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The Cucker-Smale model




FLOCKING AND SYNCHRONIZATION

e The Cucker-Smale model: IEEE Trans. Automat. Control (2007):

N
ax; vy K
j:Viv dtI:sz_;?/J(Xj_XiD(Vj_Vi)-

relaxation

where v is a communication weight (modeling issue):

C-S communication rate : W(|x— x|) = ( !

1+ xi — x;[2)8° p=20



FLOCKING AND SYNCHRONIZATION

1 1
lo=5 D> Po—xXo, Moi=5 > [vio—vl?,

1<ij<N 1<ij<N
1
= —— > .
e Theorem: (Cucker-Smale '07) Asymptotic flocking occurs if

(1) 8 < = : No conditions on Iy, Ag;
(if) B =

Remark. N-dependence and special 1.

: Conditions on I'g, Ag :

e References: Cucker-Smale, Shen, Ha-Tadmor, Ha-Liu, Ha-Lee-Levy,
Carrillo-D’Orsogna-Panferov, Degond-Motsch, Duan-Fornasier-Toscani,
Carrillo-Fornasier-Rosado-Toscani, Ahn-Ha, Bolley-Canizo-Carrillo,
Motsch-Tadmor, Agueh-lliner-Richardson, Ha-Jung-Slemrod, - - -



FLOCKING AND SYNCHRONIZATION

Synchronization

"Synchronization (=syn (same, common) + chronous (time))" is
an adjustment of rhythms of oscillating objects due to their
weak interaction.

o Examples:
e Flashing of fireflies in South-East Asia

e Firing of coupled cardiac pacemaker cells (heart’s
contraction)
e Synchronous firing of many neurons (Parkinson’s disease)

e Hands clapping in a concert



The Kuramoto model
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The Kuramoto model

Consider a weakly coupled limit-cycle oscillators {x; = ¥V~ 1%/}
rotating along S with natural frequency Q; which is randomly
drawn from some probability distribution with a density g().
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e Dynamics on S': (Phase dynamics)

xx € S' : position of k-th oscillator = e/%.

State of system is determined by the dynamics of 6.

When there is no coupling(interaction) K = 0,

0x = Qx(natural frequency), i.e. 6k(t) = Oxo + Qut.
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e The Kuramoto model ('75).
do; K
] . .
mZQ/+NjE1SIn(9j—9/)7 t>0, i=1,--- /N

If there is no coupling K = 0,

0i(t) = 0,(0) + Q;t, no synchronization.
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Similarity between the C-S and Kuramoto models

e The C-S model

j=1
e The Kuramoto model

: K

Or=wi, wi=y 121: cos(0) — 0)(wj — wi)-

e C-S v.s. Kuramoto

(xi,vi) <= (6j,w).



TOPICS TO DISCUSS

Topics to address today

e From a mechanical model to C-S model
e The complete synchronization problem
e The local flocking problem
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From a mechanical model to the C-S model

C-S model is a phenomenological model, but it can be derived from
some mechanical model via singular perturbation.

e A mechanical model of particles on a line with a constant friction
coefficient.

N
dX/ dVi K ’ .
v Vi, G N ; ©'(Xj — X;) — Vi, ¢ COnvex.

Taking the time-derivative of the second equation

d?v; ;
Sty



TOPICS TO DISCUSS

In the formal zero mass limit ¢ — 0, we recover the C-S model:

dt
(% = xi) =" (x5 = X)-

N
ax; dv K
=L — vy, I_NIZ: (1% — xi))(v; — vi),

cf. Ha-Slemrod: J. Dynam. Differential Equations "10 via the Tikhonov theory
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KURAMOTO AND CUCKER-SMALE MODELS

ToPICS TO DISCUSS THE COMPLETE SYNCHRONIZ

e Extension to the multi-D setting: (Ha-Lattanzio-Rubino-Slemrod '10)

o
dt

The same formal procedure yields

&,
dt - Iy \
Qi K8 1
a NZ[ ri i
j=1
; :
_ K 7 _ V()
= N;[«(ru)(v, v+ (g

dv, K
i -
=V, Edt—N;vx@(Xj_Xi)_Via o(x) = @(|x])-
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For a harmonic potential $(|x|) = %, we have

¥(|x]) =1: C-S model.

Note that ,
3(r) = 5(s)d
3(r) /0 sii(s)ds

We impose conditions for :

¢ >0, >0, |Im1/)() R; > 0.

r—0+

Examples.
B(ry=e"T7, @(r)=r>+rt
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The complete synchronization problem

Consider the Kuramoto model:

do;

K N
mQ,JrN;s.n(ej—ei), i=1,---,N,

subject to initial data
0i(0) = bio.

where Q;, K > 0, N are given constants satisfying

N
Z Q;=0.
i=1



THE COMPLETE SYNCHRONIZ

e Static questions:

N
Z =0, > =0, i=1,--- N,

Z\R

1. Are there solutions for the above system ? (Existence)
2. If yes, how do they look like ? (Structure)

e Dynamic questions:

1. Are phase-locked states stable ? (Stability)

2. If phase-locked states can emerge from initial
configurations, how does the relaxation process look like ?
(Relaxation)

cf. Mirollo-Strogatz(’05, '07), Aeyels-Rogge '04, De Smet-Aeyels 07, - - -



THE COMPLETE SYNCHRONIZ

e Simple observation:

1. 1f |Q;] > K, then there is no solution at all.

