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Symmetric function techniques and Young diagrammatic method can
be used for manipulation of characters of classical groups (over C). For
example, we are able to provide an algorithm for computing tensor prod-
uct multiplicities and to show the stability for them. The theory has been
developed by D. Littlewood, R. King, K. Koike, |. Terada, - - -

The aim of this talk is to give such a framework for spinor representa-
tions of Piny.



Schur functions
and
Representation of GL,,



Symmetric functions

Let A be the ring of symmetric functions in X = (z1,29,---) :

A = limZ[xy, - 7%]671

n

?

where the project limit is taken in the category of graded rings.
Let /2;. and ;. be the kth complete and elementary symmetric functions
respectively :

hk — § Ly Lgy * wika
11<19<---<iy,

€L = E L1 Ly - CE‘%
11 <19<---<i
Then we have

A:Z[h17h27”'] :Z[€17€27'”]‘



Schur functions

For a partition A, we define a Schur function s, by

S\ = det (h)\@'—i—l—j)

where > [(\) and hy. = 0 for k < 0.

1<4,5<r’

The Schur function is also defined as the limit of
det (a;j\j Jm_J)

S)\(ZCL Coe 7'7:77/) —
det(

1<i,j<n

j)
aj'



Properties of Schur functions

e {5y}, forms a basis of A.
e Dual Jacobi—Trudi identity :

5\ = det (etAi—”j) 1<i,j<r’

where %\ is the conjugate partition of A and r > [(\).
e Cauchy identity :
1
d sa\(X)s (V) =]]

1 — 2y,
A i, WY

e Duality : Let w be the involution of A defined by w(hj) = ez (K > 0).
Then we have

w(s)y) = sty.



Representations of GL,,

Let Rep(GL,,) be the representation ring of GLy,, i.e., Rep(GLy,) is
a free Z-module with basis consisting of irreducible characters of GL,,
and it has a ring structure with respect to tensor products.

The irreducible polynomial representations of (GL,, are parametrized
by partitions of length < n. For such a partition A, the corresponding
irreducible character .S is given by

o) = det (HAZ'_”j) 1<i,j<r’

where > [(\) and

H,. = character of the kth symmetric power S*(C")
of the vector representation of GL,,.



Specialization

Let p,, : A — Rep(GL,,) be the ring homomorphism given by
pnlhy) = Hy (k= 0)
Then
pn(er) = E;. = character of the kth exterior power /\k((Cn)
By the dual Jacobi—Trudi identity, we have

pn(sy) = det (EtAZ-—Hj)
Hence it follows from E;. =0 (k > n) that

B S)\ ifl()\)gn,
MSA){O F 1) > n.



Tensor product
Let LRi‘W be the Littlewood—Richardson coefficient :

SuSy = Z LRAAW sy inA
A

where A runs over all partitions. Then by applying p,,, we have

SuSy = Z LRi‘L,V Sy in Rep(GLy,),
[(AN)<n
where A runs over all partitions with length < n.

Hence the decomposition of the tensor product of two irreducible poly-

nomial representations corresponding to i and v is independent of n
when (1) < n and [(v) < n.



Orthogonal Universal Characters
and
Representations of O

(Littlewood, King, Koike—Terada)



Representations of Oy

The irreducible representations of Oy are parametrized by partitions
A such that Ay + D9 < N. We call such a partition an N-orthogonal
partition. For an N-orthogonal partition A, the corresponding irreducible
character SW is given by

( Hy, — Hy—o Hyjpr = Hy o3 Hypo = Hy g oo
H)\Q—l _ H)\Q—?) H)\2 — H)\2_4 H}\2_|_1 — H)\2—5 e
\H)\g—Q —Hy,—y Hy,_1—Hy,—5 Hy,—Hy,—¢ - )

where > [(\) and H}, is the character of the k-th symmetric tensor
Sk((CN) of the vector representation of O .

= det




Orthogonal universal characters

For any partition A\, we define a symmetric function S[A] (called an
orthogonal universal character) by

SP\] = det (hAi—’H—j — h)\z._z'_]) 1§i,j§r.

