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• Whittaker functions. Let G be a (quasi)-split real

connected reductive group. The Iwasawa decomposition:

G = U− · A ·K A =
{
ex1, . . . , exN

}

The Gauss (Bruhat) decomposition:

G0 = U− · A · U+ .

Character of B− = U−A with γ = (γ1, . . . , γN):

χγ : B− −→ C , χγ(na) =

N∏
i=1

e(γi+ρi) xi .

The principal series representation (πγ, Vγ):

Ind
G

B− χγ =
{

f ∈ C∞(G)
∣∣∣ f (bg) = χγ(b) f (g) , b ∈ B−

}

Definition 1 The Whittaker function Ψγ(z) is a smooth

function on X = G/B+ given by

Ψγ(x) = e−
∑

xiρi
〈
ψL , πγ(e

−∑
xiHi) ψR

〉
, (1)

the Whittaker vectors ψL, ψR ∈ Vγ are defined by

EiψR = −1

~
ψR , FiψL = −1

~
ψL , i = 1, . . . , N−1 .

Remark 1 The Whittaker function can be lifted either to a

B+-invariant function Ψγ(g), or to a K-invariant function

Φγ(g); the following relation holds:

Ψγ(x) = Φγ̃(x̃) , x̃i =
1

2
xi , γ̃i = 2γi ,

for i = 1, . . . , N .
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• In 1996 Givental proposed an integral representation:

ΨglN
γ (x) =

∫

C
e

1
~ FN (x)

N−1∏

k=1

k∏
i=1

dxk,i , (2)

FN = ı
N∑

k=1

γk

( k∑
i=1

xk,i−
k−1∑
i=1

xk−1,i

)
−

N−1∑

k=1

k∑
i=1

(
exk+1,i−xk,i+exk,i−xk+1,i+1

)

xN,1x
xN−1,1 ←−− xN,2x

x
... ...

x2,1 ←−− x3,2 ←−− . . . xN,N−1x
x

x
x1,1 ←−− x2,2 ←−− . . .xN−1,N−1 ←−− xNN

• Iteration over the rank N :

ΨglN
γ1,...,γN

(xN) =

∫

RN−1

dxN−1 Q
glN
glN−1

(xN ; xN−1| γN) Ψ
glN−1
γ1,...,γN−1(xN−1)

Q
glN
glN−1

= exp
{

ıγN

( N∑
i=1

xN,i−
N−1∑
i=1

xN−1,i

)
−

N−1∑
i=1

(
exN,i−xN−1,i+exN−1,i−xN,i+1

)}

corresponding to the Givental diagram:

xN,1 xN,2

¡¡¢¢
¢¢

¢¢
¢¢

¢¢
¢¢

¢¢
¢

. . . xNN

~~||
||

||
||

||
||

||
||

|

xN−1,1

^^===============

. . . xN−1, N−1

__@@@@@@@@@@@@@@@@@
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• In 2000 Kharchev and Lebedev proposed the Mellin-

Barnes representation:

ΨglN
γ

N
(x) =

∫

S

N−1∏
n=1

n+1∏
m=1

n∏
k=1

Γ
(

ıγn+1,m−ıγn, k

~

)

∏
s6=p

Γ
(

ıγn, s−ıγn, p

~

) · (3)

· exp
{

ıxn

( n∑
j=1

γn,j −
n−1∑
j=1

γn−1,j

)} N−1∏

n=1
j≤n

dγnj

where min
j
{Im(γkj)} > max

m
{Im(γk+1,m)} , k = 1, . . . , N − 1

γN,1 γN,2 . . . γN,N−1 γNN

γN−1,1 γN−1,2 . . . γN−1,N−1
. . . . . . . . .

