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Motivation

For a Poisson manifold (N, P € ¥2(N)), we have a Lie algebra homo.

@ (N), [, 1p) B @), [ 1),
where [dfl,dfz}p = d{fl,fg} for f1, f2 € COO(N), or,

[, Blp = LpsaB — Lpsga — dP(e, B), Va, 8 € QY(N).
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Motivation

For a Poisson manifold (N, P € ¥2(N)), we have a Lie algebra homo.

@Y(N), [+ ]p) — (E'(N), [, ]s),
where [df1, df2]p = d{f1, f2} for fi, fo € C>(N), or,
[, Blp = LpsaB — Lpsga — dP(e, B), Va, 8 € QY(N).
Consider the Koszul bracket on Q°(N):
o, Blp = (~1)*"M(Lp(aAB) = Lp()AB)—anLpB,  acQ*(N),BeQ(N),

where Lp =tpod—doup : Q*(N) — Q" 1(N). Then we have a graded Lie
algebra homo.

@ (N), [ ]p) 22 (22 (W), [, 1)-

It is an isomorphism when P is symplectic.



For a quasi-Poisson Lie groupoid (G = M, P, ®), construct two Lie 2-algebras and
a weak morphism:

Q* (M) . T(A®A)
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Lie groupoids

A groupoid is a small category such that every arrow has an inverse. Namely, it
has the data source, target and multiplication

s,t:G = M, m:g(z)%M

satisfying the associativity, units, inverse properties. If G and M are smooth
manifolds and the structure maps are smooth, it is called a Lie groupoid.

@ A. Weinstein, Groupoids. Unifying internal and external symmetry, A tour
through some examples, Notices of The AMS 43 (1996), no. 7, 744-752.



Lie algebroids

A Lie algebroid is a vector bundle A — M with a Lie bracket on the space of
sections and a bundle map p: A — T'M such that

[z, fyla = flz,yla + p(@)(Hy,  Va,y €T(A), f € C=(M).
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Lie algebroids

A Lie algebroid is a vector bundle A — M with a Lie bracket on the space of
sections and a bundle map p: A — T'M such that

[z, fyla = flz,yla + p(x)(f)y,  Vo,y €T(A), f € C=(M).
Given a Lie groupoid G, the v.b. A :=kers«|nps C TG|pr — M is a Lie algebroid

with

—

[x7y]14 = [777]57 p:t*-
Lie’s third theorem for Lie algebroids:

@ M. Crainic and R. L. Fernandes, Integrability of Lie brackets, Ann. of Math.
(2) 157 (2003), 61-98.
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Lie group/Lie algebra;

Lie group bundle/Lie algebra bundle;

Pair groupoid M x M = M/ T'M;

Action groupoid G x M = M /Action algebroid g x M — M;
Fundamental groupoid II(M) = M consisting of homotopy classes of paths
relative to fixed end points, concatenation of paths/ T'M;

Gauge groupoid Q x Q/G = M for a principal G-bundle Q — M /Atiyah
algebroid TQ/G;

Symplectic groupoid of a Poisson manifold (M, P)/ T} M.



Lie 2-algebras

A Lie 2-algebra (Baez-Crans) is a 2-term Loo-algebra (Schlessinger-Stasheff). It
has the data

e d:g—1— go;
e 2-bracket [, ]2 : go Ago — go and > :=[,-]2 : go A g—1 — g—1;
e 3-bracket [,-,-]3 : A3go — g—1
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Lie 2-algebras

A Lie 2-algebra (Baez-Crans) is a 2-term Loo-algebra (Schlessinger-Stasheff). It
has the data

e d:g-1— g0;
e 2-bracket [, ]2 : go Ago — go and > :=[,-]2 : go A g—1 — g—1;
e 3-bracket [,-,-]3 : A3go — g—1
s.t., for all w,z,y,2z € go and u,v € g_1,

(1) [du,v]2 = —[dv,u]2, dlz,u]2 = [z, du]s;

(2) =92, 2]2 + [y, 2]2, z]2 + [[2, 22, yl2 = d[z, y, 2]3;

(3) =, yl2, ul2 + [ly; ul2, zl2 + [[u, ]2, yl2 = [z, y, duls;

(4) “dcg’[,]3 =0, ie.