Let 77 : A — Rep(O ) be the ring homomorphism defined by
mn(hg) = Hy (k= 0).
Then we have
Tn(spg) = Sy if AL+ <N
Question :  For a partition \ satisfying A\{ + 2y > N,

TN (spy) =7



Properties of orthogonal universal characters

e Cauchy—type identity :

[ic; (1 — uiuy)
%: sp(X)sa(U) = Hz’,j(l — xiu]iy) |

e Schur function expansion :

SN = D (Sj(l)’i/Q LRﬁ,K) Sp;

7 K
where k runs over all partitions of the form v = (o] + 1, a9 +
1,---|ay,a9,---) in the Frobenius notation.

o {s) 1 forms a basis of A.



Properties of orthogonal universal characters (cont.)

e Duality : Under the involution w on A, we have

wW(sp) = sy,

where S (1) Is the symplectic universal character given by

[

1
Su) = édet (hﬂi_i+j + hﬂi—i—j+2)
e Dual Jacobi—Trudi type identity :

1
S|} = 5 det (etAi—m‘ T et)\i—z’—j—l—2)°



Specialization
By the dual Jacobi—Trudi type identity, we have

1
TN (S[y) = 5 det (Etxi—z'ﬂ + E%—z’—j+2>v
where
E;. = character of the kth exterior powere /\k(CN).
This can be rewritten as
= = —
T‘_N(SP\]) = det (EOQ? EOQ) T E()ér,a)a

where

a=My D=1, —(r=1)), r=1"%),
and Ek is the row vector given by

_
Ey=(Ey, Exp1+ Ex1, Ego+ B9, By o1y + B (1)



Using this determinant expression and the relations
ﬁk:() for Kk > N +r,
— —
EyEy=FEN_t,

we can compute mx(syy) if AL+ D9 > N.

(1) If «; > N + r for some i, then we have
WN(S[)\]> = (.

(2) If a; +aj = N for some 7 and j, then we have
TN (spy) = 0.

(3) Otherwise we can find a permutation ¢ € &, and an N-orthogonal
partition u such that

T (spy) = sgn(o)Sy,)-
Here o and p are given as follows.



Let p be the index satisfying

N
a1>--->ap>§zozp+1>--~>ozr.

And define a sequence (3 by putting

r(N—Oéb°°‘,N—Ckp,()ép_|_1,"',0ér> if pis even,
(N_Qla"' 7N_Oép—|—17ap—|—27"' 7057“)
b= if pisodd and ap +apy] > N +1,
(N_&la'” 7N_@p—17ap7'” 7057“)
\ if pisodd and ap +apy] < N — 1

And let v be the sequence from (3 obtained by rearranging in decreasing
order, and o be a permutation such that v = o(3). Then the N-
orthogonal partition p is determined by the condition

Y = (t:ulat:uz_la'” 7t:u7“_<r_1>)'



Tensor product

In the ring A of symmetric functions, we can show that

_ H A
S[H]SM — S: S: LRT,S LR?J] LR&?7 SP‘]’
A \TE

where A and 7, &, n run over all partitions.
If 1 and v are N-orthogonal partitions, then we have

_ 7 % A
S1Si] —%: ;LRT,g LRY,, LR ) | mv(spyy),
T,G51

Together with the algorithm computing 7TN<S[)\]), we obtain the actual

decomposition of S[M]S[ in the representation ring Rep(Oy).

4



Stability of tensor product decomposition
Note that
o _
LRj ., =0
unless
"B+ 80+ Ty + e > Ty + Tag > max(B1 + B2, Ty + ).
Hence we see that, if t,ul - t,ug + o + %9 < N, then

_ I v A
S1Si —%: ;L% LRY, LR, | S,
7-7 777

where A runs over all N-orthogonal partitions, i.e., the decomposition is
stable in V.



Spinor Universal Characters
and
Spinor Representations of Piny;



Representations of Piny
Let Pinp; be the pin group :
1 — {+1} — Piny — Oy — 1.

