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Introduction

In 1980 Bourgain and Delbaen introduced a new class of
Z>°-spaces providing counterexamples to a number of
outstanding conjectures.

More recently, variants of this construction have been used to
address other problems,in particular the following.

(Argyros—Haydon, Acta Math. 2011)

There is a Banach space on which every operator has the form
A+ K, with \ a scalar and K compact .
(Freeman—Odell-Schlumprecht, Math. Ann. 2011)

Every Banach space with separable dual embeds in a space
with dual isomorphic to ¢4.

Other speakers at this meeting will be presenting further results
that use the same basic framework. My hope in this talk is to
prepare the way, as well as giving a sketch of the
scalar-plus-compact space.
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A word about notation

The spaces X that we construct will be subspaces of /., (or

¢~ (") for various countable sets I'). Depending on the details of
the construction, /1 will be naturally identifiable with the dual
space X*, or with a subspace of that dual.

For this reason, we shall think of elements of ¢ as functionals,
using star notation * to remind ourselves of this. Elements of
L Will be called vectors. We use angle brackets for the action
of a functional on a vector:

(F,x) =Y f*(n)x(n).

neN

Notice the notation x(n) (resp. f*(n)) for the n" coordinate of x
(resp ).

Richard Haydon The Bourgain—Delbaen construction and its applications



The usual unit vector (0,0,...,0,1,0,...) may be denoted
either by e, or by e}, depending on whether we are thinking of
it as a vector or as a functional. In the latter case, it is the
evaluation functional satisfying

(en, x) = x(n).
If we are working with a countable set I', rather than with the
natural numbers, then €, etc will have the obvious meanings.

For the moment, however, let’s stay with N.
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The BD framework

It may help to start by considering a very general situation. Let
(d})nen be a Schauder basis for ¢4(N), and let (d,) be the
biorthogonal sequence of vectors in /.

The closed linear span X =sp(d, : n € N) is a separable
Z.-space whose structure (as it turns out) can be quite exotic.

Of course, if we take d; to be the usual unit vector e, the
biorthogonal vectors are just e, and X = ¢;.

If we go a little further and make a small perturbation, setting
d; = e}, — ¢, where sup, ||c;||1 < 1, then the sequence (d}) is
still equivalent to the unit vector basis of /1 and so X is still
isomorphic to ¢p.

To get something new and exciting, we shall look at a class of
large perturbations.
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BD-structures on countable sets

Let I be a countable set and let rank : ' — N be a function such
that each of the sets

Ap={yeTl :ranky=n} isfinite.

Write T = Uk<p Bk = {7 €T : ranky < n},
MM =r\ry={yer :ranky > 1}, and let
weight : " — [0, 1)
top : It — ball ¢4(T)
base : 't — ' U {undefined}
be further functions.
For v € I'* define di = e — ¢, where
c, =e; +0b*, resp. c=0b",

when 6 = weight~y, b* = top~y and £ = base~y € I (resp. when
base v is undefined.)
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The BD conditions

We shall say that the functions rank , weight , top , base form a
BD-structure on I if :

Qo SUp, ey weighty < 1;

© forall v € I'", rank base vy < rank «y (if base ~y is defined);

© forally € T, topy € sp(d; : rankbase y < rank7 < rank~).
A set I equipped with a structure of this kind will be called a
BD-set.

IfT is a BD-set, then the functionals d; form a basis of £1(")
and the biorthogonal vectors d, form a basis for a £,

subspace X(I') of £(I).

We shall see in due course conditions under which the dual of
X(T) is naturally isomorphic to ¢1(I).

Richard Haydon The Bourgain—Delbaen construction and its applications



The finite-dimensional decompositions

Although, by the above theorem, our spaces have Schauder
bases, what enters most naturally into our calculations is a
finite-dimensional decomposition of X(I'), induced by the
partition of I into the strata Ap, and the dual f.d.d. on ¢¢(I").

We write Pp ; and Py ; for the projections associated with this

f.d.d., which may be defined on X(I') and ¢4(I') as the bounded
linear operators satisfying

d, ifranky <n
0 otherwise,

P[1,n](d’y) = {

dy ifranky <n

Phn(d)) = {0

It follows from the proof of the BD theorem that
|Pall < (1 —6)~" where 6§ = max ,weight .

otherwise,
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Support versus range

For both functionals f* € ¢1(I') and vectors x € ¢ (I') we have a
notion of support, defined as usual to be the set of v for which
f*(v), resp x(~), is non-zero.

