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Motivation

Minkowski spacetime

>

Conformal structure:

Foliate by hyperboloids M:

v

9=49,

K =—j

Asymptotically flat/simple spacetime

» Conformal structure
asymptotically Minkowskian
» CMC hyperboloidal slice M:

» At conformal boundary
Riem[g] - —id, K — —g

» try K = -3
» Shear-free condition
— necessary for regular ZT



Goal: Construct CMC hyperboloidal data

Data (g, K) on M satisfies
» (CMC) extrinsic curvature K = —g + 3 with try ¥ =0
» (H) metric g is “asymptotically hyperbolic” and ¥ decays

» Constraint equations are satisfied
Rlgl—|Z2+6=0  divyS =0

» (SF) “Shear-free condition” holds
First work:
» [ACF] Andersson, Chrusciel, Friedrich: ¥ = 0, regularity
» [AC1], [AC2] Andersson, Chrusciel: ¥ # 0, (SF) necessary
Main issues:
» regularity at conformal boundary

» ensuring shear-free condition



Analysis in asymptotically hyperbolic setting

» M =int(M)

» defining function p € C*°(M)

> weighted spaces Cy*(M) = p’C**(M)
Metric g is C* asymptotically hyperbolic if

» conformally compact: g := p’g € C*(M)

> |dplg > 1at OM <« Riem[g] - —id

Scalar equation Au = f
> Au = pd,(pd, — 2)u + p* Ku+ ...
> A: C§+2’a — Cf’a Fredholm /invertible for 0 < § < 2

» resonances at p® and p? ~~ log terms in formal expansions



Boundary regularity for Yamabe problem
[ACF] study R[¢*g] = —6 with p?g € C°°(M) using

1 3
Ay == Z¢d
s6= g Rlglo + [0
With ¢ = 1 4 w this becomes

(p0p +1)(p0p = 3)u+--- = Rlg] + 6 +Q(u).
——
O(p)

Lessons:
» solution u € CT°(M)
~ decay of scalar curvature determines weight
Land p3
~~ possible that u € C?(M), but not C3(M)

~~ obstruction to smoothness is “shear tensor”

> resonances at p—



Boundary regularity for CMC constraints

[AC1],[AC2] extend [ACF] analysis to CMC constraints:

» Use conformal method in strongly AH setting
(p*g smooth, C*< with k > 2)

> “Generic” solutions have polyhomogeneous formal
expansions » ., ;i ©’ (log p)*, are not smooth on M

» Smoothness on M requires shear-free condition:
p (traceless K') = traceless Hessz(p) along OM  (SF)

» (SF) is necessary for spacetime develoment with regular Z+

» “Most” solutions constructed in [AC1] do not satisfy (SF)
Needed:

» a regularity class where the conformal method closes

» a way to build shear-free condition in to conformal method



CMC conformal method

v

Fix a metric g and tensor traceless tensor p. Seek initial
data of the form

otg, L=0"(u+ DyW); D,W = tracefree Ly g

v

Constraints satisfied in ¢ and W satisfy the elliptic system
D;DyW = —divy p

1 1 _ 3
Aggp = 3 Rlglo — g‘ﬂ + DgWE(f’ T+ 1455

v

Want a regularity class of metrics that is

» strong enough for elliptic theory and defining (SF)
» weak enough that g — ¢*X closes

v

Want a conformally invariant expression of (SF)



Regularity classes: previous work

Andersson & Chrusciel [AC1]

» “ . .introduce a large number of function spaces, probably
more than seems reasonable at first sight”

» detailed description of boundary regularity

Gicquaud & Sakovich [GS]

» local Sobolev spaces



Intermediate Holder spaces

Fix metric h € C*°(M); associated AH metric h = p~2h on M

» For covariant 2-tensors: |u..|; = p~2|u..|; thus
ue L®(M) < wueL(M)=p*L®(M)
>u€Ck(M)if£ E—ueC’O( yfor i <k, |XlzS1
» u e CK(M) if £X1 ...LXlu e CO(M) for 1<k, |X;|n<1
Hybrid spaces: 2-tensor u € €**™ (M) if

P

—_———
p<k—m q<m

Lx, .. Lx, Lx, .. Lx, ueCy*(M)
N —’

E*m (M) is intermediate to Cg’a(M) and C**(M)

Note: These are not the Vy, spaces of Melrose—Mazzeo



Weakly asymptotically hyperbolic metrics

Mantra
» “high” interior regularity
» “low” boundary regularity
Defn: g is weakly asymptotically hyperbolic of class €% if
> g =p’g € CH (M)
> g e Ch(M) — geL=(M)
» Lyge O ) —  geWL(M) c ()
> |dplg =1 along OM
» Riem[g] — —id

A—, Isenberg, Lee, Stavrov Allen

» Such regularity is sufficient for elliptic theory



Elliptic theory

Previous work in asymptotically hyperbolic setting
» edge calculus [Mazzeo]
» geometric approach: [Andersson], [Lee]

» all require at least C? conformal compactification

We adapt the geometric approach of [Lee]
» Let g weakly AH of class %!

» P is a second-order geometric elliptic operator arising from
g then
P: CP*(M) — CF (M)

P: WEP(M) — WEP(M)

are Fredholm of index zero for all § in “Fredholm range”



Elliptic theory, continued

Key ideas of proof

» Fredholm range determined by model operator ]5,
corresponding to hyperbolic metric.

» Interior C¥® regularity — elliptic estimates, etc.

» Boundary C%! regularity — parametrix construction

Application to constraint equations
» We can solve the elliptic system in the conformal method
» Method closes: If g is weakly AH, then ¢*g also weakly AH.



The shear-free condition

We want to enforce
pY = traceless Hessg p  along OM. (SF)

Two issues:
» g weakly AH of class %! only implies g € C%1(M)

» Want to enforce (SF) in conformally invariant manner

Define g weakly AH of class %2 if g € €%2(M)
» g€ W2°(M) c CHY(M) ~ (SF) condition defined

» solution map g +— ¢*g closes (with some work; scalar
curvature)



Conformally-invariant shear-free condition

Define traceless tensor

Hg(p) = |dpl§ Dg(|dpl;* gradg p)

-~

+ Ydplg divg(|dplz grady p) (dp @ dp — §|dp|2g)

» Conformal covariance Hog(p) = 0~ >Hg(p)
» If g is AH of class €52 then

Hg(p) = traceless Hessgp along oM

Build in (SF) to pX = p¢p~2(u + DyW)
» Require Hg(p) to be leading order term of pu

» solve for “correction” DyW in more highly weighted space



Summary

Defined €%%™ weakly asymptotically hyperbolic metrics

» high interior regularity; limited boundary regularity

» Fredholm theory for associated elliptic operators

» Yamabe and CMC conformal method solution maps close
In the €%%2 weakly AH setting we can

> incorporate shear-free condition in to CMC conformal
method

» construct (and indeed parametrize) CMC hyperboloidal
data
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