γ21 γ22

γ11

• Iteration over the rank N :

ΨglN
γ

N
(x1, . . . , xN) =

∫

RN−1

dγ
N−1

Q

∨glN

glN−1
(γ

N
, γ

N−1
|xN) ΨglN

γ
N

(x1, . . . , xN−1) ,

Q

∨glN

glN−1
=

N∏
j=1

N−1∏

k=1

Γ
(ıγN,j − ıγN−1,k

~

)
exp

{
ıxN

( N∑
j=1

γN,j −
N−1∑

k=1

γN−1,k

)}

corresponding to the Gelfand-Zetlin pattern

γN,1 γN,2 . . . γN,N−1 γNN

γN−1,1 γN−1,2 . . . γN−1,N−1
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• Introduce the dual Baxter operator with the kernel

Q

∨glN

(λ; γ|z) = e
ız

N∑
i=1

(γi−λi)
N∏

i,j=1

Γ(ıγi − ıλj) .

The following holds:

Q
∨glN

(z)∗ΨglN
γ (x) =

∫

SN

dγ Q

∨glN

(λ; γ|z) ΨglN
γ (x) = e−exN−z

ΨglN
γ (x) .

• Introduce the Baxter Q-operator with integral kernel

Q(x, y|λ) = 2N exp
{ N∑

i=1

ıλ
(
yi−xi

)− 1

~

N−1∑
i=1

(
e2(yi−xi)+e2(xi−yi+1)

)

− 1

~
e2(xN−yN )

}
,

y1 y2

¦¦®®
®®

®®
®®

®®
®®

®
. . . . . . yN

££¦¦
¦¦

¦¦
¦¦

¦¦
¦¦

¦¦

x1

YY3333333333333
. . .

ZZ444444444444444
xN−1 xN

ZZ66666666666666

Theorem 1 Consider the K-biinvariant function on G

φQ(λ)(g) = 2N | det(g)| ıλ− N−1
2 exp

{
− 1

~
Tr(gtg)

}
.

Then for the K-invariant Whittaker function Φ
glN
λ (g):

∫

G

dg φQ(λ)(g
−1h) Φ

glN
λ (g) = Q(λ)∗Φγ(x) = LQ(λ) ΦglN

γ (y) ,

where

LQ(λ) =

N∏
i=1

~
λ−γi

2 Γ
(λ− γi

2

)
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• Macdonald polynomials. Given a partition Λ = (Λ1 ≥
. . . ≥ ΛN ≥ 0) ∈ ZN

+ , it labels two types of bases in SN(x):

1. µΛ =
∑

σ∈SN

xΛ1
σ(1)x

Λ2
σ(2) · . . . · xΛN

σ(N)

2. πΛ =
N∏

i=1

πΛi
with πn =

N∑
i=1

xn
i

On symmetric functions over Q(q, t) define a pairing:

〈
πΛ, πΛ′

〉
q,t

= δΛ, Λ′
∏
n≥1

nmnmn!
∏

λk 6=0

1− qΛk

1− tΛk
,

where mn =
∣∣{k | pk = n}

∣∣.
Definition 2 Macdonald polynomials PΛ(x|q, t) are the

symmetric functions over Q(q, t) such that

PΛ(x|q, t) = µΛ +
∑

Λ′¹Λ

uΛ′, Λ µΛ′ , uΛ′, Λ ∈ Q(q, t) ,

〈
PΛ(x), PΛ′(x)

〉
q,t

= 0 , Λ′ 6= Λ

Basic properties:

1. The (q, t)-deformation of the Cauchy identity:

N∏
i=1

N∏
j=1

∞∏
n=0

1− txiyjq
n

1− xiyjqn
=

∑
p

PΛ(x) P ∗
Λ(y) , (4)

where

P ∗
Λ(y) =

PΛ(y)

〈PΛ, PΛ〉q, t ;
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2. Eigenvalue property:

Hr ·PΛ(x) = cr(q
Λ) PΛ(x) , cr(q

λ) =
∑

Ir

∏

i∈Ir

qpi t%i ,

with the Macdonald difference operators:

Hr =
∑

Ir

t
r(r−1)

2
∏

i∈Ir, j /∈Ir

txi − xj

xi − xj

∏

i∈Ir

q
xi

∂
∂xi , (5)

where Ir = (i1 < i2 < . . . < ir) for r = 1, . . . , N .

