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‘ Notation '

NOTATION
(G is the real points of a linear connected reductive group.

go := Lie(G), 8 Cartan involution, gg = &y + so, g := (go)c,

K maximal compact subgroup, g = € + s,

P = M N minimal parabolic subgroup, (M) = M, and A is
the split part of the center of M; then M N K := Ck(A), and
M=MnNK-A.

W := Ng(A)/M N K the Weyl group.

\ € K a K—type, then W acts on yMNE,




Problem

Compute the representation of W on VMM

More generally if y € MNK , compute the representation of W,

(the centralizer of x in W) on Homy/nx|x, Vil

Motivation

(1) For G = GL(n,C), K = U(n) and M is the diagonal torus, and

W = 5,,. Kostka-Foulkes polynomials encode information about

(2) Spherical unitary dual.




Spherical unitary representations

Let x € M. The spherical principal series is

X(x) = Indf(x ® 6,"° @ 1), (1)

where x is an unramified character, (i.e. x |pnx= triv), and dp is

the modulus function of P.

Hompg [Triv : X(x)] =1, L(x) the unique irreducible

subquotient containing the trivial K —type.
Every spherical irreducible module is an L(y) for some Y.

L(x) = L(x') if and only if there exists w € W such that
wyx = X'

L(x) is hermitian if and only if there is w € W such that
wx = x" 1.




For every w € W there is an intertwining operator
Aw(x) + X(x) — X(wx).

A, gives rise to

A (X, ) :

Hompg [Vi, X (x)] = V'™ — Homg [Vy : X (wx)] = V™5,

Ay, is normalized so that a,,(x,triv) = id; this makes A,
analytic for the region for which (Rey, «) > 0 for all roots of IV,

in the hermitian case a,,(x, \) gives rise to a hermitian form.
L(x) is unitary iff a,,(x, A) positive semidefinite for all \.

if w=s7...5; 1s a reduced decomposition,

and each ag, is induced from a corresponding operator on a real
rank one group.




- A K—type will be called single petaled, if a,(x,\) only
depends on the Weyl group representation VAM . More precisely
this is a condition on the ag, (X, A) so that they are as simple as
possible. For example when ag, comes from SL(2,R), it has the

form

Id it m =0,
[Tocicm 2j—l=<via> g if m =0,

as. (2m,x) =

2j—1+<v,a>

(2m parametrize the spherical K —types of SO(2)). For other
real rank one groups there are similar formulas by [JW]. We
require that m = 0,1 only,

\ v if s,v =,
a v =
sa(A X) s

v as if s, v = —v

for v € VMOK The ¢, are (positive) scalars that only depend
on the W —orbit of «.




There are analogous results when we replace y by an arbitrary

character, or R by a p-adic field. In the case of a split adjoint

p—adic group, [BM1]| and [BM2] replace the group by an affine

graded Hecke algebra. The V) are replaced by Weyl group
representations, and the formulas above are exact; they are the

formulas for the intertwining operators.

The guiding principle is that for these K —types we can do the
calculation in the affine graded Hecke algebra with parameters q,,
and V), is replaced by a Weyl group representation.




The p-adic case

e (G split, B= AN a Borel subgroup, F DR > P, K = G(R),
e 7 an Iwahori subgroup.
® X\ |Anx= triv, i.e. unramified.

e G be the complex dual group.
Then

{L(x) spherical } +— {s € G semisimple}/"G.

s decomposes into an elliptic and a hyperbolic part s = s.sj,.

Um'tsph(G) == I_I Unitsph,se (G)




[BM1] and [BM2] show that

1. Unitz_qspn(G) = Unit(H) where H is the Iwahori-Hecke
algebra,

. Unit(Hs,) =2 Unit(H(s.)), where H(s.) is the affine graded
I-Hecke algebra at s..

In particular,

Unitsph,se (G) = Unitsph,l(G(Se))a

where G(s.) is the split group dual to YG(s.).

