(c) is the boundary between zipped and zipped-adsorbed phases
Counting shared sites of three friendly directed lattice paths and related problems
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PHASE DIAGRAM
A i
1
a 1
1
3 1
1
adsorbed | adsorbed-zipped
1
4
1\ (23)

1
zipped
C >
4
1 3 2 3

All transitions found to be second order
Low-temp argument gives

e c—o00,v(c) > 2

e a—o00,afa) = v5—1

=] F = =

Counting shared sites of three friendly directed lattice paths and related problems Oweczarek




Introduction Double adsorption model Unzipping model

ASYMPTOTICS

Gelation model Asymmetric case Conclusion

Table: The growth rates of the coefficients Z,(a, c) modulo the amplitudes of the full
generating function G(a, ¢; z) over the entire phase space.

phase region Zy(a,c) ~
free 4'n=°
free to adsorbed boundary 4'n3
free to zipped boundary 4"n3
a=2,c=4/3 4'n3
adsorbed z4(a) " 3/?
zipped ze(c)""n /2

zipped to adsorbed-zipped boundary (y(c)) z(c

(

(©
adsorbed to adsorbed-zipped boundary (a(a))  z.(c)"n~/?
(©)
adsorbed-zipped Zac(

u]
|
1
1l
i
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UNZIPPING SUMMARY

¢ Simple model of DNA as two friendly walks near a boundary
¢ Used combinatorial decomposition to obtain linear functional equation

e Used obstinate kernel method to solve functional equations (using
symmetries to provide sufficient information)

¢ Explicit series solutions for G(a,1) and G(1, c)

¢ Combined these equations to relate G(a, ¢) to both G(a,1) and G(1,c)
e Also used Zeilberger-Gosper algorithm to find linear DE for G(1, c)
¢ Full analysis of asymptotics and phase diagram

¢ R. Tabbara, A. L. Owczarek and A. Rechnitzer, |. Phys. A.: Math. Theor,
47, 015202 (34pp), 2014

u]
|
1
ul
i
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THREE WALKS AND GELATION INTERACTIONS: TWO TYPES
Model set of polymers in solution that can attract each other

finite gelation

mc = 11 double shared sites and m; = 3 triple shared sites. Thus, the overall
Boltzmann weight for this configuration is M =

Figure: An example of an allowed configuration of length #n = 8. Here, we have
5t3

Counting shared sites of three friendly directed lattice paths and related problems
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THREE WALKS AND GELATION INTERACTIONS: TWO TYPES

Conclusion

Model set of polymers in solution that can attract each other — finite gelation

o Start with three walks in the ”"bulk” (no walls) with interactions

e double visits fugacity: ¢ and triple visits fugacity: d
e total weight for triple visits: t = ¢*d
e Walks start and end together

. is the number of double contacts between pairs of walks

my is the number of triple contacts between all three walks

e Partition function: Z,(c,d) = Z mele) grae)
€, |p|=n
e Generating function: G(c,d) = G(c, d; z) ZZ (c,d)z
n>1
[m] = = = Q>

Counting shared sites of three friendly directed lattice paths and related problems Oweczarek
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Double adsorption model

Unzipping model Gelation model
PRIMITIVE PIECES

Asymmetric case

Conclusion

e Primitive walks [P(c; z)] only have triple visits at either end
¢ Any walk can be uniquely decomposed into a sequence of primitive
pieces:
G(c,d;z)

. 1
 1—dP(c;z)
Gl(e,d;z) =

G(e, 1;2)
d[1-G(c,1;2)] + G(c, 1;2)
Hence it suffices to solve for G(c, 1; z)

Counting shared sites of three friendly directed lattice paths and related problems
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Double adsorption model

Gelation model

Unzipping model
GENERALISED GENERATING FUNCTION

Asymmetric case

Conclusion

We consider walks in a larger set, where they do not nec

¢ Generalised generating function:

sarily end together.

weﬁ

F(r,s) = F(r,5,c;2) = Z @) /2 f(0)/2 e () |
e G(c,1) =F(0,0)

o where /i(p) and f () are half the distance between the final vertices of the
top to middle and middle to bottom walks respectively.