—[w, [z, y,2]s]2 — [y, [z, 2, w]s]2 + [2, [%, y, w]s]2 + [=, [y, 2, w]s]2
= [z, y]2, 2, w3 — [[z, 2]2, y, w]s + [[2, w]2, ¥, 2]3 + [y, 2]2, 2, w3
_[[yv w]g,x,z];; + [[szbvwv:’/h'

@ strict: g 2d, Der(g);

@ skeletal: R % g, where [z,y, 2|3 = K(z, [y, 7]).




Let g and g’ be Lie 2-algebras. A Lie 2-algebra homomorphism consists of

@ a chain map Fp : go — g(, F1:9-1 =g 4,
@ a skew-symmetric bilinear map F : A2gg — g 4,
such that, for z,y,z € go and u € g_1.
(1) Folz,yl2 — [Fo(z), Fo(y)ly = d' Fa(x, y),
(2) Fi[z,uls — [Fo(z), F1(w)]y = Fa(x, d(u)),
(3) Filz,y,2]3 — [Fo(z), Fo(y), Fo(2)]5 = [Fo(@), Fa(y, 2)l; — Fa([x, yl2, 2) + c.p..




Multiplicative multivector fields on Lie groups

A k-vector field IT € XF(G) on a Lie group G is multiplicative if
Mgy = LgxIlr + Ryl

Or, the graph of the group mult is a coisotropic submanifold of G x G x G w.r.t.
IT x II x (—1)*—'II.
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(V) = Hom(AFV*,V*) for a vector space V (abelian Lie group).
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Multiplicative multivector fields on Lie groups

A k-vector field IT € XF(G) on a Lie group G is multiplicative if
ng = Lg*Hr- + Rr-*Hg-
Or, the graph of the group mult is a coisotropic submanifold of G x G x G w.r.t.

IT x II x (—1)*—'II.

(V) = Hom(AFV*,V*) for a vector space V (abelian Lie group).

Definition (Drinfeld)

A Poisson Lie group is a pair (G, P), where P € %2

mul

+(G) and [P, P] = 0.

C*°(@G) is a Poisson algebra and

{f1, f2}(gr) = {f1 0 Ly, f2 0 Lg}(r) + {f1 © Rr, f2 0 Ry }(g).

@ (g*, Pkks) is a Poisson Lie group.
@ SL(n) = SU(n)SB(n), SL(n)* = B+ xg B_, etc.




Multiplicative multivector fields on Lie groupoids

Definition (Iglesias Ponte-Laurent Gengoux-Xu)

A k-vector field TI € X*(G) is multiplicative, if the graph of groupoid
multiplication is a coisotropic submanifold in G X G X G w.r.t. II x II X (—1)’“*11_[.
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Equivalently (Xu),
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passing g and r. (iff [IT, 7]5 is right-invariant, denoted by dr1(u), thus
om : T(A) — T(AFA)).

@ for any £ € Q1 (M), vy (¢)I1 is right-invariant (6r1(f) = [IL, t* f]).
@ M is a coisotropic submanifold of G (IT|p; (&1, -+, &) = 0,V € A*).



Multiplicative multivector fields on Lie groupoids

Definition (Iglesias Ponte-Laurent Gengoux-Xu)

A k-vector field TI € X*(G) is multiplicative, if the graph of groupoid
multiplication is a coisotropic submanifold in G X G X G w.r.t. II x II X (—1)’“’11_[.

Equivalently (Xu),
Q Ugr = Ly Il + Ry WIIg — Ly« Ry 1Tz, where by and b, are bisections

passing g and r. (iff [IT, 7]5 is right-invariant, denoted by dr1(u), thus
om : T(A) — T(AFA)).

