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Lift-And-Project in a Nutshell

Objective: Attack a combinatorial
problem starting with
an “elementary”

0-1LP
relaxation
LP relaxation Level-1 tightening Level-2 tightening Level-r tightening

High level: Derive systematically a hierarchy of tighter & tighter
LP (SDP) relaxations.



The Realm of Lift-and-Project Systems

69'\\
A\
Lovasz-Schrijver | T ,OQ"\
SDP %
N [ Lasserre SDP }
A p—
Sherali-Adams SDP 4

69&\ % g‘\\ I

o

Vl‘“ W\V

\\/ 4
[ Lovasz-Schrijver LP } [ Sherali-Adams LP }

Algorithmic aspects * Level-n tightening gives Integral hull.
* Level-r tightening optimizable in time n?

()



The Lovasz-Schrijver (LS) LP system

Our toy example
Stable Set Relaxation

on input G=(V,E)

minz X
x;,tx, < LUGUE
x, 0[0,1]

N
)

LP relaxation Level-1 tightening

Level-1 derivation rule:
(xi + xj)xk S X
(xl. + xj)(l— xk) <1l-x

X, < x,f
Any conical combination
of the above

New linear constraints

Definition: Level-1 LS tightening

Original relaxation

+ new linear constraints




The LS System in Action

Our toy example
Stable Set Relaxation

n input G=(V,E)
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The LS System — Subsequent Tightenings

LP relaxation Level-1 tightening Level-2 tightening Level-r tightening

derivation
rule

Level-1 derivation rule:

(xi + xj)xk S X
(xl. + xj)(l— xk) <1-x,

2
X, S X

Any conical
combination
of the above

New linear constraints

derivation
rule

derivation
rule

Definition: The level-r tightening
IS the relaxation we obtain by
applying the derivation rule on
the level-(r-1) relaxation.




The LS System (Derivation Rule Made Formal)

Our toy example
Stable Set Cone K
on input G=(V,E)

x;, tx, < x,, U0 E

x; U [O, xo]

x = (xo,xl,...,xn)D N E

(xl. + xj)xk < X,

(xl. + xj)(l— xk)s 1-x,

Any conical
combination
of the above

New linear constraints

Level-1 derivation rule:

%
1

Constraints on the lifted space

i

Introduce y U U with Vy; x1simulating X, x,
0 W2
I SR Vo § 1

i y{l} ...................... :}/{1} ............. ,V{l,z} y{l n}D {1}
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x= Me, = diag(M)lI K

(xi * xj)xZ S XXy = Yyt Vi S Vi o Me, UK

(xi + xj)(‘xO - xz) S xo(xo - xz) = M(eo - ez)D K




A Remarkable Yet Simple Implication

Me, = diag(M)0 K
e M(y) - y{, i Me, O K
m M(e0 - ek) 0K
y lprolectlon 1+EnH+EnH
x0 N(K)e Oy00 TFE0 g

’ satisfying the above
Remarkable Implication:

If xU N(K) then for every index ¢,
N(K) X can be written as convex combination

- of vectors in K that are integral on ¢




Towards Proof of Convergence

. Remarkable Implication:

If xU N(K) then for every index t, ly{l} Y Yiny H J
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And ... the Proof of Convergence

LP relaxation Level-1 tightening Level-2 tightening Level-r tightening

DOUBLE Remarkable Implication: ~ x[ N'"(K)

/ \

X0 NTNK) X0 NTYK)

/ \

X0 NHK)  x20 NTHK)

/ \

X0 NTK)  x™0 NTHK)




And ... the Proof of Convergence (more formally)

===/ =/ =========%= [

/‘”N{Q I Claim: Letx N’ (K). I

xXDONT(K) ™0 NTU(K) I — |

/7 \ I Then, for every SEQUENCE \7,,7,,...,Z, | 1
FINTHR) A N":“) : X can be written as convex '
V4 L : |

SO0 NE) 00 M) | combination of vectors in K'that are :
VAN I integralin {tl,tz,,,,,tr} : |

P ONTK)  xP0N(K) | |

/ \

XWONTHE) X0 NTYK)

Z \ Corollary: The level-n relaxation gives
Ay - the integral hull

/ \

X0 NTYK)  x0NTYK)

Ve \ Corollary: The level-r relaxation satisfies all
x(h) r=1 x(m r=7 .
Gl constraints of support at most r.

