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The problem
◮ Estimation of weather related return periods in the presene ofstrong seasonal e�ets
◮ Example: Signi�ant wave height Hs (4 times standarddeviation of sea surfae height) in the North Sea Marh 1980� Marh 1988, 3 hour sampling inteval

0 2 4 6 8

x 10
4

0

2

4

6

8

10

12

14

Lindgren - georg�maths.lth.se Phase shifts



The problem, ontinued
◮ Strong seasonal e�et for loa-tion in logHs , i.e. in sale of Hs
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◮ Standard deviation of hourly sea level � astronomial ylewith period 18.61 year; Méndez et al, J. Atmospheri andOeani Tehnology, 2007
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Common pratise � I
◮ Divide the year into �homogeneous� intervals, e.g. months, andmake separate analyses for eah period
◮ Smith: Extreme value analysis of environmental time series ...,Statistial Siene, 1989
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Common pratise � II
◮ Estimate parameteri models for time dependent parameters inextreme value analysis
◮ Katz et al: Statistis of extremes in hydrology, Advanes inWater Resoures, 2002 � upper urve shows separate 100-yearreturn level for GEV model for monthly maximum of FortCollins preipitation.
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The �xed periodi model
◮ For seasonal GEV analysis for monthly maximum, themaximum value over month t = 1, . . . , 12 is assumed to havea GEV distribution with loation µ(t), sale σ(t) and shapeparameter γ(t) dependent on t:
◮ Katz, Méndez, and many others, assume (�sum of�) harmonis:

µ(t) = µ0 + α1 os 2πf0t + β1 sin 2πf0t
= µ0 + A1 os(2πf0t + φ1)log σ(t) = s0 + A2 os(2πf0t + φ2)and possibly a onstant γ(t).Frequeny f0 = 1/12 for monthly maxima, and φk are �xedphases for the harmoni hange in loation and sale.Lindgren - georg�maths.lth.se Phase shifts



But � is the ��xed phase� model realisti?
◮ Does the �stormy season� our at a �xed date every year?
◮ Or does it ome with some phase variation?
◮ And, does that really matter,
◮ so it an systematially in�uene estimation of return levels?
◮ Take a look at the logHs data from the North Sea, enteredaround 0.
◮ Fit a �xed phase osine to yt , the entered logHs(t) data fromthe North Sea, minimizing

∑
(yj − α os 2πf0tj − β sin 2πf0tj)2

◮ and take Â =
√

α2 + β2, φ̂ = − artan β/αLindgren - georg�maths.lth.se Phase shifts



A look at the North Sea signi�ant wave height
◮ Residuals, yt − Â os(2πf0t + φ̂), around the mean valuefuntion still ontain a seasonal omponent!
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The stormy season may ome at di�erent dates!
◮ Assume a slowly varying random amplitude At and phase φ(t)m(t) = At os(2πf0t + φt)
◮ Estimate At and φt by loal least squares, minimizing, for�xed t,

∑

|tj−t|<h (yj − αt os 2πf0tj − βt sin 2πf0tj)2 K ((tj − t)/h)h
◮ and take Ât =

√
α2t + β2t , φ̂t = − artan βt/αt
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Amplitude and phase are not onstant
◮ Amplitude and phase vary slowly over the 8 years of North Seadata: plot of amplitude Ât and phase φ̂t
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◮ Phase varies by ±0.2 around its average value, i.e. the time forpeak Hs may shift bak and forth with about 12 days betweenyears! Lindgren - georg�maths.lth.se Phase shifts



Does the phase shift have any e�et on the extreme valueanalysis?
◮ Visible e�et on seasonal pattern:
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Fixed and shifting seasonal e�ets
◮ Small, but lear (?) di�erene between residual patterns for�xed (left) and shifting (right) phases
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Simulation study: does random phase a�et extreme valueanalysis?Gaussian time series sample interval 3 hoursMean value yearly osine variable A and φResidual standard deviation onstant σyEstimation assumption I onstant A and φ WRONG!Estimation assumption II variable A and φ CORRECT!Estimate residual distributionQuestion are extreme quantiles orretly estimated?
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The model
◮ Independent residuals Yt around a random season:Yt = mt + N(0, σ2y )mt = m0 + At os(2πf0t + φt), Var(mt) = σ2mAt = 0.5 + Ãt , stationary Gaussian, psd Sa(ω)

φt = −0.2 + φ̃t , stationary Gaussian, psd Sf (ω)