@ for any £ € Q1 (M), vy (¢)I1 is right-invariant (6r1(f) = [IL, t* f]).
@ M is a coisotropic submanifold of G (IT|p; (&1, -+, &) = 0,V € A*).

For 7 € 1_'(/\]“14)7 T-%e xﬁqult(g)'




A graded Lie 2-algebra structure

Theorem (Bonechi-Ciccoli-Laurent Gengoux-Xu)

There is a natural strict graded Lie 2-algebra on the complex

T(A®A) — X2 .:(9), T T =7

mult

[117—?]:@—%4
[I, 7] = 0 (7) € D(AFTI=1 4), O e xk . (G), e T(ALA).

mult

For e =1 case, see Berwick Evans-Lerman and Ortiz-Waldron’s works.



A graded Lie 2-algebra structure

Theorem (Bonechi-Ciccoli-Laurent Gengoux-Xu)

There is a natural strict graded Lie 2-algebra on the complex

T(A®A) — X2 .:(9), T T =7

mult

[Hﬂﬁ_?]:m_m~

[I, 7] = 0 (7) € D(AFTI=1 4), I e xk . (G), 7 e T(A'A).

mult

For e =1 case, see Berwick Evans-Lerman and Ortiz-Waldron’s works.
Facts:
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they are viewed as multivector fields on the corres. differentiable stack.

@ Maurer-Cartan elements of this Lie 2-algebra are quasi-Poisson strs on the
groupoid. Shifted Poisson stacks correspond to Morita equivalence classes of
quasi-Poisson groupoids.



A graded Lie 2-algebra structure

Theorem (Bonechi-Ciccoli-Laurent Gengoux-Xu)

There is a natural strict graded Lie 2-algebra on the complex

T(A®A) — X2 .:(9), T T =7

mult

—
[, 7 — %] = o7 — dur-
[, 7] = om(7) € D(AFFTI=14), T e xk 1 (9), 7 € T(A'A).
For e =1 case, see Berwick Evans-Lerman and Ortiz-Waldron’s works.

Facts:
@ The Lie 2-algebras for Morita equiv. groupoids are homotopy equivalent. So
they are viewed as multivector fields on the corres. differentiable stack.
@ Maurer-Cartan elements of this Lie 2-algebra are quasi-Poisson strs on the
groupoid. Shifted Poisson stacks correspond to Morita equivalence classes of
quasi-Poisson groupoids.

Question: Do we have Lie 2-algebra structures on multiplicative forms?



Multiplicative forms on Poisson groupoids

Definition (Weinstein, Bursztyn-Cabrera)

A k-form © € QF(G) is multiplicative if it satisfies
m*© = pr;© + pr306,

where m, pry, pry : G®2) 5 G are the multiplication and the two projections.

Or, the graph of groupoid multiplication is isotropic.



Multiplicative forms on Poisson groupoids

Definition (Weinstein, Bursztyn-Cabrera)

A k-form © € QF(G) is multiplicative if it satisfies
m*© = pr;© + pr306,

where m, pry, pry : G®2) 5 G are the multiplication and the two projections.

Or, the graph of groupoid multiplication is isotropic.

@ For a Lie group G, QF  (G) =0 for k > 2.

mult

o 0!

mult

(V) = V* for a vector space V.




Given a P € X2
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Given a P € X2 (G), consider

mult
[,8]p = LpioB—Lpiga—dP(e,B), a,B€QG),
[.flp = (D" NLp(aAB)—Lp(@AB)—anLph, acQ"(G),5 € (9)
@ Question: Are multiplicative 1-forms closed w.r.t [, ]|p?

Yes, by developing Cartan calculus.
@ Question: Are all multiplicative forms closed w.r.t the Koszul bracket?

Not obvious. They are not closed under the wedge product.



Lie 2-algebras on multiplicative forms of Poisson
groupoids

Theorem (Ortiz-Waldron, Chen-L-Liu)

For a Poisson groupoid (G, P), we have a natural strict graded Lie 2-algebra
Q.(M) = (Qr.nult(g))['z']P)’ 7HS*7_t*7’
where the action is determined by
s*(O>y) =[0,s"]p, VO € Q9 11 (G),y € Q°(M).