There is another notion of “support with respect to the f.d.d.” To
avoid confusion, we call this notion range and, for x € X(I'),
resp. f* € ¢4, write ran x, resp. ran f*, for the minimal interval /
such that x € sp(d, : ranky € /), resp. f* € sp(d : ranky € /).
Note that if rank v = n then ran dj = {n} whilst there is no
reason for the support of d; to be contained in Ap; all we can
say is that

suppd; C {y}U{n €T :rankn < n}.

Dually, suppdy C {y} U {0 €T :rankd > n}.
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FDD projections and extensions

There are the following explicit formulas for the f.d.d.
projections introduced earlier:

Phn(f) =) (f.d)d;

Y€l

Pin(x) = > (d:, x)d,.

Y€l

Because the support of dj is contained in ', whenever v € Ty,
the value of Py ;(x) is determined by the restriction of x to I'y.
We can therefore use the same formula to define an extension
operator J, from the finite-dimensional space /- (I'n) to X(I'):

dn(u) =D (), (U € Loo(Tn)).

v€Eln

These extension operators will perhaps be familiar from earlier
presentations of the BD construction.
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How to construct BD-sets

Typically, we construct a BD set by recursion, starting with a
finite set A4. The elements of A4 have rank 1 and we do not
have to define anything else.

Subsequently, if we have defined I'; = | J,., Ak, as well as the
associated ¢, we need to decide for which triples (6, ¢, b*) we
shall admit into A, 1 an element § with

weightd =6, topd = b*, based =¢&.

Sometimes it is convenient to use a notation that automatically
codes the above data, writing

d=(n+1,£0,b%)

for for an element as above. Of course, we need a modification
(simply leaving out the “¢”) if base § is undefined.
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Regular BD-sets

We shall say that a BD-set is regular if the weight of the base of
~ (when this is defined) is always equal to the weight of ~.

We shall work only with BD-sets of this kind,and shall assume
moreover that the weights of elements of I are of the form
0= mf1, where (m;);cy is a fairly fast-growing sequence of
natural numbers.

m; =22 will do fine.

We assume in particular that my > 4, so that the norms of the
operators Py, Pfq . and J, are all at most 4/3.
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The evaluation analysis

An important tool for norm estimates is a formula that
expresses the evaluation functionals €7 in terms of the basis
elements d.

By our definitions, we have

e§:c§+d;:e§+9b*+d;‘,

whenever the base ¢ is defined. If we repeat this operation and
continue until we meet an element whose base is undefined we
obtain

e, = 0by + d, +0bs + dg, + -+ 0b; + df,
where &5 = v, 0 = weighty, bf = top & and ; = base ;1

We call this the evaluation analysis. The natural number ais
called the age of .
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A criterion for X(I') to be a predual of ¢4(I")

Since X(I') is a subspace of /- (I') there is a natural mapping
¢4(I") — X(I)* and it follows from our construction that this is
always an isomorphic embedding. If it is surjective, we shall
that the dual of X(I') is naturally isomorphic to ¢1(I"). There are
obvious criteria for this expressed in terms of boundedly
complete and shrinking bases/f.d.d.’s, but the following is also
very useful.

The following are equivalent:
@ X(N)* is naturally isomorphic to ¢1(I');

@ there is no infinite sequence (yn)nen in T such that
~n = baseyp1 for all n.
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Age and History

If we are building a BD-set and want to be sure of ending up
with a natural predual of ¢4 then we have to stop the growth of
infinite branches (vy,) with v, = base v 1.

The approach adopted in our first paper on the
scalar-plus-compact problem was to fix a second sequence
(nj)ien of natural numbers and demand that an element ~ of
weight m,‘1 may not have age greater than n;. The sequence
(n;) needs to grow a bit faster than (m;),

Pt
nj=2%"" will do.

Subsequent applications oblige us to work with something a
little more complicated than age. We define the history hist~y by
recursion:
hist {minrantop~} if base~ is undefined
1S =
7 histbase v U {minran top~} otherwise.
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Regular families of sets

Recall that a collection .4 of finite subsets of N is said to be
spreading if {ny,...,n;} € .4/ whenever {my,...,m;} € 4 and
m; < n; for all i. Such a collection is called a regular family if it
is also compact for the pointwise topology on [N]<« c {0, 1}.

A more general (and in a sense the most general) way to
ensure that our BD space is a predual of ¢4 is to demand that
there exist regular families .4; such that the history of an
element ~ of weight m; ! is always in 4.

The “age-oriented” approach mentioned above corresponds to
taking .4 = o7),.
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Where have we got to?

We are by now considering a regular BD-set I with weights
(m,.‘1 )ien @nd having the property that the history of any
element of weight m;" is in the family .4;. For the moment, we
shall make no assumptions about these families.