/ \

x(’x) 0 N”K(K) x@) 0 Nr-X(K)



Utilizing/Fooling the LS System

Combinatorial . . Combinatorial .
Problem Approximation Level Problem Integrality gap Level
Densest-k- Vertex Cover
1 —
Subgraph nZJ’E 1 [STTO7] 2-¢ Q) (I’Z)
£
[BCCFV10] Max-Cut 2 @( )
[STTO7] € n

& who knows what else ...
& many rank lower bounds




The Realm of Lift-and-Project Systems
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The Lovasz-Schrijver (LS+) SDP system

(d

H Vi
.s{s\(\g projection
&$ 0 Y

MO = % Vo

(y) - -
M= Yy

Yoy o Vi

Yoy Van

Yo Vo

y{l,n} y{2,n}

Vin H
y{l,n} [
1

Vi i

[

1
Yim [

is_taateT, positive semidefinite (PSD)

1
I
0 Viny
LP relaxation Level-1 tightening
Algorithmic aspects of LS+

* Convergence

+ Levelt utilizable in time 72"

* Constant level tightenings derive celebrated relaxations, e.g. [Gw95], [ARV04]



Utilizing/Fooling the LS+ System

Combinatorial

Combinatorial

Problem Approximation Level
Max-Cut
[GW95] 1 . 1 3 9 1
Sparsest Cut ( / )
[ARV04] 0 log " 3

& who knows what else ...

[FK03]

Problem Integrality gap Level
Vertex Cover 7
[STTO7] 6 0 (n)
Vertex Cover logn
- o d [log i
[GMPTO07] 2 € i loglogn
Max-k-XOR
[BOGHMTO06] 2-¢ 0 (n)
Hypegraph Vertex
Cover k— 1-¢ @ (n)
[AATO05]
Hypegraph Vertex
Cover k- ¢ Q (log log n)
[Tou05]
Set Cover ( _ ) O (n
[AATOS] 1-¢)Inn (n)
Independent Set
(rand instances) 0 Q%“ 1ogn§ r




Deriving the GW SDP for Max-Cut

LP relaxation

maxgdy.
d;> /G NIFAyAIN 4
K d;s<x- el]DV
d < 2-x+x )00 0V
x 0[0,15,0i0 ¥

SDP relaxation

dx>(x-x)

( x -

+ xlz

Level-1 derivation rule:
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Claim: New constraint of N+(K)
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dy = Yyt V" 20

-2, 2
=u; tuy - 2u;

2
u, - u

Finish up the proof:

v, = u, - 2u,

= ”0_2”1')2

_ 2 2

= u, t4u” - 4u,
=1+4M, - 4M,
=1



The Realm of Lift-and-Project Systems
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The Sherali-Adams (SA) LP system

Our toy example ‘ S r
Stable Set Relaxation
on input G=(V,E) o, o u xku - x,)< u 5[] (1-x,)
0N

° A
mlnziDVxl. ‘ <x’<--<x]

x,+x, =L 0O450F . o

Any conical combination
x; U [O,l] of the above @

New linear constraints

Definition: Level-r SA tightening

LP relaxation Level-r tightening Orlgmal relaxation

+ new linear constraints




The SA System (Derivation Rule Made Formal)