3. For a normalized Macdonald function

PΛ(x|q, t) := t

N∑
i=1

Λiρi ∏
i<j

∞∏
n=0

1− t2qΛi−Λj+n

1− tqΛi−Λj+n
Pλ(x; q, t) ,

the following self-duality holds:

PΛ(qΛ′−kρ; q, t) = PΛ′(q
Λ−kρ; q, t) . (6)

Relation to (q-deformed) Whittaker functions:

Ψγ(x)

PΛ(x| q, t)

t→0

))

t→∞
55

qΨz(Λ)

q→1
44iiiiiiiiiiiiiiiiiii

q→0 **UUUUUUUUUUUUUUUUUUU

χΛ(z)

with

xi = qΛi , zi = qγi , i = 1, . . . , N .
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• q-Whittaker function: the First formula.

For q < 1 consider the limit t = q−k →∞, k →∞.

P (N) :=
{

pk,i

∣∣∣ pk+1,i ≥ pk,i ≥ pk+1,i+1

}
⊂ ZN(N−1)/2

PN,N−1 :=
{

p
N−1

∣∣∣ pN,i ≥ pN−1,i ≥ pN,i+1

}
⊂ P (N)

Theorem 2 The q-Whittaker function qΨz(pN
) reads

(I) For p
N

being in the dominant domain pN,1 ≥ . . . ≥ pNN

qΨz(pN
) =

∑

p
k
∈P(N)

N∏

k=1

z
|p

k
|−|p

k−1|
k (7)

·

N−1∏
k=2

k−1∏
i=1

(pk,i − pk,i+1)q!

∏
1≤i≤k≤N−1

(pk+1,i − pk,i)q! (pk,i − pk+1,i+1)q!
,

(II) When p
N

is outside the dominant domain qΨz(p) = 0.

qΨz1,...,zN
(p

N
) =

∑

p
N−1∈PN, N−1

∆(p
N−1

) z
|p

N
|−|p

N−1|
N

qQ
glN
glN−1

qΨz1,...,zN−1(pN−1
),

Q
glN
gl(N−1)(pN

, p
N−1

| q) =
1

N−1∏
i=1

(pN,i − pN−1,i)q! (pN−1,i − pN,i+1)q!

∆(p
N−1

) =

N−2∏
i=1

(pN−1,i − pN−1,i+1)q!

Example: The case Uq(gl2).

qΨgl2
z1, z2

(p1, p2) =





(z1z2)
p2

p1∑
p=p2

z
p1−p
1 z

p−p2
2

(p1−p)q! (p−p2)q!
, p1 ≥ p2

0 , p1 < p2
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• Gelfand-Zetlin formula for dominant p = (p1 ≥ . . . ≥ pN) :

lim
q→0

qΨz(p) =
∑

p
k
∈P(N)

N∏

k=1

z
|p

k
|−|p

k−1|
k = χp(z) . (8)

• In the limit q → 1 consider qΨ̃z(p) := ∆(p
N

)qΨz(p)

lim
q→1

qΨ̃z(p) = χN(z)pNN

N−1∏

k=1

χk(z)pN,k−pN, k+1 = Tr
Vf

N∏
i=1

zEii
i

V f = V
⊗pNN

$N

N−1⊗

k=1

V
⊗(pN,k−pN, k+1)

$k
(9)

• For w ∈ Ŵ the subspace V [w·$]($) ⊂ V ($) is 1-dim.