◮ Left: examples of At and φt with estimates; Right: example ofmt (blak), m̂t �xed (red), m̂t �exible (blue)
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Estimate residual distribution under the two assumptionswhen in fat model II is orret?
◮ Generate data (8 year) from Model II (�exible) and estimateseason mt under Assumption I and Assumption II
◮ Residuals x It = yt − m̂Itx IIt = yt − m̂IIt
◮ Compute empirial quantiles in the two sets of residuals
◮ Compare the two sets of quantiles
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Results � 1a
◮ The results will depend on the relation between the residualstandard deviation σy and the variability of the seasonmeasured by its standard deviation σm.
◮ Upper quantile ratio λIq/λIIq based on 100 repliatesq = 0.9 � 0.99999

σy/σm = 1 1.05 � 1.040.75 1.08 � 1.080.6 1.12 � 1.110.5 1.17 � 1.140.4 1.27 � 1.250.3 1.31 � 1.260.2 1.59 � 1.450.1 2.74 � 2.10Lindgren - georg�maths.lth.se Phase shifts



Results � 1b
◮ If residual and season have the same standard deviation,

σy = σm, the e�et of phase mismath is small (< 5%)
◮ If σy = σm/2 high residual quantiles may be overestimated by15%
◮ If σy = σm/5 high residual quantiles may be overestimated by50%
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Peaks over threshold analysis
◮ For POT analysis with seasonal e�et, selet a variable highlevel and analyse exeedanes
◮ Coles and Tawn: Seasonal e�ets of extreme surges. StohEnviron Res Risk Assess (2005):
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Threshold seletion
◮ Coles and Tawn selet a seasonal quantile urve,Q(t) = a + b os(2πf0t + )exeeded by 5% of all data, both summer and winter (atuallyC&T take  = 0) and make an extreme value analysis of theexeedanes
◮ We ompare with a similar analysis with a seasonal quantileurve with �exible phase
◮ Estimate by loal quantile regression a quantile urveQ(t) = A(t) + B(t) os(2πf0t) + C (t) sin(2πf0t)with slowly varying A(t),B(t),C (t) � this is a standardquantile regression problemLindgren - georg�maths.lth.se Phase shifts



Loal quantile regressionReursion: for a small ǫ,
θm+1 = arg min ∑

|tj−t|<h (yj − A(t) − B(t) os 2πf0tj − C (t) sin 2πf0tj)2
×

v(yj )K((tj−t)/h)h√
(yj − Q(t)m)2 + ǫ2optimize for A(t),B(t),C (t)

Lindgren - georg�maths.lth.se Phase shifts



Results � 2
◮ Simulate 8 year of independent normal data, around a varyingmean, sampled 8 times a day
◮ Yearly season with �exible phase similar to Hs North Sea model
◮ Estimate upper quantile funtion with ��xed phase� and with��exible phase�
◮ Compute exeedane distributions
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Results 2a � variability due to phase variationNine simulations of empirial CDF (blue=�xed, red=�exible) forexeedanes over 90% quantile urve and true distribution (blak) �phase STD twie that in �Results 1�, sy = sm/2
0 0.2 0.4

0

0.5

1

x

F
(x

)

0 0.2 0.4
0

0.5

1

x

F
(x

)
0 0.2 0.4

0

0.5

1

x

F
(x

)

0 0.2 0.4
0

0.5

1

x

F
(x

)

0 0.2 0.4
0

0.5

1

x

F
(x

)

0 0.2 0.4
0

0.5

1

x

F
(x

)

0 0.2 0.4
0

0.5

1

x

F
(x

)

0 0.5 1
0

0.5

1

x

F
(x

)

 

0 0.2 0.4
0

0.5

1

x

F
(x

)Lindgren - georg�maths.lth.se Phase shifts



Results 2b � dependene on �signal-to-noise� ratioResults depend on the �signal-to-noise� ratio, i.e. the ratio betweenthe variane of the residuals and the season. Empirial CDF ofexeedanes over 80% limits. Upper row: sy = sm, Middle row:sy = sm/2, Bottom row: sy = sm/10,
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Results 2 � dependene on quantile levelResults depend on the quantile level. Empirial CDF ofexeedanes over 80, 95, 99% quantiles. sy = sm/2. Upper row:p = 0.80, Middle row: p = 0.95, Bottom row: p = 0.99,
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Result 2d � dependene on exeedane distribution
◮ Examples have illustrated normal data with almost exponentialexeedane distribution
◮ Seasonal baseline funtion + exponential residuals gives(trivially) idential results for �xed and �exible quantileestimation
◮ Seasonal baseline funtion + GPD residuals follow the mainpattern, with ��xed phase� assumption overestimating theexesses when phase shifts are present
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Result 2d � examplesLeft: exponential 80%; Right: GPD 99%
0 0.5 1