So any representation of O can be viewed as a representation of Pin .
For an NN-orthogonal partition A\, we denote by the same symbol SW
the character of the irreducible representation obtained by lifting the
irreducible representation of Oy corresponding to A. Similarly, let H;.
and I;. denote the characters of Pinp; corresponding to the symmetric
and exterior powers of the vector representation of O .

Note that [/ is a one-dimensional character and

Spiny = Ker .



We say that an irreducible representation of Piny is
e a tensor representation if it factors through Oy,
® a spinor representation otherwise.
We put
Rep(Pinjpr) = the representation ring of Piny;,

Rep ™ (Pin ) = span of the tensor irreducible characters,

Rep™ (Pinjy) = span of the spinor irreducible characters.
Then we have
Rep(Piny) = Rep™ (Piny) @ Rep™ (Piny),

and
Rep ' (Piny) = Rep(Oy).



Spin representation

Let A\ be the character of the spin representation of Piny;, whose
dimension is 2LV/2].

If N is odd, then

En-AF#A,
and
Algpin, = irred. character with h. w. (1, 1, e ,1>
N 2 2 2
If N is even, then
En - A=A,
and
Alspin, = irred. character with h. w. (% % % %)
+ irred. character with h. w. (1 1 1 —1>
2" "2



Irreducible spinor characters

Theorem 1 For a partition A of length < N/2, we define a class
function S[AH/Q] on Piny by

Sia+1/2) = A - det (Hxi—m - ENHAi—i—j+1)
where 7 > I[(A). Then S\ |9 is an irreducible character of Pinyy.
Remark If N is odd, then Rep™ (Piny) has a basis

St/ EN-Spgiyy (A) < NJ2).

If N is even, then Rep™ (Pinjy) has a basis
S/ (LA) < N/2).

1<4,5<r’



Idea of Proof of Theorem 1 : It is enough to show that

O S[)\+1/2] is a virtual character, i.e., an integral linear combination of
characters,

elf ( , ) is the canonial symmetric bilinear form on the space of
class functions of Piny;, then

Siae/2) Spty) = 1
e The value of 5p) /9 at the identity element of Pinjy is positive.



Spinor universal characters
We work in the ring A of symmetric functions with coefficients in the
ring Z[e]/(e? — 1) ;
A= A@gZl]/(2 - 1),
For any partition A\, we define a symmetric function S{)\] (called a spinor

universal character) by putting

/
:dt( o eha ) |
1Al et | fox;—ivj — €hn—i—jt 1<ij<r

Let 7 : A — Rep(Pinjs) be the ring homomorphism given by
7AT/N<hk> — Hk (/f > 0> and %N(é“) — EN-
Then we have, for a partition \ of length < N/2,

Siae1jz = A TN(spy):



Properties of spinor universal characters sf)\]
e Cauchy—type identity :
, [L:(1 —eui) [ [« ;(1 — wjuy)
ZSWOQSA(U) = :
\ Hz,j<1 — Tiuj)

e Schur function expansion :

SEA]:Z Z(—I)QV‘H(”))/%'”' LRi\W Sp

H =l

where the inner summation is taken over all self-conjugate partitions
V.

o {8 })\ form a Z-basis of A.




Properties of spinor universal characters sb\] (cont.)

e Duality :

e Dual Jacobi—Trudi type identity

/
Spy = det (6t)\i—i+j - 56%-—@'—%1)-



Specialization
By the dual Jacobi—Trudi type identity, we have

~ /
T (s]y) = det (Etx—m‘ — Ly E’f)\i—i—jJrl)

where r = [(]\).
We put

1<i,j<r’

E). = E — ENE)_q,
H
and define a row vector E;{ by
ﬁ/_ E E 1 FE . F I o
=\ L Ly T B B ey T 1y )
Then the above determinant can be rewritten as
~ (¢ ) = dett Eﬁ E/ ﬁ/
WN(S[)\]) = det ap a7 Hay

where
Q= (t)\17t)\2_17”' 7t)\7°_ (T_1)>



We can use this determinant expression and the relations
H
E'" =0 fork>N+r,
!
Byt BNy =
to compute %’N(sm) for a partition A with length > N/2.
(1) If a; > N + r for some ¢, then we have

(2) If a; + aj = N + 1 for some i and j, then we have

(3) Otherwise we can find an index p, a permutation ¢ and a partition
w of length < N/2 such that

A 7AT/N(Sf)\]) = (—=1)" Sgn(0>5[p+1/2]-



Here p, o and u are given as follows. Let p be an index such that
N+1

Q) > >0y > > Qpy] >0 >,

and define a new sequence 3 by
B=(N+1—aq,--- N +1—ap,apiq,- - Qi ).