Demazure module Vw($) := U(b) · V [w·$]($) ⊂ V ($)

chVw($) =
∑

µ∈P

dim V [µ]
w ($) eµ = Dsi1

· . . . · Dsim
· e$

where Dsi
= 1−e−αi si

1−e−αi
, and w = si1 · · · sim. Identify a set of

Ŵ -orbits in Ṗ with Z× (Z/ZN), and for 0 < i < N let

$k,i := k$N + $i = (k + 1, . . . , k + 1︸ ︷︷ ︸
i

, k, . . . , k)

be the representatives of the Ŵ -orbits. Besides, let us intro-

duce the homomorphism π : Z[A] → Z[q; z1, . . . , zN ] defined

by π(e$0) = 1, π(e$k) = z1 · · · zk, 0 < k ≤ N , and π(eδ) = q.

Theorem 3 Let $̂k,i := $0+$k,i, and let wk,i ∈ Ŵ be such

that the projection of wk,i · $̂k,i onto P is anti-dominant.

Let Λk,i := w0 ·$k,i; then the following holds.

qΨ̃z(pN
) = q

1
2($k,i, $k,i)−1

2(Λk,i, Λk,i)π
(

chVwk,i
(Λk,i)

)

where p
N

= Λk,i.
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• q-Whittaker function: the Second formula.

Consider the limit t → 0. Let {zk,i; 1 ≤ i ≤ k ≤ N}
with zN,i := zi, 1 ≤ i ≤ N .

Theorem 4 In the dominant domain pN,1 ≥ . . . ≥ pNN

qΨzN
(p

N
) = Γq(q)

(N−1)(N−2)
2

∏

1≤j≤n≤N−1

1

2πı

∮
dzn,j

zn,j

·
∏

i≤k

( zk,i

zk−1,i

)pN,k
N−1∏
n=1

n+1∏
i=1

n∏
j=1

Γq

(
z−1
n,jzn+1,i

)

n!
∏

j 6=m

Γq

(
z−1
n,mzn,j

) (10)

where

Γq(z) =

∞∏
n=0

1

1 − zqn
=

∞∑
n=0

zn

(n)q!
.

The second formula also admits a recursion w.r.t. the rank N :

qΨzN
(p

N
) = Γq(q)N−2

N−1∏

k=1

∮
dz

N−1,k

2πız
N−1,k

(z
N,1zN,2 · . . . · zNN

z
N−1, 1 · · · zN−1,N−1

)pNN

·∨∆(zN−1) Q

∨glN

glN−1
(zN , zN−1|q) · qΨzN−1(p

′
N

)

where
∨∆(zN−1) =

∏

k 6=j

Γq

(z
N−1, k

z
N−1, j

)−1

Q

∨glN

glN−1
(zN , zN−1|q) =

N∏
i=1

N−1∏

k=1

Γq

( z
N, i

z
N−1, k

)

Example: p = (n + k, k, . . . , k).

qΨglN
z (n + k, k, . . . , k) = (z1z2)

p2
1

2πı

∮

t=0

dt

t
t−n

N∏
j=1

Γq(zjt) .

9



• Counting holomorphic sections.

Md(P1, PN−1) :=
{

holomorphic maps P1 −→ PN−1 of degree d
}

=
{

f 1(y1, y2), . . . , fN(y1, y2)
∣∣∣ deg f i(y) = d

}/
C∗

⊆ PN(d+1)−1

Let G = S1×U(N), and Lk is such that Eii · Lk = kLk, then

χG

(Lk(n)
)

=

N(d+1)−1∑

k=0

(−1)k TrHk(PN(d+1)−1,Lk(n)) e
~L0 +

N∑
j=1

λjEjj

= A
(d)
n, k = (z1z2)

k 1

2πı

∮

t=0

dt

t
t−n

N∏
j=1

d∏
m=0

1

1− zjtqm
. (11)

Proposition 1 For q = e~ and zi = eλi one has

A
(∞)
n, k := lim

d→∞
A

(d)
n,k = qΨz(n + k, k, . . . , k) (12)

For the equivariant cohomology

H∗
G

(
PN(d+1)−1) = C

[
x, ~

]/ N∏
j=1

d∏
m=0

(x− λj − ı~m)

the Riemann-Roch-Hirzebruch formula reads

χG

(Lk(n)
)

=
〈
ChG(Lk(n)) TdG,

[
PN(d+1)−1

]〉
(13)

where

ChG

(Lk(n)
)

= enx + k(λ1+...+λN ) ,

TdG(T PN(d+1)−1) =

N∏
j=1

d∏
m=0

x− λj − ı~m
(1− eλj+ı~m−x)

.