We have two further small assumptions to make, both related to
the fact that in a BD-set I each of the strata A, has to be finite.

We thus assume that an element ~ of weight m,.‘1 must have
rank at least /, and that the top b* of an element v € A, must
be a rational linear combination of d;’s in which the
denominators of the coefficients all divide some suitably large
natural number Nj!.

We shall write B, for the set of all linear combinations of this
type.
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Eligibility

A tuple (n+ 1,m,‘1 , b*, £) is thus eligible to be an element of
An—|-1 if

Q@ i<n+1,6eTy

@ b* is a linear combination

b= Y
rank { <rankn<n
where N, {la,, € Z for all n.;

© histé U {minranb*} € 4.

In the sort of construction we are interested in, it is usual to
arrange that all eligible tuples of “even weight”, that is to say of

weight m,._1 with / even, do belong to A, 1. The careful
selection of the odd-weight elements introduces the more

subtle structure into the examples.
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An easy lower estimate

We have not yet mentioned mixed Tsirelson spaces, but we get
our first idea that they will have a role to play by noting an easy
lower estimate. Notice the use made of the richness of
even-weight elements in I

Lemma

Let (xx)k € N be a skipped-block sequence in X(I') and let i be
a natural number. Write v, = minran x, and assume that
{1/1 yee e ,l/a} € M. Then

a
1
1Y~ xellxary = 2mat > I1xkll.
P k=1

Sketch Proof. Our skipped-block assumption is that there exist
Pk such that

ranx; < Py <ranXp < Po < --- < ran Xz < Pa.
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An easy proof (continued)

We want to find an element v whose evaluation analysis will
“pick up” a good contribution from each of the x,. For each k
we can find by € By, with ran by C (px—1, Px) and (b, xk) close
to §1Ixkll-

To simplify things, assume that p; > 2J: in this case there are
elements & € Ap, (1 < k < a) such that the evaluation analysis

a

* —1 px *
e = Z(mzi b + a? ).
k=1

We see that

(e3, ZX/(> = Z (bk, Xk) ~ g Z [ Xk

If py < 2i then there a few extra terms to deal with.
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Coding and odd-weight elements

We introduce a coding function o which maps I injectively into
N; actually, if we are constructing I recursively then we define o
“as we go along”.

The rules for admission of an eligible odd-weight tuple

(n+ 17m2*j1_1 ,b*) into A, ¢ are that b* must have the special
form e] where p < rankn < n, and weight is of the form m;,‘_z
with i > Jj.

For a tuple (n+1,¢&, male1 , b*) we are even more demanding:
b* must have the form e; where rank { < ran e*n < n and the
weight of 7 is exactly m;;(g).
Thinking back to the lemma on the previous slide, we can see,
at least intuitively, that it will only be in exceptional
circumstances that a skipped block sequence will satisfy a
lower estimate of a similar kind with weight m" ;.
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Mixed Tsirelson spaces

We recall the definition of the mixed Tsirelson space
TI(m; ", Aien]s

starting with the recursive definition of the norming set
WI(m; ", Aien].

This is defined to be the smallest subset W of cyo(N) that
contains all e, and also has the property that

m ' S22, f* € W whenever the successive functionals f; are
allin W and the set {minsupp ' : 1 <r < a} isin 4}

A functional of the form f* = m' 3°2_, f* is said to have weight
m .

The space T[(m,?1 , )ien] is defined to be the completion of
coo(N) for the norm defined by

Il = sup  (f,x).
FreW[(m; ! Aiex]
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Our assumptions about .47

At this point introduce some assumptions about the families .4;.
We require them to be regular, and .41 can be any regular
family. Thereafter, we require them to grow very fast. A little
more precisely, we want every maximal N in .4j 1 to be the
support of a convex vector a that is extremely small with
respect to .4/.

For those desperate for precision what we actually require of
the convex vector a is that

> a(m)<m ],

me.#
for every set Min (.4;")*+1, where .4;" = o/ x .4 and
li+1 = logp mj 1.
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Special convex vectors

A vector a € cyo(N) with the property set out in the previous
slide is called a (j + 1)-special convex vector.
The following norm estimates play an important role.

Let T = T[(A, m; ien], T = T[(A7', m;")jen] and
= T[(A/, mf‘),-#+1]. Ifais a(j + 1)-special convex vector
then

lallr = llallr =

/+1’ while ”aHT// <m

/+1
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RIS and the Basic Inequality

A rapidly increasing sequence, or RIS, will be a block sequence
in X for which we have upper mixed-Tsirelson estimates. These
estimates, together with facts about special convex vectors in
mT-spaces, will give us strong norm estimates for certain
vectors in X.
Definition
Let (xx)ken be a block sequence in X(I'). We shall say that (xx)
isa C-RIS if
Q |[x«| < C/2for all k;
and there exist natural numbers ji < ji < jo < jb < ... such
that
Q |X(7)| < C/mp  if weighty = m, " with h < ji;
Q X(7)| < Cmy,/my if weighty = m, " with h > j..
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Existence of RIS

There are plenty of RIS in the space X(I').