Counting shared sites of three friendly directed lattice paths and related problems
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ESTABLISHING A FUNCTIONAL EQUATION

Gelation model

Asymmetric case

Conclusion

The decomposition of the set of walks gives

K(r,s)F(r,s) = Clz _ (r— Cr+CZ+CSZ)

F(0,s
& (0,5)
s—cs+cz+crz c—1)?
B Gl 2] T S Gl ATV
cs C
where the kernel K(r,s) is
K(r,s) =K(r,s;2) =1 — 2+ D +1)(r+5)
) = g s .
=} F = E E DAl
Counting shared sites of three friendly directed lattice paths and related problems Oweczarek
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Double adsorption model

SYMMETRIES OF THE KERNEL

Unzipping model

Gelation model
The kernel K(r,s) is

Asymmetric case

Conclusion

K(r,s) =K(r,s;z) =1 — z(r+1)(s +1)(r +5)
involutions:

s
The kernel is symmetric under the following two transformations, which are

(r,s) — (s,71),

r

s 1
.00,

11
r’s>’<g77>'

(rys) — (r, g)

Transformations generate a family of 12 symmetries (‘group of the walk’)

o (1) (). () () (5
GD-GGs

r

Proceed in a similar way to previously

Counting shared sites of three friendly directed lattice paths and related problems
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Unzipping model

Gelation model
USING THE SYMMETRIES

Asymmetric case Conclusion

Again use half-orbit summary methodology

We make use of the symmetries of the kernel to produce multiple equations

making sure we have either only positive powers of t or s.

Re-combine to leave only say F(0,0), F(1/s,0) and F(0, s)

Ni(s: 2)F (1/5,0) + Na(s; 2)F(0, 5) + Na(s; 2) [(c ~1)2F(0,0) — 1}

where N; can be considered simple polynomials of 7, s and z.

Note also that F(s,0) = F(0,s) because of vertical symmetry.

N1 /Ny is actually a rational function of s and z

Counting shared sites of three friendly directed lattice paths and related problems
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Double adsorption model
ROOTS OF THE KERNEL

Unzipping model

Gelation model

Asymmetric case

Substitute root of the kernel

Conclusion

Use Lagrange inversion to find answer term-by-term

e The kernel has two roots as function of either r or s

¢ with Laurent polynomial coefficients in s (r):

7+ (s;2)

e choose the one which gives a positive term power series expansion in z

2z(s + 1)

Lagrange Inversion gives us

s—z (P +25+1) £ /82— 2z5(1 +s)2 +22(2 — 1)

n
=\
Counting shared sites of three friendly directed lattice paths and related problems
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Double adsorption model
SOLUTION FOR G(c, 1)

Unzipping model Gelation model

Asymmetric case

Conclusion

1 c(Pz+c* —3c) VI —4c
G(c, 1;2) = -1 (1 +
where

Z
Gb(c7 1a Z)
Gp(c,1;2) = 2

—1-cz—Cz4c(2z+1)

and

' m[ ztz -zt (—2622+2c3z) J(c z)]
](C:z)zzzf[ 1(”1’ "

m i—m—1\/i—m—1
= ,Z:; k z:: {1777171 i )< j—k )
m+17k m+i—k
[ )+ ("
l—/

,—j_z)]
_ (’*’” '

) (1 - m) (m +i—k— 1)
i—m j ji—k i—j—1

i—m . Pk

*ZIZU”Z(”Z) k ( i—m )(erzf(fl)
= k/7i—m\i—k—m m—1
2 m=1 k=1
=} F = E E DAl
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Introduction Double adsorption model

DE FOR G(c, 1)

Unzipping model Gelation model Asymmetric case Conclusion

e While we have an explicit solution for G(c, 1) it is advantageous for
analysis to directly read off the singularities

¢ Alternative — find differential equation satisfied by generating function

e Use Zeilberger-Gosper algorithm: Maple: DETools package, Zeilberger
hyperexp. implementation

e Result: DE for G(c, 1) is order 7 with poly. coeff of deg, = 26

u]
|
I
i
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Introduction Double adsorption model Unzipping model Gelation model Asymmetric case Conclusion
COEFFICIENT
Three interacting friendly walks 27

Appendix A. J(c,z): Leading coefficient of the differential equation

The following is the leading polynomial coefficient of the linear homogeneous differential
equation (55) satisfied by the generating function J(c; 2).

a4 0 (2 1004 562) 27 (- 1 (30 4 161 45

222 4 10061 + 1067 4
(1 )12 (a7 4 80 - 4088c? + 608" — 241 4 104567 — 804 4 27007 <7
(1 e (144 — 2072 + 558067 + 264306 — 5470 + 30904c" — 67096 + 50726” — 2974 + 34067 27

(1 17 (04 - 4292 + 50474c” — 19946165 + 206342 — 40607c" + 8041265 — 1652057 + 79458 — d190c” — 204061 4 1a4cl1) 27
+(-14+)% (32 + 1124c + 196538¢% — 1302168 + 2311230¢" — 1877980¢% + 1680410 — 18806897 + 1132844c"

