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PI

wtt = 6w2 + t, t 2 C



Questions

• Do we know all possible solutions? 
• What are their global properties? 
• Is the solution space connected?



Okamoto’s Space of Initial Values

• Okamoto (1979) showed that the space of initial values of 
the Painlevé equations can be compactified and 
regularised after exactly nine blow-ups. 

• Sakai (2001) classified all equations (differential and 
discrete) with this property, thereby providing a set of all 
possible Painlevé systems. 

• We study Okamoto’s space of initial values in the 
asymptotic limit  



Boutroux’s Coordinates
Boutroux (1913)  showed that

w(t) = t1/2u(z), z = 4t5/4/5

transforms PI to
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A perturbation of an elliptic curve: 
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In the projective plane
Affine coordinatesz }| {
[1 :

u011

u010
:
u012

u010
] ,

Homogeneous coordinatesz }| {
[u010 : u011 : u012]

u010 = 0 , L0

[u�1
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First chart:
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2 : 1] = [u031 : u032 : 1]



Transformed PI

(
u̇021 = �u021u022 + 2(5z)�1u021

u̇022 = u021 + 6u�1
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031u

3
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b0 : u031 = 0, u032 = 0Base point:



Blowing up

from JJ Duistermaat, QRT maps and elliptic surfaces, Springer 2010 



First blow-up
[1 : u111 : u112] = [1 : u031/u032 : u032]

[1 : u121 : u122] = [1 : u031 : u032/u031]
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Base point: b1 : u111 = 0, u112 = 0

L1 : u112 = 0, L(1)
0 : u111 = 0
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Exceptional lines
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Between first and eight blow-ups
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The base points and 
blow-up coordinates 
as the same as those 
of the anti-canonical 
pencil (the 
autonomous 
system). But the 9th 
base pt is 

b8 : u811 = �28/(5 z), u812 = 0



Ninth blow-up I
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Ninth blow-up II
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• There are no further base points. 
• The zero set of the denominator gives  
• The Painlevé vector field is regular and 

transversal to

L(9)
0

L9



Intersection diagram

, E(1)
8

L9



A snapshotThe Phase Space



PII28 Constr Approx (2014) 39:11–41

Fig. 1 The 9-point blow up of P2(C) showing the configuration of the exceptional curves. The numbers
represent the self intersection of the lines they are adjacent to. The configuration of the irreducible divisors
(the infinity set) is that of the root lattice E

(1)
7 (see Fig. 2). The dashed lines indicating L

(3)
6 and L9 are

the pole lines, where the vector field is transversal to the line and a crossing indicates a pole of residue ±1
for u

Fig. 2 The Dynkin diagram for E
(1)
7 ; the numbers i indicate the line Li which gives rise to the node. The

nodes j and k are connected when L
(9−j)
j intersects L

(9−k)
k

The resolution of the Boutroux-Painlevé system can be seen in Fig. 1, and can be
summarized by the following diagram, where we omit the coordinate charts which
are free from base points:

(u02, v02) = (u/v,1/v)
(0,0)←−− (u12, v12)

(0,0)←−− (u21, v21)

(1/2,0)←−−−− (u31, v31)
(0,0)←−− (u41, v41)

(−1/4,0)←−−−−− (u51, v51)

( 1−2α
12z ,0)

←−−−−− (u61, v61),

(u01, v01) = (1/u, v/u)
(0,0)←−− (u72, v72)

(0,0)←−− (u82, v82)
(0, 1+2α

3z )
←−−−−− (u91, v91).

Here the label above each arrow represents the base point that is blown up in the
preceding coordinate chart.

Remark A.1 The following blow up calculations are provided in explicit detail for
completeness. The essential information for proofs in the body of the paper can be
found in Eqs. (5.1) and Table 1.

Author's personal copy

Howes & Joshi, 2014

E(1)
7
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PIV

ASYMPTOTIC BEHAVIOUR OF THE FOURTH PAINLEVÉ TRANSCENDENTS 3

For each z ̸= 0, and each (u0, v0) ∈ C2, there is a unique solution of (2.2) with
the initial conditions u(z0) = u0, v(z0) = v0. Since the solutions will have poles as
well, it is natural to consider the solutions as maps C → CP2. However, in this
setting, points in CP2 where infinitely many solutions pass for any given z0 ̸= 0
appear. Such points are called base points.