If (w;) is a block sequence in X(I') then there is a normalized
block-subsequence (x;) that is a 2-RIS.

The next lemma, which seems to peculiar to constructions
using the BD method, shows that the behaviour of arbitrary
block sequences is determined by that of RIS.

LetY be a Banach space and let T : X — Y be a bounded
linear operator. If || Tx,|| — O for every RIS then || T(xy)|| — O for
every bounded block sequence, and hence T is compact.

The relevance to the scalar-plus-compact problem should be
obvious.
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The Basic Inequality

Theorem (A simple version)

Let (xx) be a C-RIS in X(T'), let vx = minran X, and let tx be the
unit vector e,, in the mixed Tsirelson space

T = T[(m,.‘1 , A )ien]. Then for all | and all scalars ok

I I
1)~ arxkllx < 2CI1) ~ oktillr

k=1 k=1

The family .#;" can often be taken to be the same as .#;, but for
the moment we are trying not to make any special assumptions
about the .#/. In any case .#;’ does not need to be much
bigger than .4;. We may take 4;" = o753 * ;.

Richard Haydon

The Bourgain—Delbaen construction and its applications



The Basic Inequality (continued)

Theorem (A more technical version)

Let (xx), (&) and ok be as before. Let | C N be an interval and
define x; = Zke/akxk , = Zkelaktk' Letweightv = m,f o
@ There exists g* € coo(N) satisfying

IXi(v)| < C{g™, ),

such that g* = it;o + f*, for suitably chosen ky € | and f*
that is either 0 or a Weighl‘—m,j1 element of
WI(A, mj_1)j€N] with vy, < supp f*.

© Ifthe scalar sequence () has the property that
Ixy(n)] < ijo_1 for every subinterval J of | and everyn € T
of weight mjj , then the functional f* (when not zero) may
be chosen to lie in W[(.4;", m; ") ]. In this case,
il < 28180 1y
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Special convex combinations

Let (xk)ken be a C-RIS and let fx be as above. If a =), axlk is
a (j + 1)-special convex vector we shall say that >, axxx is a
(j + 1)-special convex combination.

The Basic Inequality and norm estimates for special convex
vectors yield the following

Lemma
Ify isa(j+ 1)-special s.c.c. of a C-RIS (xx) then

Iyl <2cml.

If | ZKGJ akxk( )| < Cm /+1 for every interval J and every n of
weight m 1 then
Iyl < 2Cm?, 4
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The scalar-plus-compact property

The key is the following lemma.

Let T be a bounded linear operator on X(T'). If (xx) is a RIS
then dist ( Txx, Rxx) — 0 as k — co.

Let’s see first how this leads to what we want. First of all, a
couple of easy steps show that there exists a scalar A such that
|| Txx — Axk|| — 0O for every RIS.

But as we noted earlier, this implies that T — \/ is compact.

Now, without getting too technical, we shall try to sketch a proof
of the Key Lemma.

Assume that (xx) is a C-RIS and that dist (T(xx), Rxx) > 1 for
all k.

Richard Haydon The Bourgain—Delbaen construction and its applications



The Key Lemma

By taking subsequences and small perturbations, we may
suppose that there are natural numbers py < p; < ... and
functionals by, of norm 1 such that p;_y < ranx, ran Tx, ran bj
and (b, xk) = 0, (b, Txx) > 1.

The next step is to consider a 2j-special convex combinations
Y = > ke Xk and an element n of I', of weight m2‘.1 in whose
evaluation analysis the “b*”s are exactly b; (k € /). This will
satisfy (e}, T(y)) > }mgﬂ and (e;,y) = 0.

The above can be done for each j yielding a block
subsequence (y;) with associated 7. If we seminormalize y;,
setting z; = my;y;, we have another RIS!
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The Key Lemma (continued)

Now we work with an odd weight m2, 1 and, taking some care
with coding, find a v of that weight in whose evaluation analysis
the “bi"s form some subsequence of (e}, ).

For a suitably chosen (2/ — 1)-s.c.c. w of the RIS (z),
evaluation at v witnesses that

ITW)Il = 3my" 4.

But, because of the rigidity imposed by the coding function, it
turns out that
| Tw|| < sz: 1

For a suitably large i this contradicts boundedness of T.
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