~ 207138 4 11452610 1 1008c) 5

(<14 )% (~708 + 25664 — 760080 + 2616159 — 2310360 — 7650C" — 2099506° + 349750 + 41450375

— om0 + 10218020%0 — 2ag0a2ctt 4 s016c’?) 20

—2(-1+¢)7? (2272 + 323820 — 4500222¢% + 19063995¢° — 37596741c" + 48558131c” — 56624432c5 4 520821497 — 25304076¢%

zzson0sc? + 2200242610 — o707z + as0ac'?) 510

—(C14 0% (14544 — 200784 + 355111267 — 380876326 + 180802288 — 453T0VATLES + 757037030

08489720067 + 964461909c% — 610442720c" + 21097506470 — 28039008c! — 11078320 + 43502467 211
+ (=14 )2 (70656 — 986624c + 3521136¢” — 835488¢” + 18490772¢" — 384953050¢" + 1637076179

7691167 4 s sac 4 0 _ .

11 0427313602 — 32000516617 + 40016414 212
+2(=14)'c? (12288 + 486912¢ — 7890144c? + 4746207667 — 120173060c" + 146708495c° — 604330390¢” + 2911050330c7 — 7397407941c°

. o 10, no_

T

+(~140)tc? (270:!1\6 — 17143206¢ + 205053760¢% — S 4 S s _ 7

arTosaoGasc” — 931813203970 + 2881023941100 — 1643092059001 + 564898106212 — 1011435520017 + 7228807601 ) 24

+ (=14 )" (8306688 — 167047680c + 1173463616¢7 — 4823571904c” + 1 4 s

S + 413351141467

+2455498351" — 18471969408¢° + 10 _ 24138273334 4 1 12 19, smiraesse L1 = = o>
(a1
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Introduction

Double adsorption model

Unzipping model Gelation model
PRIMITIVE PIECES

Asymmetric case

Conclusion

Consider the primitive pieces

Now, putc =1

In 2017 Jensen showed that P(1, z) is D-algebraic with non-linear DE given by

Z2(1 +2)(1 — 82)P""P — 222(1 — 22)(1 — 82)P" — 22%(1 4 z)(1 — 82)(P')?
+22(4 — 21z — 162%)P'P — 4z(4 — 23z — 922)P' — 12P3

+ (60 — 32z + 1622)P? — (96 — 962 + 13222)P + (48 — 64z + 1762> — 482%) = 0.

Counting shared sites of three friendly directed lattice paths and related problems
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Double adsorption model

Gelation model

Unzipping model
ORDER PARAMETERS FOR THE FULL MODEL

Asymmetric case

Two order parameters:

Conclusion

Clc,d) = lim fme) and D(c,d) = lim M,
n—oo N n—oo N
The system is in a free phase when

C=D=0,
while a gelated phase is observed when

and finally we

C>0,D>0
observe a phase where

C>0,D=0.

Counting shared sites of three friendly directed lattice paths and related problems
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Double adsorption model

Unzipping model Gelation model
ANALYSING G(a,c)

Asymmetric case

Conclusion

Zp = 1/8,

The dominant singularity zs(c, d) of the generating function G(c, d; z)
zs(c,d) = 2

c<4/3,d<9/8
c<a(d),d>9/8
zp(c,d), ¢>4/3,d<9/8
zp(c, d),

¢ > a(d),d>9/8

()
where the boundary «(d) corresponds to when the singularities z,(c, d) = z
coincide respectively.

where each of the different singularities are associated with different phases:
¢ z;, with the free phase
e z,(c,d) with the gelated phase

that z, < z for all c,d where z. exists.

There is another singularity z.(c) of the generating function but one can show

Counting shared sites of three friendly directed lattice paths and related problems
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PHASE DIAGRAM

2 free gelated

|©

2 c.

Wi ——

Figure 9. The phase diagram of our full model. First and second-order transitions
are indicated by solid and dashed lines respectively. All phase boundaries coincide at
c=4/3 and d=9/8.
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Double adsorption model Unzipping model Gelation model Asymmetric case Conclusion
ASYMPTOTICS

Table: The growth rates of the coefficients Z; (c, d) modulo the amplitudes of the full
generating function G(c, d; z) over the entire phase space.

phase region

Zy(c,d) ~
free 8'n*
gelated zp(c,d)™"n°
free to gelated boundary, d < 9/8 | 8"n 'logn
free to gelated boundary, d > 9/8 8"n’
c=4/3,d=9/8 8T
] = =
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PHASE DIAGRAM IN DIFFERENT VARIABLES

A
t
4
3
free gelated

2
1
1

1 1
1
1 o
+ >
H 2 C

Figure 10. The phase diagram of our full model when setting d = t/c?. First and
second-order transitions are indicated by solid and dashed lines respectively. All phase
boundaries coincide at ¢ =4/3 and ¢t = 2.
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THREE WALKS WITH ASYMMETRIC INTERACTIONS
ifferentiating types of shared sites between upper two and lower two walks