For our consideration, we need to construct the space of initial conditions [Gér1975],
where graph of each solutions will represent a separate leaf of the foliation. The
spaces of initial conditions for all six Painlevé equations are constructed by Okamoto
in [Oka1979]. The solutions are separated by blowing up the singular points.

In this paper, we apply the same construction to (2.2). The calculation details
can be found in Appendix A, and now we describe the main steps in that resolution
process.

Resolution of singularities. System (2.2) has no singularities in the affine part
of CP2. However, at the line L0 at the infinity, as it is calculated in Appendix A.1,
the system has three base points: b0, b1, b2, whose coordinates do not depend on z.

In the next step, we construct blow ups at points b0, b1, b2. In the resulting space,
we obtain three exceptional lines which we denote by L1, L2, L3 respectively. The
induced flow will have one base point on each of these lines, denote them by b3,
b4, b5 respectively. Their coordinated so not depend on z. See Appendix A.2 for
details.

Next, blow ups at points b3, b4, b5 are constructed. The corresponding excep-
tional lines are L4, L5, L6. On each of these three lines, there is a base point of
the flow. We denote them by b6, b7, b8. The coordinates of these points depend
on z and they approach to the base points of the autonomous flow as z → ∞. See
Appendix A.3 for details.

Finally, blow ups at b6, b7, b8 leave the flow without the base points. The
exceptional lines are denoted by L7(z), L8(z), L9(z).

By this procedure, we constructed the fibers F(z), z ∈ C ∪ {∞} \ {0} of the
Okamoto space O for the system (2.2), see Figure 1. We denote by L∗

i the proper
preimages of the lines Li, 0 ≤ i ≤ 6.

L∗
0

L∗
1 L∗

2 L∗
3

L∗
4

L7(z)

L∗
5

L8(z)

L∗
6

L9(z)

Figure 1. Fiber F(z) of the Okamoto space.

The set where the vector field associated to (2.1) is infinite is I = L∗
0 ∪ · · ·∪L∗

6.

The autonomous system. The fiber F(∞) of the Okamoto space will correspond
to the system obtained by omitting the z-dependent terms in (2.2):

(2.3)
u′ = −u(u+ 2v + 2),

v′ = v(2u+ v + 2),

Joshi & Radnovic, 2016

E(1)
6
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The infinity set and the limit set
For z 2 C\{0}

• Let S =
S
S9(z)

I(z) :=
S8

i=0 L(9�i)
i (z)• The infinity set is 

• For each solution U(z) 2 S9(z)\I(z), let ⌦U denote the set of

and U(zj) ! s as j ! 1

s 2 S9(1)\I(1) s.t. 9zj 2 C with zj ! 1



Global results for PI , PII , PIV, PV

• The union of exceptional lines is a repeller for the flow. 
• There exists a complex limit set, which is non-empty, 

connected and compact. 
• Every solution of PI , every solution of PII whose limit 

set is not {0}, and every non-rational solution of PIV 
and PV intersects the last exceptional line(s) infinitely 
many times => infinite number of movable poles and 
movable zeroes in every neighbourhood of the limit 
point.

Duistermaat & J, Arch Rational Mech. Anal 2011
Howes & J, Constr. Approx 2014
J & Radnovic, Constr. Approx 2016 J & Radnovic, 2016



Special Solutions              
                  
             
  

                 
                    

                
  

           
             
            



Fornberg and Weideman 2009



Sectors

Fornberg and Weideman 2009



Consider PI

wtt = 6w2 � t w(t), t 2 R
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Hidden Solutions of PI

• Solutions asymptotic to

⇧± =
n

(x, y)
�

�

x > 0, y = ±
p

x/6
o

have formal expansions

yf =
x

1/2

p
6

1X

k=0

ak

(x1/2)5k

ak =
k!1

�2 c((k � 1)!)2
⇣
25/(8

p
6)
⌘k

The coeffts ak are important in 2D quantum gravity (Di Francesco, 
Ginsparg, Zinn-Justin 1994).