Our toy example
Stable Set Cone K
on input G=(V,E)

x;, tx, < x,, U0 E
x; U [O,xo]

x = (xo,xl,...,xn)D N

A

Level-r derivation rule:
070 [n], [‘ <r

(Xi+ xj)’l:lAkaUI\A(l- Xk)s UJIkaUI\A(l- Xk)

t r
x, $x,Utsr

Any conical combination of
the above

New linear constraints

Constraints on the lifted space

Introducey O O ztﬁm%t a/vith y , simulating I_I X;

M =

A4

n BnH B”H

[] El E H2d A HH
H | 0
1 ity
C (142}
E] _—EL—E-{I. }
Ol ]
Ol [Jt725
mj O

Example: 4 = {2,3}, X5 (1 - x3)

M(y) (6{2} - 8{2,3})D K



SA & Distributions of 0-1 Assignments
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Claim: Level-r SA relaxation associates every subset A4, of size at
most r, with a distribution of 0-1 assignments D(A4) such that

* Consistency: D(A) and D(B) agree on the marginals.

* Feasibility: Assignments in D(A4) are locally feasible.

Proof: What is D(A) ?
a0{0,1}"
N = {i ca(i) = O}
Y = {i ca(i) = 1}

PI‘D(A)[CZ] = Z (- 1)|R|yRDY
A AN




SA & Distributions of 0-1 Assianments

T BINK Nou SHouw 82 MORE
EXYLIUT HEZE N STEFP TWO, Y



SA & Distributions of 0-1 Assignments
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Claim: Level-r SA relaxation associates every subset A, of size at
most r, with a distribution of 0-1 assignments D(A4) such that

* Consistency: D(A) and D(B) agree on the marginals.
* Feasibility: Assignments in D(A4) are locally feasible.

Proof: What is D(A) ? R|
Pr al : Z (- 1)' Y Z
o 0{01) e v

N = {i:a(i): O} X va=[]
Y ={i:a@) =1} P(Y,N):= X, (1-x,)




SA & Distributions of 0-1 Assignments
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Proof: What is D(A) ? Pr, ,la] = Z D™ yeny = 2y n
RUN

a0{0,1}" /

N = {l - Cl(l) = O} P(Y, N) = X; (1 - xi)
Y -= {i ca(i) = 1} 0y ON

A

Is really D(A) a distribution? ~ Zy.ny 2 0 P

x =0 validforK

P(Y,N)— Z DM P,  OK
RUN



SA & Distributions of 0-1 Assignments
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Proof: What is D(A) ? Pr, ,la] = Z D" Yeny= 2y
N

ad{o,1}" X “ 7

N = {i:a(i)= O}
PY,N):= ; 1- x,
Y:={i:a(i)21} ( ) DYxDN( X)

A

Is really D(A) a distribution? ZD zZyy =1 9
Y ,N

A
P(Y,N)+> z, 5 isahomomorphism because
P(Y,N)= P(Y,N)x, + P(Y,N)[{1-x,) P@O.,0)=1

Zyn = Zynian T Zy o Zp o =1



SA & Distributions of 0-1 Assignments

Claim: Level-r SA relaxation associates every subset A, of size at
most r, with a distribution of 0-1 assignments D(A) such that

* Consistency: D(A) and D(B) agree on the marginals.
* Feasibility: Assignments in D(A4) are locally feasible.




Local Consistency & Feasibility

B

a1{0,1}"
N = {i ca(i) = ()} PrD(A)[a] = RZN(— D™y, = zy n
Y := {i za(i) = 1}

Local Consistency: B [ A,|BI|< r PI‘D(B)[CZ] = PI‘D(A)[CZ] ?