We will assume that s, = 1.




Main Result

Joint with Dan Ciubotaru we have extended the results for

7 —spherical representations to groups other than adjoint type and

- arbitrary y for split groups of any kind, (using results of Roche)

- blocks (in the sense of Bernstein) when there are types, e.g.

unipotent representations for p-adic groups studied by Lusztig,

- blocks associated to unramified characters of quasisplit groups.




Main topic of this talk

Let G be quasisplit, "but with no factor which is a complex group

viewed as a real group”.

Associated to G there is an (outer) automorphism ‘7 of YG. Then
form G := VG x {}, and let VG be the connected component of

r. In this case,

{L(x) unramified } < {s € YGT semisimple }/"G.

A semisimple element decomposes s = s, 5. with s, € YG'7. Let

G(se) be as before (split real group). Then there is an inclusion

Unitspn. s, (G) C Unitspn 1(G(se)).
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Here are the groups for real infinitesimal character, i.e. s, =7 :

G G,

U(n,n) Sp(2n,R), So(n,n)
Un+1,n) So(n+ 1,n)

(
So(n+2,n) So(n+ 1,n)
(

Fg F4(R, split)

By [B3], this is an equality for U(n + 1,n), U(n,n). For type Eg
the inclusion is into the spherical unitary dual for split p—adic F}
which is known by [C1].




Split groups, p-adic case

where ‘O is a nilpotent orbit. Let A(*O) be the reductive part of

the centralizer of ‘e €V(®. Then

SPh(G) 0w = SPh(A(0))o.-

The spherical unitary dual only depends on the adjoint group, not
the isogeny classes. So we only need to specify Sph(G)g ., for G
simple. This is a union of simplices in the dominant chamber,
explicity determined in [B1] for classical types, [C1] for Fy, [BC] for

Eg, E7, Fs. G5 and small rank cases were known before.




There are some exceptions, where the answer has to be given case

by case:

{As +3A1, Ay A Ay, Ay Az, Dy(ar) Az, Az + 241, As + 241,44, }.

in Er in Fg

(2)
See [C1] for Fy.




Sketch of some proofs

Type F4. The maximal compact subgroup (actually of the double
cover of Fy) is Sp(2) x Sp(6). There is a matchup o «+— V,,(,) with
the proerty that V), is petite, and the representation of W on
VMM K s o

K — type W — type
0

0

(
(
(
(1
(
(
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These W — types are called relevant; a spherical irreducible
representation is unitary if and only if it is positive definite on
these W —types. This implies an embedding of the spherical
unitary dual of the split real F into the spherical unitary dual of
the split p-adic Fy. Similar results are proved for all split groups,

[B1], [B2], [C1], [BC].

We consider the case of quasisplit Eg. For each o € W on the list,

we need a V) (,) which is petite, and such that V)\]‘({j) contains o. Let

T € Aut(G) satisfy
e 7 and f# commute,
o (5, is split type Fjy.

Then K, = C,C5 C K = A; A5 with C identified with the A, and
('3 C As the usual inclusion. Let H = MT be a Cartan subgroup
of K with T" a Cartan subgroup of K. We can ignore the C; = A;.




In coordinates
t={(a,b,c,—c,—b,—a)}

m = {(a17a27 —a; — az, —a; — az, CL2>CL1)}-

Suppose we want to match 8; with a petite representation of As.
We choose a A as small as possible so that V) |, contains the
representation (2,1,0) of C'3. The best choice would be a A such
that A |(= (2,1,0) and A |n= 0. This does not work. It turns out
that the good choice is A = (2,1,0,0,0,0). It is easy to see that
dim V™ = 16, and dim V™ = 8. Since also

(2,1,0,0,0,0) |c,= (2,1,0) + (1,0,0),

and the second factor does not contain any M, fixed vectors, the

claim follows from the F; computation.
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