Let v be the sequence obtained from 3 by rearranging components in
decreasing order, and o be a permutation such that v = o(/3). Finally
a partition p is given by

Y = <t:u17 t:u27 e 7t:u7‘>



Example Let A = (4,3,3,3,2,2,1,1) and N = 8. Then I\ =
(8,6,4,1) and

0= (8,6-1,4—21—3)=(8,52 —2).
There are two components larger than (N +1)/2 =9/2, so p = 2 and
B=1(9-89-52 —2)=(1,42 —2).

1234
7:<472717_2>7 0_(3124>
and

b=(4,241,14+2,—24+3)=(4,3,3,1), u=(4,3,3,1).

Hence

Hence we have

A %8(5f4,3,3,3,2,2,1,1]) = (—1)%- (—1)7- S1(4,3,3.1)4+1/2]-



Tensor product of a spinor repr. and a tensor repr.

In order to compute the product
S[,Lt—i—l/Q] ' SM = A - %N<Sﬁu]s[V]) In Rep(PinN),

It is enough to compute

Theorem 2 In the ring A, we have

[ )
TAEOES 31 I ST RERTEREL) PN
A &mT

\V/O' : v-strip /

where &£, i, 7 run over all partitions and o runs over all partitions such
that /o is a vertical strip.




By applying the specialization 7y, we obtain

_ \ IR RN
S/ S = 2 | D LRen LRy LRZ, By | ATN(sfy),
A \&MT,O

where A runs over all partitions.

If (1) +1(v) < N/2, then we have

_ 4 Lge. gl
Spertyal” S = 2 52 LRg LRy LR, By | Spaayal
n,T,0

where A runs over all partitions of length < N/2. In this case, the
decomposition depends only on i and v (and the parity of N).



Proof of Theorem 2 Consider the generating function with respect
to Schur functions.

2 X)sip) (s (V)

[,V
_ [Li( —eup) iy (U —uguy) Tlic; (1 = vivg)

[ ;(1 = zuy) [Li;(1 = zvy)
— H(l -+ 8?)1') . !

Z 1 (1 — wvy)
L0 = eu) [T = evi) [T (1= wiug) 1 50— wjy) [1i<;(1 = viy)

11 (1 = zuy) 1] (1 — wiv5)
= (Z skek(\/)) - (Z ST(U)ST(V)> . (Z sf)\](X)s)\(UUV)) .

k>0 T A



Now we express
er. (V) - s (U)sr (V) - s (UUV)

as a linear combinatioin of the product of Schur functions in U and V.
Finally we get

Z Sfﬂ] <X)S[V] (X)su(U)su(V)

i,V

=33 Y - \U\LRgnLR“gLRU sty (X)su(U)su(V),

Yo\ EN,T,0

where v runs over all partitions such that v/o is a vertical strip. By
comparing the coefficient of s,(U)s,(V'), we obtain the desired identity.



Tensor product of two spinor repr.
We consider the product

S[u+1/2] : S[V+1/2] = A”. %N(Siu]sfl/]) in Rep(Piny).

It is known that
( N

1
2 §ZE}°\,ET if N is odd,
_ =()
A=<¢ v
Z ENE,  if N is even.
\T:O

Hence the tensor product of two spinor representations can be computed
by using the following two formulae.



Theorem 3 In the ring /N\ we have

/ /! A i /
Sl 5] %: ;L% LRI (LR, | 57y
77777_

D ey s)y = %}L”'Sw

k>0
where A runs over all partitions such that A/u is a vertical strip.

Also we have