Problem: Construct a relevant semiinfinite cohomology the-

ory for (q-deformed) Whittaker functions Ψγ(x) and qΨz(p).
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• Parabolic Whittaker functions. Let N = ` + m

and

b+ = h(m, `+m) ⊕ n
(m, `+m)
+

with the N -dimensional commutative subalgebra spanned by

H1 = E11+. . .+Emm , Hk = E1, k, k = 2, . . . , m ;

Hm+n = Em+k, `+m, n = 1, . . . , `− 1 ,

H`+m = Em+1,m+1 + . . . + E`+m, `+m ,

and the subalgebra generated by

E1,m+1 , E1, `+m , Em, `+m ;

Ekk , k = 2, . . . , N−1 ; Ej,j+1 , j = 2, . . . , N−2 .

Definition 3 The (m, ` + m)-Whittaker function associ-

ated to (πγ, Vγ) is given by

Ψ(m, `+m)
γ (x) = e−ρ1x1−ρNxN

〈
ψL , πγ

(
e
−

N∑
i=1

xiHi)
ψR

〉
(14)

the Whittaker vectors ψL, ψR ∈ Vγ are defined by

En+1, n ψL =
1

~
ψL , n = 1, . . . , N − 1 ,





EkkψR = 0 , k = 2, . . . , N − 1

Ej,j+1ψR = 0 , j = 2, . . . , N − 2

E1,m+1ψR = Em, `+mψR = 0

E1, `+mψR = (−1)ε(`,m)

~ ψR

The Casimir elements Cr ∈ ZU(glN), r = 1, . . . , N act by

Hr(x, ∂x)·Ψ(m, `+m)
γ (x) = ~r e−ρ1(x1−x`+m)

〈
ψL πγ

(
Cr g(x)

)
ψR

〉
,

= σr(γ) Ψ(m, `+m)
γ (x) .
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The L-operator

L(x, ∂x)·Ψ(m, `+m)
γ (x) =

N∑
i,j=1

eij e−ρ1(x1−x`+m)
〈
ψL πγ

(
Eij g(x)

)
ψR

〉
,

Let Pj = −~ ∂
∂xj

, j = 1, . . . , N , the limit ~→ 0 implies

L(x, P ) =




P1 . . . Pm 0 . . . (−1)εex1−xN

−1 0 . . . 0 . . . 0

0 . . . . . . ... ...
... . . . −1 0 Pm+1
... . . . −1 0 ...

0 . . . . . . 0 −1 PN




• Consider the case Gr(1, ` + 1) = P` and N = ` + 1

Theorem 5 The (1, ` + 1)-Whittaker function with x =

x1, x>1 = 0 and ε(1, ` + 1) = 1 + `(`−1)
2 coincides with the

generating function of S1 × U(` + 1)-equivariant quantum

cohomology of P`:

Ψ
(1, `+1)
λ (x, 0, . . . , 0) =

1

2π~

∫

R+ıσ

dH e−
ı
~ xH

`+1∏
j=1

~
ıH−λj
~ Γ

(ıH − λj

~

)

=

∫

C

∏̀

k=1

dt exp
{
−1

~
λ`+1x− e

x− ∑̀
k=1

tk − 1

~
∑̀

k=1

(
(λk−λ`+1)tk + etk

)}

The corresponding D-module QH∗
G(P`) is defined by

{ ∏ (
~

∂

∂x
+ λj

)
+ ex

}
· Ψ(1, `+1)

λ (x, 0, . . . , 0) = 0

12



• L-funciton as an equivariant symplectic volume.

