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A partial linear space is proper if it is not a linear space or a graph.
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Problem: Classify the proper partial linear spaces for which

© Any ordered pair of distinct collinear points can be mapped to
any other such pair.

@ Any ordered pair of distinct non-collinear points can be
mapped to any other such pair.

@ Such proper partial linear spaces are precisely those whose
automorphism groups have rank 3 on points.

@ These have been classified by Devillers (2005,2008) in the
(primitive) almost simple and grid cases.
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@ For a rank 3 group on &, there is a linear space with 2 line
orbits iff there are 2 proper partial linear spaces with disjoint
line sets.

e Biliotti-Montinaro-Francot (2015): 2-(v,k,1) designs with a
primitive rank 3 affine group on points and 2 line orbits.
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Affine groups: G =V : Gy for Gy < GL4(p) acting on V = Vy4(p)
where p is prime and V is irreducible IF, Go-module.

Examples of proper partial linear spaces with rank 3 affine group:

Q p" x p" grid with V = V,,(p) ® V,(p) and Gy = GL,(p) Co.

(070) * (1:)) * (_170)
(0,1) @ (1701) ¢ (-1,1)
0-1) @ ® o (-1-1)
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@ Say Gy <TLm(g), m>2, and Gy has two orbits on projective
points. Let A be one of them. Fix a hyperplane I in PG,,(q).

PG;.(q) A < PG, 1(q) =11

\ +— AGu(q)
& = points of AGn(q)

Z = lines of AGp(q) meeting M in A.
e.g. A = singular 1-spaces with respect to quadratic form.

ie. Z=Vn(q) and Z={{v)+w:v,we Vy,(q),(v) e A}
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where n > 2. Let .Z be the set of translates of
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Q@ V and Gy as above. Let .Z be the set of translates of

{(Va(g)@w:w e V,y(q)\{0}}.

Here the lines have size g2.

@ Let V =Fg where n> 2, F§ = ({) and Aut(Fg) = (o).
Let Go = GL,(3)({?,¢0) and .Z = £V® where

(= (e1+Ce,—Cer1+ e)r,

Here the lines have size 9.



Theorem (Conjecture really)

Let S be a proper partial linear space and G < Aut(S) a rank 3
primitive permutation group with socle V = Vy4(p). Then

(i) S lies in one of the 5 infinite families just discussed, or
(ii) S is one of finitely many exceptions, or

(iii) one of the fol/owing holds:

(a) Go<TLi(p), o
(b) V=V.(p )@V( ) and Gy < TLy(p )2C2 where d = 2n, or
(c) V = Vo(t3) and SLy(t) < Gy where p? = t5.
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Let X be the orbit of Gy containing L\ {0}.

@ X U{0} is not a subspace of Vy(p).
Q If x,y € L\{0} and x # y, then y —x € X.

Moreover,
© L\ {0} is a block of Gy on X.
@ G is transitive on L.
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An outline of the proof of the “theorem”:

Let G be a primitive group of rank 3 with socle V4(p). Let L be a
line of a proper PLS with aut group G where 0 € L. Let x € L\ {0}.

o Liebeck (1987) = Gp and its orbits are known.

o Go <TLm(q) where p9 =g™.

o If LC <X>]Fq C x%, then Kantor's classification of 2-transitive
linear spaces (1985) = L = (x)p, for some subfield F, of
[Fq, and Example (2) holds.

o Otherwise, there exists y € L\ (x),. Now y©x C L.

@ Repeat this process, ruling out examples you know about, until
you find u# v € L\ {0} such that u—v ¢ x® a contradiction.



Theorem (Liebeck (1987))

Let G be a primitive group of rank 3 with socle V= V4(p). Then
Go belongs to one of the following classes.

(A) Infinite classes. (There are 11 classes.)
(B) Extraspecial classes. (Only finitely many.)
(C) Exceptional classes. (Only finitely many.)
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Theorem (Conjecture really)

Example (2) holds, or (A7) holds with n=2, g=3 and € = —

The theorem is true, except possibly for (A9) and (A10).
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Otherwise, one of the following holds.

(A1) Go <TLi(p9).

(A2) Go stabilises the decomposition V = V,(p) & V,(p).
(A3) Gy stabilises the decomposition V = V5(q) @ V,(q).
(A4) SL,(t)< Gy and p = t?" = q" where n > 2.

(A5) SLy(t) <Gy and p? = 1% = ¢

Assuming that (A1) and (A5) do not hold, and also that
Go £ TL1(p") 2 G2 when (A2) holds, we can prove the following.

If (A2) does not hold, then only Examples (2), (3), (4) or (5) arise.
If (A2) holds, then Examples (1) and (2) arise, as well as finitely
many other examples.
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But this is not true in general!

Let V = V4(3). Suppose that either
@ d =5 and Gy = My; with subdegrees 132 and 110, or
Q d=4and Gy = Mg~ As.2~Q,(3).2.

Then there is a partial linear space S with Aut(S) =V : Go.
@ Each point lies on 12 lines.
@ The former has 243 = |V/| lines and line size 12.
@ The latter has 162 = 2|V/| lines and line size 6.

Is there a geometric description for these examples? Ideas are
welcome!