PrD(B)[a] = Z’ Zygy'.NON' — Z¥.N
y' NI B\ 4

Claim: Let xJ S" (K)
Then, for every SET A4 = {tl,tz,...,tr}

X can be written as convex combination
of vectors in K that are integral in{ [,
— e o — m— o mm — mm e o = o |




Solving Problems of Bounded Treewidth

Our toy example
Stable Set Relaxation

on input G=(V,E)

G=(V,E) of

* Union of bags (of )isV

* vertices of every edge, in at least one bag . . :

* Bags containing any vertex form one Claim: I SAE);ughtemnggl
connected component. Solves problem exactly

Theorem ([wJo4]): LP solves exactly any polytope of




Utilizing/Fooling the SA LP System

Combinatorial
Problem

Approximation

Max-Cut
(dense graphs)
[FAIVMO7]

1+¢

Combinatorial
Problem

Integrality gap

Vertex Cover
[CMMO09]

2-¢

Vertex Cover
(planar graphs)

[MMO9]

1+ ¢

Max Cut
[CMMO09]

2-¢

Independent Set
(planar graphs)

[MMO09

1+¢

Unique Games
[CMMO09]

I-¢vsy

Max Min
Allocation

[BCGO9]

—
ml._
~—

Max Acyclic
Subgraph
[CMMO09]

2-¢

Sparsest Cut
(treewidth r)

[CKR10]

2%

O(r)

Sparsest Cut
[CMMO09]

lo
Q E\/ gn(logr+ loglogn)H

O

Knapsack
[KMN11]

2-¢




The Realm of lift-and-project Systems
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The Notorious Sherali-Adams SDP (SA+) System

7 BnH H”H
[] EIE H2H A ads
TR R | O DM Pe,,, 0K
E% ' E{l} RZN
oy — [ {2}
O] 72y
L ]

M=y, 7 XX, isameT, positive semidefinite (PSD)

The level-r SA+ SDP relaxation: < Start with your favorite 0-1 relaxation.
* Impose level-r SA linear constraints.
* Require low level PSDness.



Utilizing/Fooling the SA+ S

&

Combinatorial

Problem Approximation Level

Max CSPs
[Rag08]

OPT o(1)

Max Cut
(random dense
graphs)

ol | -

ystem

Combinatorial

Integrality gap

Level

[AUO03]

... and | am sure, more are coming.

Problem
Max Cut t
5001 1.139 Q (10g6 loglog n’
Some Max CSPs .
[BGMT11] tlght @ (n)
Unique Games _ r
vesames | - ¢ vs y | Q|log" logn]
Quadratic
Programming Q (log n) Q (715 )
[BM10]
MaxCut Gain
[BM10] () (1) : (1)
Vertex Cover 2 - 6

[BCGM11]




The Realm of lift-and-project Systems
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The Renowned Lasserre System

n H H Hn H
[] El% H2H A Hr H
i - (DM Ve, , 0K
B A
a1 =5 PSD e 3
i (3 MW -
| . i~ Vi)
0 | 0
g | 0 is positive semidefinite
: 0
»g U E 0
fio PSb 0
a | i M) = - U X
0 o 4B~ VB i
% 5 s
0 0
DD = is positive semidefinite
HnHH 0
16 :



An Application of the Lasserre System

Our toy example
Stable Set Relaxation o B

on input G=(V,E)

minz X
x;+x;, = 1L,UGUE
x, 0[0,1]

PSD

M
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Utilizing/Fooling the Lasserre System

&

Combinatorial
Problem

Approximation

Knapsack
[KMN11]

1+ 1
r

Coloring
(3 colorable graphs)

[ChI07]

O(n0'2072 )

Combinatorial

Independent Set
(3-uniform
hypergraph with
solution rn)

[CS08]

abs O(nr2 )

ol)

2-CSPs
[BRS11]

1+¢

1

polyl ¢

Directed
Steiner Tree

[Rot11]

Ollog’ | R ||

log| R |

Problem Integrality gap Level
wwomr |1 | o)
Ver[t_tra:"(;‘.;]ver 136 Q (n5)
M?;::\-c))(s(]m 2-¢ ) (n)
w2 | el

... hew exciting stuff
to be presented shortly!

... and try if you dare to show a level-2
tight integrality gap for any problem with
hard constraints.
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