Moreover, (P%,pt) is a graded Lie 2-algebra homomorphism:

Q* (M) e T(A®A) .




Lie 2-algebras on multiplicative forms of Poisson
groupoids

Theorem (Ortiz-Waldron, Chen-L-Liu)

For a Poisson groupoid (G, P), we have a natural strict graded Lie 2-algebra
Q.(M) = (Qr.nult(g))['z']P)’ 7HS*7_t*7’

where the action is determined by

s (O>v) =[0,5]p, VO € Q°f 11 (9),y € Q°(M).

mult

Moreover, (P%,pt) is a graded Lie 2-algebra homomorphism:

Q* (M) e T(A®A) .

)

Qs (9) —— X1 (9)

Question: What about quasi-Poisson groupoids? Can we get weak Lie 2-algebras?



Quasi-Poisson groupoids

A quasi-Poisson groupoid is a groupoid G with P € %2 +(G) and @ € T'(A3A) s.t.

mul

1
sP=%-% [P¥



Quasi-Poisson groupoids

A quasi-Poisson groupoid is a groupoid G with P € %2 +(G) and @ € T'(A3A) s.t.

mul

1
S[P. P -3-%, [p3]=o0

(G, P =0,®) is a quasi-Poisson Lie group, where ® = K(-,[,-]) € A3g* = A3g.

Let G be a semi-simple Lie group. Then (G>G = G, P, ®) is a quasi-Poisson
groupoid, where

i o €is

1 s e s —
Pys = EZS?Ag—eg/\el—(Ad971ei) /\?
i

1
o = ZK(r ['7 D € /\39* = /\397

where {e;} is a basis of g.




Linear quasi-Poisson groupoids

The dual g* of a Lie algebra g with the Kirillov-Kostant-Souriau Poisson structure
is a Poisson Lie group.

The dual of a Lie 2-algebra g—1 4, go 18 a quasi-Poisson groupoid (quasi-Poisson
2-group). It is an action groupoid: g-m = dL g+ m:

g:gsbg*—ljgilr (hvgbm)(grm):(h+gvm)v

['7 ']2 —Pe }:i‘nult(g)7 ['7 ) '}3 — @€ F(/\SA)~




Weak Lie 2-algebras of multiplicative forms on
quasi-Poisson groupoids

Theorem (Chen-L-Liu)

Let (G, P, ®) be a quasi-Poisson groupoid. Then the triple

J * *
QM) = Qae(G),  J() =8ty —tty,

is a weak Lie 2-algebra, where the bracket on QL | (G) is [-,-]p, the action and
3-bracket

b QL (@) AQN M) = QUM),  and [ ds : ARQL(9) — Q1(M)
are determined by

s*Ory) = [0,s"]p,
s%001,02,03]3 = L

-
3(61,62,063 +cp. —2dP (01,02,03).




Important formulas

[©1,[O©2,03]p]p + c.p.

1
—5L1P.PI(0,1,02)03 + cp. + d([P, PI(O1, 02, 03));

1
PiO1,0s)p — [P'O1, PiOy]gy = 5[P,P](€)1,®2), 0, € QL(G).



Important formulas

[©1,[O©2,03]p]p + c.p.

1
—5L1P.PI(0,1,02)03 + cp. + d([P, PI(O1, 02, 03));

PiO1,0s)p — [P'O1, PiOy]gy = [P, P](©1,02), 0, € QL(G).

1
2
Key step:

s* (01> [02,03,04]3 + c.p. — ([[©1,02]p, O3,04]3 + c.p.))

L[P,%]((al,ez,e)ew)d@‘1 i e - ells, g](el’ ©2,03,04).