The Real Tritronquée

• Theorem:  ∃ unique solution Y(x) of PI which has 
asymptotic expansion

๏  Y(x) is real for real x 
๏  Its interval of existence I contains ℝ 
๏  Y(x) lies below Π- 
๏  It is monotonically decaying in I.

yf = �
r

x

6

1X

k=0

ak

(x1/2)5k
, in | arg(x)|  4⇡/5

From Joshi & Kitaev Studies in Appl Math (2001)

and



What about discrete Painlevé equations?



Symmetric dP1

wn+1 + wn + wn�1 =
↵n+ �

wn
+ �

• Consider                by taking local iterates in a nhd 
    of infinity:

n ! 1

J. 1997
Vereschagin 1995

Fokas, Its & Kitaev 1991

n = ⌘2 +m, ⌘ = ✏�1/2 ! 1

J. & Takei 2016



Algebraic geometry of Painlevé equations 2.3. Picard group

⇡

u
v v

u
1

u

1

v
1

v

1

u
u

v

hv � e1 � e3

hv � e5

hu � e1

hu � e3 � e5

e1 � e2e2

e3 � e4

e4 � e6

e6 � e8

e8

e5 � e7 e7

hv

hv

hu hu

FIGURE 2.1. The blow up of (2.7), displaying the 4 charts

of P1⇥P1 and the proper transforms of some relevant curves

on the rational surface X .

(u, 1/v) = (0, 0)1  (uv, 1/v) = (2↵n + � + c, 0)2 (2.48)

(1/u, 1/u) = (0, 0)3  (u/v, 1/v) = (�1, 0)4  (v(u + v)/u, 1/v) = (��, 0)6

(2.49)

 (v(�u + uv + v2)/v, 1/v) = (��2 � ↵ + 2c, 0)8

(2.50)

(1/u, v) = (0, 0)5  (1/uv, v) = (1/(2↵n� ↵ + � � c), 0)8 , (2.51)

Where the subscripts of the brackets indicate the number of the base point. The

blow up is summarised in Figure 2.1.

We now consider the induced map on the basis elements of the Picard group.

The advantage of considering the induced mapping on the Picard group is that it

becomes a linear mapping. We must determine how each e
i

, as well as h
u

and h
v

,

are mapped. The most direct way is to work with the each e
i

and a representative

of each h
u

and h
v

. We can take the images of these curves and compute the degree

of the resulting image (thus finding the coefficients of h
u

and h
v

of the image) and

35

degenerate autonomous limit

Initial Value Space of dPI



Algebraic geometry of Painlevé equations 2.3. Picard group

⇡

u
v v

u
1

u

1

v
1

v

1

u
u

v

hv � e1 � e3

hv � e5

hu � e1

hu � e3 � e5

e1 � e2e2

e3 � e4

e4 � e6

e6 � e8

e8

e5 � e7 e7

hv

hv

hu hu

FIGURE 2.1. The blow up of (2.7), displaying the 4 charts

of P1⇥P1 and the proper transforms of some relevant curves

on the rational surface X .
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(2.50)

(1/u, v) = (0, 0)5  (1/uv, v) = (1/(2↵n� ↵ + � � c), 0)8 , (2.51)

Where the subscripts of the brackets indicate the number of the base point. The

blow up is summarised in Figure 2.1.
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Late Terms
For an asymptotic series

✏ ! +0

with factorially growing coefficients, we write

f(z) ⇠
1X

n=0

✏n fn(z),

fn(z) ⇠
F (z)�(n+ �)

�(z)n+�



Remainder
It follows that 

f(z) =
NX

n=0

✏n fn(z) +RN (z)

implies
RN (z) ⇠ SF (z) e��(z)/✏,

with Stokes lines following

=
�
�(z)

�
= 0

See e.g. Olde Daalhuis et al 1995



Scaling
(
w2k = u(s)

✏1/2

w2k�1 = v(s)
✏1/2

s = ✏n

�
v(s+ ✏) + u(s) + v(s� ✏)

�
u(s) = ↵ s+ ✏ � + ✏1/2 � u(s)

�
u(s+ ✏) + v(s) + u(s� ✏)

�
v(s) = ↵ s+ ✏ � + ✏1/2 � u(s)

• dPI becomes

• Series expansions as ✏ ! 0

u(s) ⇠
1X

m=0

✏m/2 um(s)

v(s) ⇠
1X

m=0

✏m/2 vm(s)

J. & Lustri 2015



Types of solutionsSeries Solution

! Type A:

u ∼ ±
√
−αs +

γϵ1/2

2
∓

(4β − γ2)ϵ

8
√
−αs

+ . . .

v ∼ ∓
√
−αs +

γϵ1/2

2
±

(4β − γ2)ϵ

8
√
−αs

+ . . .

