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Noncommutative projective algebraic geometry

@ Noncommutative projective algebraic geometry rose in the 1980s
through Artin, Schelter, Tate, and Van den Bergh's classification of
noncommutative graded analogues of commutative polynomial rings
in 3 variables.
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Noncommutative projective algebraic geometry

@ Noncommutative projective algebraic geometry rose in the 1980s
through Artin, Schelter, Tate, and Van den Bergh's classification of
noncommutative graded analogues of commutative polynomial rings
in 3 variables.

@ These nononcommutative connected graded algebras nowadays are
called Artin-Schelter (AS) regular algebras of dimension n, which can
be thought as the coordinate rings of noncommutative P"~1.

@ AS-regular algebras are twisted graded Calabi-Yau algebras, which
were introduced by Ginzburg to transport the geometry of a
Calabi-Yau manifold to noncommutative algebraic geometry.
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Atin’s conjecture

@ At a memorial conference honoring Maurice Auslander in March 1995,
Artin presented some problems on 3-dimensional graded domains.
The aim was to expand the birational classification of projective
surfaces to noncommutative projective surfaces.
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Atin’s conjecture

@ At a memorial conference honoring Maurice Auslander in March 1995,
Artin presented some problems on 3-dimensional graded domains.
The aim was to expand the birational classification of projective
surfaces to noncommutative projective surfaces.

@ Artin suggested a list of function fields - division rings with
GK-transcendence degree 2 - that could be the complete list of all
birationally equivalent classes of noncommutative projective surfaces.
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Artin's conjecture

Today, Artin’s conjecture on the birational classification of
noncommutative projective surfaces is (arguably) the most important open
problem in noncommutative projective geometry. Various algebraic and
geometric methods have been proposed for Artin's conjecture, but an
ultimate solution remains elusive.

birational geometry
of surfaces

PossonV wmatvty
quantization

Poisson fields ~—~——~~~r~rrrrrr—> division rings
of tr. deg 2 semi-classical limit T cemicclassical imit  of GK-tr. deg 2
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Poisson bracket

@ The notion of Poisson bracket was introduced by French
mathematician Siméon Denis Poisson in the search for integrals of
motion in Hamiltonian mechanics.

@ The relations among algebraic geometry, noncommutative algebraic
geometry, and Poisson geometry can be summarized in the following
diagram.

algebraic geometry

(commutative algebra)

. noncommutativit;
Poisson bracket Y

quantization

noncommutative
algebraic geometry

(noncommutative algebra)

Poisson geometry

(POISSOH algebra) semi-classical limit
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Poisson Origin Story

The notion of a Poisson bracket (or fish bracket, if translated) was first
introduced by French mathematician Siméon Denis Poisson, a student of
Lagrange and Laplace, in his 1809 essay, roughly translated as “Essay on
the Variation of Arbitrary Constants in Questions of Mechanics".

Siméon Denis Poisson

O His teachers: Laplace, Lagrange, ...
O Poisson’s terms:
®  Poisson's equation L, -
Poisson's integral 3 N

Poisson distribution
Poisson brackets
Poisson's ratio
Poisson's constant

1781-1840, France

“Life is good for only two things: to study mathematics and to teach it.”
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Poisson Origin Story

The notion of a Poisson bracket (or fish bracket, if translated) was first
introduced by French mathematician Siméon Denis Poisson, a student of
Lagrange and Laplace, in his 1809 essay, roughly translated as “Essay on
the Variation of Arbitrary Constants in Questions of Mechanics".

Siméon Denis Poisson Simeon Denis Poisson n
O His teachers: Laplace, Lagrange, ... Q FHeerometters, Dertins, P 2)
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Jacobian structure

Let A =Kk[x,y, z]. For any polynomial Q € A, define the Poisson bracket
on A:

£ f £
{f,g}=det| g g &g |, f.g€A
Qe Q, Q,
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on A:

£ f £
{f,g}=det| g g &g |, f.g€A
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@  is called the potential and €2 lies in the Poisson center of Ag
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Jacobian structure

Let A =Kk[x,y, z]. For any polynomial Q € A, define the Poisson bracket
on A:

£ f £
{f,g}=det| g g &g |, f.g€A
Qe Q, Q,

@  is called the potential and €2 lies in the Poisson center of Ag

@ We denote this Poisson algebra by (Aq, mq) and its quotient Poisson
algebra Po = Aq/(Q)
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Jacobian structure

Let A =Kk[x,y, z]. For any polynomial Q € A, define the Poisson bracket
on A:

£ f £
{f,g}=det| g g &g |, f.g€A
Qe Q, Q,

@  is called the potential and €2 lies in the Poisson center of Ag

@ We denote this Poisson algebra by (Aq, mq) and its quotient Poisson
algebra Po = Aq/(Q)

o If ©Q is homogeneous, both Aqg and Pq are graded Poisson algebras.

v
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Discrete valuations

Definition (Discrete Valuation)

Let K be any field. A (discrete) valuation on K is a map

v:K—>ZU{co}

which satisfies the following properties: for all a, b € K,
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Discrete valuations

Definition (Discrete Valuation)

Let K be any field. A (discrete) valuation on K is a map

v:K—>ZU{co}

which satisfies the following properties: for all a, b € K,
(1) v(a) =0 & a=0,
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Discrete valuations

Definition (Discrete Valuation)

Let K be any field. A (discrete) valuation on K is a map

v:K—>ZU{co}

which satisfies the following properties: for all a, b € K,
(1) v(a) =0 & a=0,
(2) v(ab) = v(a) + v(b).
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Discrete valuations

Definition (Discrete Valuation)

Let K be any field. A (discrete) valuation on K is a map

v:K—>ZU{co}

which satisfies the following properties: for all a, b € K,
(1) v(a) =0 & a=0,

(2) v(ab) = v(a) + v(b).

(3) v(a+ b) > min{v(a),v(b)}.
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Discrete valuations

Definition (Discrete Valuation)

Let K be any field. A (discrete) valuation on K is a map

v:K—>ZU{co}

which satisfies the following properties: for all a, b € K,
(1) v(a) =0 & a=0,

(2) v(ab) = v(a) + v(b).

(3) v(a+ b) > min{v(a),v(b)}.

o If K is over some base field k, we always assume v(k*) = 0.
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Discrete valuations

Definition (Discrete Valuation)

Let K be any field. A (discrete) valuation on K is a map

v:K—>ZU{co}

which satisfies the following properties: for all a, b € K,
(1) v(a) =0 & a=0,

(2) v(ab) = v(a) + v(b).

(3) v(a+ b) > min{v(a),v(b)}.

o If K is over some base field k, we always assume v(k*) = 0.

e v(a+ b) =min{v(a),v(b)} if v(a) # v(b).
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Discrete valuations

Definition (Discrete Valuation)

Let K be any field. A (discrete) valuation on K is a map

v:K—>ZU{co}

which satisfies the following properties: for all a, b € K,
(1) v(a) =0 & a=0,

(2) v(ab) = v(a) + v(b).

(3) v(a+ b) > min{v(a),v(b)}.

o If K is over some base field k, we always assume v(k*) = 0.
e v(a+ b) =min{v(a),v(b)} if v(a) # v(b).
o R={aec K|v(a) > 0} is a discrete valuation ring (DVR).
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Examples of discrete valuations

o Let Q be the rationals and p be any prime number. The p-adic
valuation v, on Q is given by, for any a € Q, we write a = p ~ where

p 1 mn and so

vp(a) =i
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Examples of discrete valuations

@ Let Q be the rationals and p be any prime number. The p-adic
valuation v, on Q is given by, for any a € Q, we write a = p ~ where

p 1 mn and so

vp(a) =i

o Let X C P? be a complex projective curve with function field K. For
any smooth point p € X, the local ring (Op, m) is a DVR. Choose
any uniformizer 7 for m. This gives a discrete valuation v on K such
that, for any a € K, we write a =7’ b where b € O, \ m and so

v(a)=1i
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Poisson discrete valuations

Definition (Huang-Tang-Zhang-W. 2023)

Let K be a Poisson field. A Poisson valuation on K is a discrete valuation
v:K—ZU{o}

satisfying the following additional property:
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Poisson discrete valuations

Definition (Huang-Tang-Zhang-W. 2023)

Let K be a Poisson field. A Poisson valuation on K is a discrete valuation
v:K—ZU{o}

satisfying the following additional property:
(4) v({a, b}) > v(a) + v(b) for all a,b € K.
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Poisson discrete valuations

Definition (Huang-Tang-Zhang-W. 2023)

Let K be a Poisson field. A Poisson valuation on K is a discrete valuation
v:K—ZU{o}

satisfying the following additional property:
(4) v({a, b}) > v(a) + v(b) for all a,b € K.