2. One solution generates a one-parameter family of
solutions:

0 =(01,---,0y): solution —
0+cl=(01+c,---,0y+c) : solution.



FLOCKING AND SYNCHRONIZATION THE KURAMOTO AND CUCKER-SMALE MODELS TOPICS TO DISCUSS THE COMPLETE SYNCHRONI?Z

Definition: Let P = {(6;,w; := 6;)}", be the system of
Kuramoto oscillators.

1. The system P has asymptotic complete phase
synchronization if and only if the following condition holds.

iim [6,(6) — 0,01 =0, ¥ i #].
t—o0

2. The augmented Kuramoto system P has asymptotic
complete frequency synchronization if and only if the
following condition holds.

im |wi(t) —wi()| =0, ¥ i#].
t—o00
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e Formation of asymptotic synchronization

t=c

/



Problem and Strategy
e Problem:

Find conditions for initial configurations and parameters leading to
complete synchronization.

o Strategy:
1. Consider the Lyapunov functionals: diameters of the phase and
frequency configurations:

DE(1) = max, [6:(1) ~6(D]. if DE(D) <.
D(() = max, [ui(t) —wy(t)]

2. Derive Gronwall’s inequalities for D(6) and D(w).

3. Finally we show

lim D(O(t)) =0,  lim D(w(t)) = 0.

t—o0 t—oo



A framework for exponential complete synchronization

e (H1) The oscillators are non-identical and the coupling
strength is sufficiently large such that

D(Q) > 0, K > D(Q).

e (H2) Initial phase fluctuation is sufficiently small so that
Dy < Df°,

where D < (0,7%), i=1,2 are the roots of the following
trigonometric equation:
D(©)

T:sinx, xe(O,w).
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e Theorem: H-Ha-Kim ’10

Suppose the main assumptions (H1) -(H2) hold, and let (¢;) be
the smooth solutions to the Kuramoto system with initial phase
configurations (0;p). Then we have a complete frequency
synchronization:

D(w(t)) < D(w(0)) exp ( — K(cos D;>°)t), t>0.

Proof. Derive the Gronwall’'s inequality

gtD(w) < —K(cos D{°)D(w).

cf. 1. Preliminary result: H-Lattanzio-Rubino-Slemrod '10: N-dependence
2. Chopra-Spong '09, Choi-Ha-Yun '10, Dorfler-Bullo "11
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Numerical simulation shows that for sufficiently large K,
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Derivation of the Adler inequality

e Lemma. Suppose initial data, natural frequencies and
coupling strength satisfy

O0<Dy<m D(Q)>0 K>Ks:=—F7
Then D(0) satisfies

() &0(0) <
(if) D(8(1)) < D, t> to.



e Theorem (Formation of phase-locked states): Choi-H-Jung-Kim
12

Suppose initial data, natural frequencies and coupling strength
satisfy

_ D)
0<Dy<m D(Q) >0, K>Ke'_M’

and let 6 be the solution to the Kuramoto model with initial data
fo. Then there exists fp such that

D(w(t))e™ 1) < D(w(t) < Dlw(t))e Mo BN-0), ¢ g,
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The flocking problem

"Finding sufficient conditions on parameters and initial data"
leading to flocking behaviors)".

dX,' dV,‘ N
— =V, = Z (Ix; = xi[)(v; — ).

where

-) > 0: Lipschitz continuous, non-increasing,
N

g
ZX,’ = 0, Z v, =0.
i=1 i=1
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e Definition

An interacting N-particle system {(x;(t), vi(t))} , exhibits
(velocity) asymptotic flocking <=
1. Formation of a group.

sup |xi(t) — xj(t)] < oo, Vi#]J.

0<t<

2. Velocity alignment.

lim vi(t) — v(6)] =0, Vi#].
t—o0
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Lyanpunov functional approach

We set

ol

]| = (inxfnz);, IvI| = (va,n)

Then ||x|| and ||v|| satisfy

‘dllxl\‘ <|vi dl|v]l

< —KulIx) v

We now introduce Lyapunov type functionals:

[Ix(D)]]
() = || V()| o = Kt/o ¥(25)ds.

i SYNCHRONIZ
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e Theorem: Ha-Liu 10: If (xo, vp) satisfies
Il <K [ ues)as.
[1%o]ls0

then for any global smooth solutions (x, v), there exists ry such that

7K)2
sup [ X(O)] < i, [IV(D)] < [|vol e

e Question: If initial configuration satisfies

[voll = K P(2s)ds

[IX0]loo

what will happen ? Numerical simulations suggest the
formation of local flockings, but how to prove it rigorously ?