! Type B:

u = v ∼ ±
√

αs

3
+

γϵ1/2

6
∓±

√
3(12β + γ2)ϵ

72
√
αs

+ . . .
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Late-order terms: Type A

um ⇠
⇤1 �(

m�1
2 )

(i⇡ s/2)
m�1

2

+
⇤2 �(

m�1
2 )

(�i⇡ s/2)
m�1

2

vm ⇠
⇤3 �(

m�1
2 )

(i⇡ s/2)
m�1

2

+
⇤4 �(

m�1
2 )

(�i⇡ s/2)
m�1

2

u(s) ⇠
N

oX

m=0

✏m/2um(s) + S1 ⇤1(�i)s/✏ + S2 ⇤2 i
s/✏

• Optimal truncation



Stokes Sectors: Type A8

<(s)

=(s)

S1 = S2 = 0

S1 = S2 = 0

S2 = 4

S1 = 4

No contrib

Exponentially Small contrib

Branch Cut

Stokes Line

Anti-Stokes Line

Joshi & Lustri 2015



Symmetric dP2

wn+1 + wn�1 =
(↵n+ �)wn + �

1� w2
n

There are two scalings: 

(i) wn = ✏fn

(ii)wn =
gn
✏



Stokes Sectors Type (i)

Joshi, Lustri & Luu 2016



Stokes Sectors Type (ii)

Joshi, Lustri & Luu 2016



q-discrete Painlevé equations



qP1

e2

e5-e7

e4-e8
e8

hv - e1-e3

hu -e2-e4

hv -e4 -e6

P1 ⇥ P1

A7
(1)

hu-e3-e5

J & Lobb, 2016

e7

e3-e5

e1



qP1

) ww =
1

w
� 1

⇠w2

�
qPI

�

w = w(q ⇠), w = w(⇠), w = w(⇠/q)

y00 = 6 y2 � tPI:   in continuum limit.  7!



Behaviours near fixed points 
w ⇠ w, w ⇠ w, |⇠| ! 1

) w4 = w +O(1/⇠)

) w =

⇢
! +O(1/⇠)
O(1/⇠)

!3 = 1

• qPI is invariant under rotation by argument 2π/3, so     can be 
replaced by unity.  

• The second case lies in neighbourhood of a merger of two 
base points: (1/ξ ,0), (q/ξ , 0).

!



• Near                                           a formal series solution 

where

Near zero
w = 1/⇠, w = q/⇠, 9

w(⇠) =
1X

n=1

bn
⇠n

b1 = 1, b2 = 0, b3 = 0

bn =
n�2X

r=2

r�1X

k=1

n�r�1X

m=1

bk br�k bm bn�r�mq(r�2 k), n � 4



Divergence

The coefficients of the asymptotic series grow very fast:

b3 p+2 = 0, b3 p+3 = 0, 8p � 0

b3 p+1 =
p!1

O
 
|q|3 p (p�1)/2

p�1Y

k=0

�
1 + q�3k

�2
!
, |q| > 1

so the series diverges for all ⇠, except 1/⇠ = 0



Quicksilver solution

• The vanishing solution occurs in a neighbourhood of 
two merging base points.  

• Although the series expansion is divergent, we can 
prove a true solution exists with this behaviour. 

• We gave it a new name: quicksilver solution 

• It is unstable in initial-value space.

Joshi, Stud Appl Math (2014)



Summary

• Global dynamics of solutions of non-linear 
equations, whether they are differential or discrete, 
can be found through geometry. 

• Questions about global dynamics of discrete 
problems remain open. 

• Special transcendental solutions give rise to Stokes 
phenomena in asymptotic limits. 

• Connection problems for q-discrete Painlevé 
equations remain unsolved. 

• Tantalising questions about finite properties of 
solutions remain open.