@ We denote by V(K) = {Poisson valuations on K}.
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Discrete valuation versus good filtrations

Definition (Filtration)

Let A be an (Poisson) algebra over k. Let F = {F;|i € Z} be a descending
chain of k-subspaces of A. We say F is a filtration of A if it satisfies
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Discrete valuation versus good filtrations

Definition (Filtration)

Let A be an (Poisson) algebra over k. Let F = {F;|i € Z} be a descending
chain of k-subspaces of A. We say F is a filtration of A if it satisfies

(1) (unital) 1a€ Fo \ Fq;
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Discrete valuation versus good filtrations

Definition (Filtration)

Let A be an (Poisson) algebra over k. Let F = {F;|i € Z} be a descending
chain of k-subspaces of A. We say F is a filtration of A if it satisfies

(1) (unital) 1p € Fy \ Fi;
(2) (algebraic) FiF; C Fiyj for all i,j € Z;
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Discrete valuation versus good filtrations

Definition (Filtration)

Let A be an (Poisson) algebra over k. Let F = {F;|i € Z} be a descending
chain of k-subspaces of A. We say F is a filtration of A if it satisfies

(1) (unital) 14 € Fo \ Fi;
(2) (algebraic) FiF; C Fiyj for all i,j € Z;
(3) (separated) N F; = {0};

i€z
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Discrete valuation versus good filtrations

Definition (Filtration)

Let A be an (Poisson) algebra over k. Let F = {F;|i € Z} be a descending
chain of k-subspaces of A. We say F is a filtration of A if it satisfies

(1) (unital) 14 € Fo \ Fi;
(2) (algebraic) FiF; C Fiyj for all i,j € Z;
(3) (separated) N F; = {0};

i€z

(4) (exhaustive) U F; = A;
i€z
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Discrete valuation versus good filtrations

Definition (Filtration)

Let A be an (Poisson) algebra over k. Let F = {F;|i € Z} be a descending
chain of k-subspaces of A. We say F is a filtration of A if it satisfies

(1) (unital) 14 € Fo \ Fi;
(2) (algebraic) FiF; C Fiyj for all i,j € Z;
(3) (separated) N F; = {0};

i€z

(4) (exhaustive) U F; = A;
i€z

(5) {Fi,Fj} C Fiyj for all i,j € Z.
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Discrete valuations versus good filtrations

@ Let A be a Poisson domain over k.
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Discrete valuations versus good filtrations

@ Let A be a Poisson domain over k.

o Let F = {F;|i € Z} be a filtration of the Poisson algebra A.
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Discrete valuations versus good filtrations

o Let A be a Poisson domain over k.
o Let F = {F;|i € Z} be a filtration of the Poisson algebra A.

@ The associated graded Poisson algebra with respect to the filtration
of A is defined to be

grpA = P Fi/Fis1.
i€Z
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Discrete valuations versus good filtrations

o Let A be a Poisson domain over k.
o Let F = {F;|i € Z} be a filtration of the Poisson algebra A.

@ The associated graded Poisson algebra with respect to the filtration
of A is defined to be

grpA = P Fi/Fis1.
i€Z

o Note grpA is a graded Poisson algebra with the induced homogeneous
Poisson bracket of degree zero such that

{Fi/Fis1, Fj/Fji-1} € Fiyj/Fitj+1,

namely, {(grrA)i, (grpA);} C (grrA)iq) for all i, j € Z.
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Discrete valuations versus good filtrations

Let A be a Poisson domain over k.
Let F = {F;|i € Z} be a filtration of the Poisson algebra A.

The associated graded Poisson algebra with respect to the filtration
of A is defined to be

grpA = @ Fi/Fii1.
i€Z

Note grypA is a graded Poisson algebra with the induced homogeneous
Poisson bracket of degree zero such that

{Fi/Fis1, Fj/Fji-1} € Fiyj/Fitj+1,

namely, {(grrA)i, (grpA);} C (grrA)iq) for all i, j € Z.
We call F good if grpA is a domain.
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Discrete valuations versus good filtrations

Theorem (Huang-Tang-Zhang-W. 2023)

Let A be a Poisson domain with Poisson fractional field K. We have the
following natural bijections.

V(A)

v(a)=i, a€ Fi\Fit1 u(é):u(f)fll(g)

FV:={acA|v(a) 2i}

{good filtrations of A} V(K)
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Discrete valuations versus good filtrations

Theorem (Huang-Tang-Zhang-W. 2023)

Let A be a Poisson domain with Poisson fractional field K. We have the
following natural bijections.