0

0.5

1

x

F
(x

)

0 0.5 1
0

0.5

1

x

F
(x

)

0 0.5 1
0

0.5

1

x
F

(x
)

0 0.5 1
0

0.5

1

x

F
(x

)

0 0.5 1
0

0.5

1

x

F
(x

)

0 0.5 1
0

0.5

1

x

F
(x

)

0 0.5 1
0

0.5

1

x

F
(x

)

0 0.5 1
0

0.5

1

x

F
(x

)

 

0 0.5 1
0

0.5

1

x

F
(x

)

0 0.05 0.1
0

0.5

1

x

F
(x

)

0 0.05 0.1
0

0.5

1

x

F
(x

)

0 0.05 0.1
0

0.5

1

x

F
(x

)

0 0.05 0.1
0

0.5

1

x

F
(x

)

0 0.05 0.1
0

0.5

1

x

F
(x

)

0 0.05 0.1
0

0.5

1

x

F
(x

)

0 0.05 0.1
0

0.5

1

x
F

(x
)

0 0.05 0.1
0

0.5

1

x

F
(x

)

 

0 0.05 0.1
0

0.5

1

x

F
(x

)

Lindgren - georg�maths.lth.se Phase shifts



Bak to the North Sea wave heightBased on available data with large gaps, estimate �xed (blue) and�exible (red) seasonal 80% quantile urves and obtain exeedaneCDF � results are onsistent with simulations (h=1600 hours). Theoverestimation in the enter of the exeedane distribution is about0.05, whih implies a 5% overestimation of the true signi�antwave height return value
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New problem: Should season amplitude be allowed to varyover years?
◮ The seasonal variation of the amplitude in Result 2 isonfounded with the exeedane variation.
◮ Therefore, estimate quantile urve with �xed amplitude �allowing only the phase to vary between years
◮ Tehnially, �rst estimate variable amplitude and phase model
◮ Then, aept the estimated phase shifts φ(t) and estimate anew onstant amplitude quantile funtion of the formmt = m0 + A os(2πf0t + φ(t))Estimation of m0 and A is now a linear quantile estimationproblem.Lindgren - georg�maths.lth.se Phase shifts



Results 3a � main results remain - normal residualsNine simulations of onstant amplitude-variable phase model.Normal residuals with sy = 0.1sm. Estimation of CDF fromonstant amplitude (red) and onstant amplitude and phase (blue)ompared to true exeedane CDF (blak). 99% quantile. Note:the ��exible phase-onstant amplitude� falls between the ��xedphase� CDF and the true CDF
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Results 3b � main results remain - GPDNine simulations of onstant amplitude-variable phase model. GPDresiduals with shape parameter 0.5 and sale sy = 0.5sm.Estimation of CDF from onstant amplitude (red) and onstantamplitude and phase (blue) ompared to true exeedane CDF(blak). 99% quantile.
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Disussion 1
◮ Seasonal parameters in EVD or in �normal� models are notunreasonable in weather and limate models
◮ Formal non-parametri quantile regression an auratelyestimate a amplitude/phase-shifting seasonal trend
◮ Trend estimation allowing for phase (and amplitude) shiftsseem to �often� agree with the true shifts � when they arepresent
◮ Exeedanes over an estimated �xed-phase season are (insimulations) systematially larger than exeedanes over anestimated �exible phase model in the presene of �exibleseason
◮ Di�erene in �Signi�ant wave height� example is of the orderof 5% in moderately high extremesLindgren - georg�maths.lth.se Phase shifts



Disussion 2
◮ Di�erene seems to be smaller for more extreme quantiles
◮ Di�erene depends on the �signal-to-noise� ratio
◮ Exeedane models from �exible phase model an beombined with a �xed phase model for predition puposes
◮ Gaps with missing values may ause problems
◮ E�ets of the variable amplitude have not been studied
◮ CONCLUSION: If one prefers a POT analysis in the preseneof strong seasonal e�ets, the problem with modelling possiblephase variations should be onsidered � return values mayotherwise be biased in an unonservative way
◮ Blok maxima (e.g. yearly) may be to preferLindgren - georg�maths.lth.se Phase shifts
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