
ISSN numbers are printed here 1

Problem session in 3 and 4-manifold topology

BIRS participants

BIRS Parameterized Morse Theory in

Low-Dimensional and Symplectic Topology

Abstract

Questions from the 3 and 4-manifold topology problem session at BIRS (Banff) 2014 Parameter-

ized Morse Theory in Low-Dimensional and Symplectic Topology workshop. Written-up by Ryan

Budney and Robin Koytcheff.

AMS Classification numbers Primary:

Secondary:

Keywords:

Copyright declaration is printed here



2 BIRS participants

1 Problems

(1) (Auckly) Give an example of a pair of simply-connected 4-dimensional manifolds M, N which

are homotopy equivalent, such that M#S2 × S2 and N#S2 × S2 are not diffeomorphic, but where

M#S2 × S2#S2 × S2 and N#S2 × S2#S2 × S2 are diffeomorphic. Comment: No such examples are known.

See Auckley-Melvin Embedded S2 ’s in 4-manifolds.

(2) (Baykur’s restatement) Given a pair of homeomorphic but not diffeomorphic closed 4-manifolds

M , N , can one go between them via a ‘log transform’?

(3) (Kirby) If a 4-manifold does not admit an almost-complex structure, is it a connect-sum?

(4) (Gay) Given a Morse function f : M → R , find a lower-bound on the complexity of the Cerf

graphic connecting f to − f in terms of the combinatorial data in f .

(5) (Budney) If a 3-manifold M embeds smoothly in S4 , it decomposes the 4-sphere into two

4-manifolds V1 and V2 having M as their common boundary. Can one ensure, after possibly re-

embedding M in S4 that π1V1 and π1V2 have solvable word problems? Comment: There are explicit

examples of 3-manifolds in S4 where either (or both) π1V1 and π1V2 have unsolvable word problems.

See Dranishnikov and Repovs (1993). There are also examples due to Gompf for M = S3 where V1 has

trivial fundamental group, yet the presentation from the standard height function on S4 is not known to be

Andrews-Curtis trivializable.

(6) (Thompson) A knot which lives on the Seifert surface of the trefoil has a lens space surgery. Is

such a knot fibred? Comment: Ken Baker answers in the positive.

(7) (Teichner) Do 4-manifolds have ‘Heegaard splittings’ in the sense that they are twisted doubles

of (4, 2)-handlebodies?

(8) (Gay) Compute a trisection genus of a 4-manifold that is 3 or larger. Comment: This represents

the problem of trying to find computable lower-bounds on the trisection genus.

(9) (Baykur) Compute the broken genus of a connect sum of CP
2 and K3 .

(10) (Scharlemann) Given 2/3 of a trisection diagram of a 4-manifold, if the boundary is S3 is this

enough to conclude the 2/3 trisection diagram is the standard D4 ?

(11) (Gay) Does there exist a notion of ‘framed’ Morse 2-function, i.e. something making the space

of such functions contractible in analogy to K. Igusa’s work? Comment: Eliashberg says yes.

(12) (Johnson) What are the 3-manifold boundaries of 2/3 a trisection diagram?

(13) (Auckley) Find more accurate lower-bounds on the Martelli complexity of smooth 4-manifolds.

(14) (Eliashberg) Given an almost-symplectic M4 , ω ∈ H2M with ω
2 6= 0 with an almost-complex

structure, does there exist a surface Σ ⊂ M such that Σ
∗ ∈ H2M is a multiple of ω , and a

branched cover of (M, Σ) admits a symplectic structure such that Σ is a symplectic surface in the

cover? Comment: This is the algebraically symplectic implies virtually symplectic problem.

(15) (Baker) Does there exist an infinite family of fibred knots in S3 such that the same surgery

produces the same manifold?

(16) (Johnson and Baker) Characterize fibred tunnel number one knots.
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(17) (Melvin) Which lens spaces have surgery number 2? i.e. one can realize them as integer

surgery on a link in S3 with 2 (but not less) components.