Main Theorem

Theorem (Chen-L-Liu)

Let (G, P, ®) be a quasi-Poisson groupoid. Then

(a) The triple Q®(M) ER Q2 1:(G) is a graded Lie 2-algebra, where the bracket
on Q2 1.(G) is [,-]p, the action>: QF | (G) x Q4(M) — QPT4=1(M) and

mult

the 3-bracket [-,+,-]3 : QF L (G) AQL | (G) AQE . (G) = QPFTITs=2(M) are

SO0 = [0,5p

s¥(©1,02,03]3 = dL(L(L$61)@2)®3+(L(L(L$®1)@2)d@3+&p.).

(b) There is a weak morphism of graded Lie 2-algebras

. o
Qmult(g) = = ‘%mult (g)

where v : QP (G) AQL | (G) = T(APTI=LA) is defined by

I/(®1,@2) (1d®/\p+q & ”)(@(6‘1 /\92))




For a tensor field T € T%(G) on G and © € QP(G), define 170 € TF-LitP=1(G):

11O = tx, nen X, 80 = O (-DF X1 A XG A X ® (B AL, ©). (1)

(a) For all T € T*' (G) and © € Q. (G), we have 170 € TF-LIHP=1(g).

mult mult mult

(b) Foru € T(AFA), v € QY (M) and © € QP . (G), we have

mult

U @s*y© = v ®s*u,

for some v € T(AF=1A) and p € QHP=1(M).




For a tensor field 7 € T™!(G) on G and © € QP(G), define 170 € TF~LI+P=1(g):

11O = tx, nen X, 80 = O (-DF X1 A XG A X ® (B AL, ©). (1)

(9), we have 17O € kal,ler—l(g);

mult

(a) For all T € T (G) and © € QF

mult mult

(b) Foru €T (AFA),y € QY(M) and © € QF . (G), we have
U @s*y© = v ®s*u,
for some v € T(AF=1A) and p € QHP=1(M).

Given a quasi-Poisson groupoid (G, P, ®), we have a graded Lie algebra homo:

bl

A

(@ts ()]~ [+ 1P) T (sG]~ [ 5)-

.

PYO1,02]p — [PtO1, PtOy] = ®(61,02) — B(61,602),

where 0; = pr 4« O;|a € T'(A*). Information on stack.



Example: Lie group case

There are only nontrivial multiplicative 1-forms on Lie groups.

If (G, P, ®) with ® € A3g is a quasi-Poisson Lie group, then

@ (0L .(G),[,]p) is a Lie algebra, which is isomorphic to ((g*)%, [, ]«);

) (Pu, 0,v) is a weak homomorphism between two strict Lie 2-algebras:

% g 5

|

mult (G) xiﬂult(c)

201
where v : A*Q

(G) — g is given by

v(01,02) = —P(01,02), 0; = pry«O;.

A weak morphism between two strict Lie 2-algebras.



Example: Linear quasi-Poisson groupoid case

The dual of a Lie 2-algebra g_1 4, go gives rise to a quasi-Poisson groupoid:

G:goroly =07y, (h, g>m)(g,m) = (h + g,m).

Fix a decomposition go = Imd @ (cokerd). We have an isomorphism

Dt (95> 871) = C(g%1,Imd) & O™ (g7, cokerd)® @ O,y (a5 > 971, ker d).

Xt (85> 9%1) 2= C (g% 1, Imd") & O (g7 1, cokerd™ )0 & Oy (95 > 97 1, ker d ™).

u
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Multiplicative w.r.t both the groupoid and abelian group structures.

1
Qs (86 > 071)

:{llbmult (93 > gt 1)

90;
Endo(g*) := {(A, B) € End(g$) ® End(g* 1)|dT 0o A = BodT}.



Example: Linear quasi-Poisson groupoid case

The dual of a Lie 2-algebra g_1 4, go gives rise to a quasi-Poisson groupoid:

G:goroly =07y, (h, g>m)(g,m) = (h + g,m).

Fix a decomposition go = Imd @ (cokerd). We have an isomorphism

Dt (95> 871) = C(g%1,Imd) & O™ (g7, cokerd)® @ O,y (a5 > 971, ker d).