An element of Md(P1, CN) is a collection

f i(y) =

d∑
m=0

f i
m wm , i = 1, . . . , N .

Symplectic form on QMd(CN) is

Ω =
ı

2

N∑
i=1

d∑
m=0

df i
m ∧ df i

m =
ı

4π

N∑
i=1

2π∫

0

dθ χi(θ) χi(θ) .

The momenta of Hamiltonian action of G = S1 × U(1)N are

HU(1)i = −1

2

d∑
m=0

|f i
m|2 = − 1

4π

2π∫

0

dθ |f i(θ)|2 , i = 1, . . . , N ;

HS1 = −1

2

N∑
i=1

N∑
i=1

d∑
m=0

m|f i
m|2 = − 1

4πı

N∑
i=1

2π∫

0

dθ f i(θ)·∂θf
i(θ) .

The G-equivariant symplectic volume of Md(P1, CN) :

Z(d)(λ, ~) =

∫

Md

e
Ω + ~H

S1 +
N∑

i=1
λiHU(1)i

= vol U(1)N
N∏

i=1

d∏
m=0

1

λi + ~m
. (15)

This is Gaussian integral, when d → ∞ is defined using the

Hurwitz zeta for Re(s) > 1 and arg(an + b) ∈ (−π; π]:

ζa(s; b) =

∞∑
n=0

1(
an + b

)s , ζa(0; b) =
1

2
− b

a
, (16)

ζ ′a(0; b) = −
(1

2
− b

a

)
ln a + ln

1√
2π

Γ
(b

a

)
.
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Theorem 6 The G-equivariant volume Z(λ, ~; µ) reads:
∫

ΠTMhol(CN )

[D2χ][D2ϕ] eµSeff =

N∏
i=1

AB
λi
~ Γ

(λi

~

)
, (17)

where A = A(~; µ), B = B(~; µ), and

Seff =
1

4π

2π∫

0

dθ
N∑

i=1

[
ıχi(θ) χi(θ) − ϕi(θ)

{
λi + ~∂θ

}
ϕi(θ)

]
.

• Fixed point calculation. To the equivariant volume:

Z(λi, ~; µ) = 2πµ

∫

R

dx eµλix

∫

PM(D,C)

eµ (Ω̃(x) + ~H̃
S1)

apply the Duistermaat-Heckman formula:
∫

PM(D,C)

eµ (Ω̃(x) + ~H̃
S1) =

∑

pn∈PMS1

eµ~ H̃
S1(pn)

detTpnPM
( ~

2π v̂S1
) . (18)

pn = ϕne
ı nθ , H̃S1(pn) = nx , n = 0, . . . ,∞ ,

ln det
TpnPM

( ~
2π

v̂S1
)

=
[

ln

∞∏
m=0
m6=n

~
2π

(m− n)
]

a

:= − ∂

∂s

[ n∑
m=1

e−ıπ s
(a~m

2π

)−s

+

∞∑
m=1

(a~m
2π

)−s ]
s→0

Using the Riemann zeta values ζ(0) = −1
2 and ζ ′(0) = ln 1√

2π

Z(λi, ~; ~−1) = µ
√

a~
∫

R

dx eµλix
∞∑

n=0

(−1)n

n!

(2π

a~
eµ~x

)n

=

√
2π

~

∫

R
dx exp

{ 1

~
(
λix − ex

)}
=

√
2π

~
~

λi
~ Γ

(λi

~

)
.
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• Parabolic Whittaker function as a symplectic

equivariant volume.

The above considerations can be extended to parabolic Whit-

taker function.

Theorem 7 The following holds:

Ψ
(1, `+1)
λ (x) =

∫

M(D,P`)

e
Ω̃(x) + ~H̃

S1 +
`+1∑
i=1

λiH̃i
. (19)
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