Figure: An example of an allowed configuration of length 8. Here, we have m; =5
shared sites between the upper two walks and m;, = 6 shared sites between the lower

two walks. Thus, the overall Boltzmann weight for this configuration is a>ht

Counting shared sites of three friendly directed lattice paths and related problems
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THREE WALKS WITH ASYMMETRIC INTERACTIONS BUT NO EXPLICIT
TRIPLE INTERATIONS

e shared sites between upper two walks fugacity: a
e shared sites between lower two walks fugacity: b
e previous symmetricmodel: c=a ="

o Walks start and end together

g is the number of shared sites between the upper pair of walks

my is the number of shared sites between the lower pair of walks

e Generating function: G(a,b) = G(a, b;z) = Z Z ampmz"

n21 oeQ,|p|=n

O «Fr <= =, ® 9ac
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Double adsorption model

Gelation model

Unzipping model
GENERALISED GENERATING FUNCTION

Asymmetric case

Conclusion

Again, we consider walks in a larger set, where they do not necessarily end together.
¢ Generalised generating function:

9]

F(r,s) = E(r,5,a,b;2) = Z A1) /2 f(2) /2 pma0) iy () | ]
e G(a,b) =F(0,0)

e where /() and f () are half the distance between the final vertices of the
top to middle and middle to bottom walks respectively.

dependence in the kernel K(r,s)

Find initial functional equation as above with same kernel as there is no fugacity

K(r,s)

z(r+1)(s+1)(r+s

=K(r,s;2) =1— ( I I )
rs

Counting shared sites of three friendly directed lattice paths and related problems
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Double adsorption model

Gelation model

Unzipping model
USING THE HALF-ORBIT METHODOLOGY

Asymmetric case

K(r,s)F(r,s) = L

Conclusion

1 (r—ar+az+asz)
ab ar FO,s)
_ (s —bs+bz+brz)
bs

(,,70)_@(1’_

)
; —F(0,0)

Re-combine to leave only say F(0, 0),

We make use of the same symmetries of the kernel to produce multiple equations
making sure we have either only positive powers of r or s.

F(1/s,0) and F(0, s)
Ni(552)F (1/5,0) + Na(s; 2)F(0,5) + Na(s:2) [ (¢ ~ 1°F(0,0) 1] =0

The function F(s,0;a,b) # F(
j

N; are now algebraic functions of s which cannot be made rational

s;a,b) so the symmetry is broken (as expected)

Counting shared sites of three friendly directed lattice paths and related problems
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Double adsorption model

Gelation model

Unzipping model
WHAT ABOUT FULL-ORBIT METHODOLOGY?

Asymmetric case

Conclusion

This results in an equation of the form

K(r,s) - (linear combination of F)

= (a—1)(b —1)M(r,s;a,b)F(0,0) + (a — b)Mx(r,s;a,b)F(s,0) + Ms(r,s;a,b)

If a = b this removes one of our unknown functions and allows us to find F(0,0)
solution eludes us

G(1,b)?

Even if b = 1 with a # 1 the generating function seems to be D-finite but explicit

Is there a way to write G(a, b) in terms of G(a,a), G(b, b) and/or G(a, 1) and

Counting shared sites of three friendly directed lattice paths and related problems
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CONCLUSION

¢ Simple model of finite gelation with three friendly walks in the bulk

¢ Used combinatorial decomposition to obtain linear functional equation
¢ G(c,d) can be written in terms of G(c, 1) via “primitive piece” argument
e Even with ¢ = 1 primitive pieces are D-algebraic and not D-finite

e Used (half-orbit sum) to solve functional
equations

¢ Explicit series solutions for G(c, 1)
e Also used algorithm to find linear DE for G(c, 1)
e Full analysis of asymptotics and phase diagram

e R.Tabbara, A. L. Owczarek and A. Rechnitzer, ]. Phys. A: Math. Theor. 49 (2016)
154004 (27pp)

¢ Asymmetric model seems intractable! — not enough information in
kernel functional equations?

Counting shared sites of three friendly directed lattice paths and related problems Oweczarek
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FUTURE WORKS

How far can we extend this? — where does integrability end?
J O v

e Four walks with double interactions (Xu, O and R)

¢ Combine single, double surface and unzipping interactions
e Is there another way for the asymmetric three walks model?
¢ Three walks and a wall

¢ Working in a slit — currently two walks: asymptotic solutions (O and R,
2017)

e Kreweras walks and counting boundary sites of the quarter plane (O
and R, last week)

Counting shared sites of three friendly directed lattice paths and related problems Owczarek
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