Xt (85> 9%1) 2= C (g% 1, Imd") & O (g7 1, cokerd™ )0 & Oy (95 > 97 1, ker d ™).

u

Multiplicative w.r.t both the groupoid and abelian group structures.
Qtl)mult (95 > gtl) = 90;

Xprnute (96 > 8% 1) Endo(g*) := {(4, B) € End(g§) ® End(g*,)|d" 0 A= Bod"}.

The Lie 2-algebra morphism is the coadjoint action ad* : g — End(g*):

ady . .
g1 —— > Hom(g* ;, g§) -
T
d T
T

g0 ————— = Endo(g*)



Quasi-Lie bialgebroids

Theorem (Drinfeld)

There is a one-one correspondence between connected and stmply connected
Poisson Lie groups and Lie bialgebras:

(G, 16) =5 (g = TG, dv = der), ((dem)s = (Lzm)(e)).
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Quasi-Lie bialgebroids

Theorem (Drinfeld)

There is a one-one correspondence between connected and stmply connected
Poisson Lie groups and Lie bialgebras:

(G, 16) =5 (g = TG, dv = der), ((dem)s = (Lzm)(e)).

(Quasi-)Poisson Lie groupoids — (quasi-)Lie bialgebroids
A quasi-Lie bialgebroid is a triple (A, d«, ®) consisting of a Lie algebroid A, a
section ® € I'(A3A), and a deg 1 derivation d : T'(A) — T'(A2A) satisfying

dilz,y] = [dez, 9] + [z, dsy],  di =—[®,]], du®=0.



Lie 2-algebras of IM 1-forms on quasi-Lie bialgebroids

An IM 1-form on a Lie algebroid A is a pair (v,0) with v : A — T*M and
0 € T(A*) s.t.

(dab)(z,y) = (v(z), p(y)), vz, yl = Lpav(y) — Lpydv(z), Vz,y € T(A).

Theorem (Chen-L.-Liu)

Let (A,d«,®) be a quasi-Lie bialgebroid. There is a Lie 2-algebra structure:
QM) HIMNA),  G(3) = (o ydr =),
where the 2-bracket on IM' (A) is
[,0), (', 0] = (vpiew' v pivru(Lgr () =Ly, o0 = (Lo()+ Ly (), 6,6']),
the action of IM*(A) on QY(M) is
(v,0) >y = v(pi) + Ly, 07,
and the 3-bracket [-,-,-]3 : ASIM!(A) — QY (M) is

[(l/l, 91), (1/2, 02), (1/3, 93)]3 = I/1(<I>(92, 93)) + c.p. + d@(@l, 02, 093).




Let (A,d«, ®) be a quasi-Lie bialgebroid. There is a Lie 2-algebra homomorphism

(%o, p%,P2):

*

QM) ——>T(4) |
J t
IML(A) —%5 Derl (4)
where o (v, 0) = piv(-) + Lo(-) and o : A’IM!(A) — T'(A) is given by

1!’2((’/7 0)» (V/7 9/)) = @(9, 9/)'

Let (g,d«, ®) be a quasi-Lie bialgebra. The Lie 2-algebra morphism becomes

0
0— g




Summary

If a quasi-Poisson groupoid (G, P, ®) is s-connected and simply connected, we have
the two universal lifting theorems:

And then

8: Xue(9) = Der'(4),  o: QfLy,(G) — IMY(A).
Q! (M) - T'(A)
_— | =
Ql(M) T'(A) ¢
% pt
J IM1(A) F|—2 Derl(A).
/’ Pﬁ /E'
Ilnult(g) x}nult(g)



Future work

(1) Are the weak graded Lie 2-algebras homotopy equivalent under Morita
equivalences of quasi-Poisson groupoids?
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Future work

Are the weak graded Lie 2-algebras homotopy equivalent under Morita
equivalences of quasi-Poisson groupoids?

Can we construct such Lie 2-algebras on multiplicative forms of
quasi-symplectic groupoids?

What are the algebraic structures on affine multivector fields and forms?



Thanks for your attention!