V(A)

v(a)=i, a€ Fi\Fit1 u(é):u(f)fll(g)

FV:={a€A|v(a) 2i}

{good filtrations of A} V(K)

o We denote gr, A = grp/ A.
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Discrete valuations versus good filtrations

Corollary (Huang-Tang-Zhang-W. 2023)

Let A= @;cz Ai be a graded Poisson domain. There are two canonical
Poisson discrete valuations on A, denoted by vE such that

vid(a) = n v=(a)=—m

where a = ap + ant1 + -+ -+ am with a; € A;, an,am # 0, and n < m.
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Faithful discrete Poisson valuations

Definition (Huang-Tang-Zhang-W. 2023)

Let K be a Poisson field, and v be a discrete Poisson valuation on K /k.
We call v faithful if
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Faithful discrete Poisson valuations

Definition (Huang-Tang-Zhang-W. 2023)

Let K be a Poisson field, and v be a discrete Poisson valuation on K /k.
We call v faithful if

(F1) The image of v is Z U {o0}.
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Faithful discrete Poisson valuations

Definition (Huang-Tang-Zhang-W. 2023)

Let K be a Poisson field, and v be a discrete Poisson valuation on K /k.
We call v faithful if

(F1) The image of v is Z U {o0}.
(F2) GKdim(gr,K) = Tr.deg,(K).
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Faithful discrete Poisson valuations

Definition (Huang-Tang-Zhang-W. 2023)

Let K be a Poisson field, and v be a discrete Poisson valuation on K /k.
We call v faithful if

(F1) The image of v is Z U {o0}.
(F2) GKdim(gr,K) = Tr.deg,(K).
(F3) The graded Poisson bracket on gr, K is nonzero.

e We denote by V¢(K) = {faithful Poisson valuations on K}.
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Faithful discrete Poisson valuations

Definition (Huang-Tang-Zhang-W. 2023)

Let K be a Poisson field, and v be a discrete Poisson valuation on K /k.
We call v faithful if

(F1) The image of v is Z U {o0}.
(F2) GKdim(gr,K) = Tr.deg,(K).

(F3) The graded Poisson bracket on gr, K is nonzero.

e We denote by V¢(K) = {faithful Poisson valuations on K}.

@ We say a valuation on a Poisson domain is faithful if it is true on its
Poisson fractional field.
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Discretion valuation versus good filtration

Example (Computing faithful Poisson valuations)

Let A=K[x,y, z], and Q be a cubic potential with an isolated singularity.
Let Po = Aq/(Q2) be its quotient Poisson algebra and consider V¢(Pq).

v
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Discretion valuation versus good filtration

Example (Computing faithful Poisson valuations)

Let A=K[x,y, z], and Q be a cubic potential with an isolated singularity.
Let Po = Aq/(Q2) be its quotient Poisson algebra and consider V¢(Pq).

o By changing variables, Q = x3 + y3 + 23 4 3\xyz with \3 # —1.

v
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Discretion valuation versus good filtration

Example (Computing faithful Poisson valuations)

Let A=K[x,y, z], and Q be a cubic potential with an isolated singularity.
Let Po = Aq/(Q2) be its quotient Poisson algebra and consider V¢(Pq).

o By changing variables, Q = x3 + y3 + 23 4 3\xyz with \3 # —1.
o Let v € V¢(Pq), and a =v(x), b =v(y), c = v(z).

v
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Discretion valuation versus good filtration

Example (Computing faithful Poisson valuations)

Let A=K[x,y, z], and Q be a cubic potential with an isolated singularity.
Let Po = Aq/(Q2) be its quotient Poisson algebra and consider V¢(Pq).

o By changing variables, Q = x3 + y3 + 23 4 3\xyz with \3 # —1.
o Let v € V¢(Pq), and a =v(x), b =v(y), c = v(z).

o Consider inequality

a+b<v({xy}—-3\y) =v(3z%) = 2c.

v
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Discretion valuation versus good filtration

Example (Computing faithful Poisson valuations)

Let A=K[x,y, z], and Q be a cubic potential with an isolated singularity.
Let Po = Aq/(Q2) be its quotient Poisson algebra and consider V¢(Pq).

o By changing variables, Q = x3 + y3 + 23 4 3\xyz with \3 # —1.
o Let v € V¢(Pq), and a =v(x), b =v(y), c = v(z).
o Consider inequality

a+b<v({xy}—-3\y) =v(3z%) = 2c.