(18) (Budney) Let Kn = { f : R → Rn, f (x) = (x, 0) ∀x /∈ [−1, 1]} . The maps f are required to be

C∞ -smooth embeddings, and we give the space Kn the C∞ -topology. The inclusion Rn → Rn+1

gives an inclusion Kn → Kn+1 . A classical argument all topologists are familiar with is that all

smooth embeddings S1 → S4 are isotopic. In this context, that argument provides two null-

homotopies of the inclusion Kn → Kn+1 . The first null-homotopy comes from perturbing the

knot in the positive orthogonal direction Rn × {0} ⊂ Rn+1 and then applying the straight-line

homotopy in the Rn × {0} factor. The second null-homotopy comes from using the negative of

that bump function. The two maps together give a map

Kn → ΩKn+1

Is this map null-homotopic? i.e. are the two ways of trivializing knots from Kn in Kn+1 distinct?

Comment: If it is null-homotopic, can you find two canonical ones? And does the map Kn → Ω
2Kn+1

induce an isomorphism on the lowest-dimensional homotopy group? The first non-trivial homotopy group

of Kn is in dimension 2n − 6, and is isomorphic to Z for n ≥ 4.

(19) (Baykur) Does every simply-connected smooth 4-manifold admit an involution with 2-dimensional

fixed-point set?

(20) (Auckley) Given a cusped hyperbolic 3-manifold M , all but finitely-many fillings are hyper-

bolic, and for all but finitely many fillings, the filled manifold M′ has an isometry group which

embeds in the isometry group of M , i.e. Isom(M′) ⊂ Isom(M) . Find examples of exceptional

surgeries where Isom(M′) does not embed in Isom(M) .

(21) (Budney) Is there an algorithm to recognize a triangulated S4 ? In dimension 3 there is the

Rubinstein-Thompson algorithm. In dimension n ≥ 5 it is not an algorithmically-solvable problem

(Nabutovsky).

(22) (Budney) Is there a reasonable theoretical criterion for a smooth 4-manifold to fibre over S1 ?

In dimension 3 there are two such theorems, the Stallings theorem which states that all one needs

is an epimorphism π1M3 → π1S1 with finitely-presented kernel. There is also Schleimer’s disser-

tation which gives an algorithm to decide (assuming M has a triangulation). In high dimensions

there is the Farrell fibering theorem, which uses the language of surgery theory.

(23) (Budney) If a 3-manifold embeds smoothly in a homotopy 4-sphere, does it embed smoothly

in S4 ? Comment: replace 3 and 4 by n and n + 1 and the answer is affirmative for all n 6= 3. If

the answer to this question appears to be negative, it could provide a strategy to recognize non-standard

homotopy 4-spheres.

(24) (Baker) Let K1 and K2 be a pair of homotopic knots in a 3-manifold M and K∗
1 , K∗

2 be a pair

of homotopic knots in M∗ such that for some non-trivial slope r , Ki(r) (filling) is homeomorphic

to M∗ with surgery dual K∗
i . Because they’re homotopic, it makes sense to talk about the same

surgery slope for both K1 and K2 . Must one of the pairs K1, K2 or K∗
1 , K∗

2 be isotopic? Perhaps up

to an orientation-preserving automorphism of M or M∗ .

(25) (Baker) Which strongly quasipositive knots are fibred? Comment: Given an SQP knot in an SQP

presentation, is there an efficient way to determine if the knot is fibred? Is there a monotonic simplification

within SQP presentation to easily determine if a knot is fibred?
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(26) (Baker) Is there a reasonable generalization of A’Camo’s links of divides to obtain knotted

spheres or other surfaces in S4? Similarly in higher-dimensions?

(26) (Zupan) Use morse 2-functions to find a notion of thin position for 4-manifolds.
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