Existence of local flocking

Consider the short range communication weight

2
, f>1, e %,

/OOO P(s)ds < oo, eg. P(s)=

(1Y

(1 + s?)

e Simple observation: Bi-flocking configurations for C-S model
can not achieved in finite time.

K N
0=v = Ngw(lxj—xil)(‘/j— vi) # 0.
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e A two-particle system on a line:

X1 =V, Xo=Vp, >0,

=Sl —xl)lve-—v) wv= K(\Xz = x1])(va — »y).

Then the differences x := x; — Xo, Vv := vq — v, satisfy

or equivalently

—Vo—K/ Y(lyl)d



e Easy theorem: If (xp, vp) satisfies

Vo > K/ w(|s))ds

then there is colorredno global flocking (formation of bi-flocking
configuration).

Proof. Suppose that
w= K [ u(lshds
Xo

Then we have

X

(f) 0o
Vit)=w—-K [ u(y)dy>K / “(lyl)dy
Xo x(t)

This implies the incompatibility of

sup x(t) < oo, I|m v(t)=0.
t>0 —0
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A formulation for bi-flocking groups

g1:{1a"'7N1}7 g2:{1;"'aN2}7 N1+N2:N,
(Xai, Vai) :  the state of i-th member in G,,.

e The C-S model:

X1 = ‘;}h Xoj = Vo, i=1,--- N, f:KL"',Nz,

vii = N Z D(|[X1k = xail]) (Vi — vai) + N Z (|| Xk — xai|]) (Ve — Vi),
keG4 kego

. K K ‘

i = > b(lxek — Xail[)(Vax — va)) + N D Ik — Xail[) (Vak — va))-
kego kegy

We introduce local averages and local fluctuations

1 1
X = —_— Xii, Xoe = —— Xoj,
1c ‘g1| E 1i 2c |gz‘ g 2j

i€Gq IS
1 1
Vie = @ZWh Vo = @szf
icg, 2l jeg,

Xoi = Xai — Xac, Vi = Vai — Xae, a=1,2.



e Macro-micro decomposition:

Xic = Vie, Xec = Vo,

Gilihe = — V(e — vee) — 3 32 3 il — xl (0 — %),

i€GqjEGs

. K K N -
|Ge|Vee = =~ W(D)(vVee — vic) — DD il — xill) (% — #40),

i€GqjEGs
where W(t) := 3 icg, > jeg, Y([|X2) — X1il|) and
X1 = i, X2/—V2/, =1 yNi j=1,-- Ne,
Vii=—tho+ N Z P( ||X1k — x1i|) (V1 — Wi)
kegy
ST e — Xl ok — 1) + ST (e — X0 (e — v
N 2k 1j 2k 1i N 2k — 11)( 2c — 10)7
keGo keGo
X N K A N
Vo= —Vee+ D W(l1Xex = xeil|) (Vax — V)
kego

e S 130k = 2O = 0) S il — ) (Vi — v,

kegy kegGy
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e Derivation of SDDI:

X = Kl + Rkl V=1l + (|l
Ay = |[X1c—Xcl[, Av:=]|

Vie — V20||a
where

1 1
A~ A~ 2 A A~ 2
||Xa|| = ( E ||Xai‘|2> > ||Va|| = ( E ||Vai||2) :

I€Ga i€Ga

X<V, |Ay <Ay,

v< 2Ry 2wy ),
; K¢m
Ay<——— WA, + M _y

1G1|G| C.(N)
A, > _ K ya Kiw

v— —F——=V,
1G1|G| C.(N)



o: Admissible class of initial configuration

S = {(x0, vo) € R?N . (H1),(#2) and (#3) hold}.

e (#1): Initially two approximate flocking groups are well-separated to
satisfy

vl > K [ w(v2ndr.

[Ixoll

e (#H2): Initial fluctuation of phase is small to satisfy

(5D v 0+ 2R 1) 0

e (#H3): There exists an index k € {1,--- ,d} such that

K+/M;(0) W}H ) el
V/C.(N)

(’) V1kc - V2c Z (1

(if) Xt — xg, > X,



e Theorem: Ha-Jung’12:

Let (x.i, Vai) be the solution to the macro-micro system with initial
data in S. Then we have

P (XYt
sup X (f) < Xy, H<O(1)max<e "z maxV¥(s
up (1) < Ay, V(1) < O(1) max { max u(s) .

A zAV(O)exp(fKHwnu) -l
A1) < A0) + 2O

C.(N)
Ax(t) > O0(1)(1 + 1).

IWJHL ,

cf. For C-S communication weight, V() < C(1 + t)~# (slow relaxation)



Conclusion

The Cucker-Smale flocking model and The Kuramoto model
have lots of common structures, and we provided a one unified

Lyapunov functional approach for flocking and synchronization
problems.

Thank you for your attention
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