Similarly, b+ ¢ < 2a,c+a <2b. So a= b= c= =1 by (F1).

v
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Discretion valuation versus good filtration

Example (Computing faithful Poisson valuations)

Let A=K[x,y, z], and Q be a cubic potential with an isolated singularity.
Let Po = Aq/(Q2) be its quotient Poisson algebra and consider V¢(Pq).

o By changing variables, Q = x3 + y3 + 23 4 3\xyz with \3 # —1.
o Let v € V¢(Pq), and a =v(x), b =v(y), c = v(z).
o Consider inequality
a+b<v({xy}—-3\y) =v(3z%) = 2c.
Similarly, b+ ¢ < 2a,c+a <2b. So a= b= c= =1 by (F1).

o Consider the natural map grpind A — gry. A, which is an isomorphism
since (F2/3) and Pgq is projective simple.

v
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Discretion valuation versus good filtration

Example (Computing faithful Poisson valuations)

Let A=K[x,y, z], and Q be a cubic potential with an isolated singularity.
Let Po = Aq/(Q) be its quotient Poisson algebra and consider V¢ (Pq).

o By changing variables, Q = x3 + y3 + 23 4 3\xyz with \3 # —1.
o Let v € V¢(Pq), and a = v(x), b =v(y), c = v(z).

@ Consider inequality
a+b<v({xy}—3\y)=v(3z2%) = 2c.
Similarly, b+ ¢ <2a,c+a<2b. So a=b=c==+1 by (F1).

o Consider the natural map grpind A — gry. A, which is an isomorphism
since (F2/3) and Pgq is projective simple.

o So {vE} = V,(Pg).

v
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Poisson fields of tr.deg 2 and their valuations

ngcsiszefi:'zds fields | om0 | 4v(K)
Weyl field k(x,y) xoyr=1 unco;xrjtable
Skew field k(x,y) | {xy} =y cou::'?able
e | 0P | m |2
Elliptic type-Q Qur(Ag)o Q 1
Mot sn | o | |

Table: Poisson fields of tr.deg 2 and their valuations
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Atin's conjecture via deformation quantization

Poisson fields Division rings tvpes #{prime
of tr.deg 2 of GK-tr.deg 2 P divisors}
, 00
Weyl field Q(A1(k)) g-ruled Uuncountable
: n 00
Skew field kq(x,y),q & V1 g-ruled countable
Graded version k(E)(t,0)
of elliptic type || o € Autg(E) with |o| = 0o g-ruled 2
.. Qgr(SkIYQ b C)O H
Elliptic type generic [a: b+ ¢] € p2 g-rational 1
? finite-module over center b|rat||jo|nally ?

Table: Deformation quantizations of Poisson fields of tr.deg 2
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Automorphism Problem

Poisson Automorphism Problem:

What is the Poisson automorphism group Autp(A) of a Poisson algebra A?
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Automorphism Problem

Poisson Automorphism Problem:

What is the Poisson automorphism group Autp(A) of a Poisson algebra A?

Theorem (Limanov-Turusbekova-Umirbaev 2008)

Let A=K[x,y, z] and Q be a cubic potential with an isolated singularity.
Then
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Automorphism Problem

Poisson Automorphism Problem:

What is the Poisson automorphism group Autp(A) of a Poisson algebra A?

Theorem (Limanov-Turusbekova-Umirbaev 2008)

Let A=K[x,y, z] and Q be a cubic potential with an isolated singularity.
Then

@ Every Poisson automorphism of Aq is graded.
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Automorphism Problem

Poisson Automorphism Problem:

What is the Poisson automorphism group Autp(A) of a Poisson algebra A?

Theorem (Limanov-Turusbekova-Umirbaev 2008)

Let A=K[x,y, z] and Q be a cubic potential with an isolated singularity.
Then

@ Every Poisson automorphism of Aq is graded.

o Autp(Aq) = G3x G, G = {(a,b,c) € (k¥)3|a® = b3 = c3 = abc}.
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Poisson automorphism groups

Theorem (Huang-Tang-Zhang-W. 2023)

Let A=K[x,y, z] and Q a homogeneous polynomial of degree > 5 with an
isolated singularity. Then
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Poisson automorphism groups

Theorem (Huang-Tang-Zhang-W. 2023)

Let A=K[x,y, z] and Q a homogeneous polynomial of degree > 5 with an
isolated singularity. Then

o Autp(Q(Aq)) = Autp(Aq) = Autp(Aq/(Q)) = Autgp(Aa/(Q)).
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Poisson automorphism groups

Theorem (Huang-Tang-Zhang-W. 2023)

Let A=K[x,y, z] and Q a homogeneous polynomial of degree > 5 with an
isolated singularity. Then

o Autp(Q(Aq)) = Autp(Aq) = Autp(Aq/(Q)) = Autgp(Aa/(Q)).
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Poisson automorphism groups

Theorem (Huang-Tang-Zhang-W. 2023)

Let A=K[x,y, z] and Q a homogeneous polynomial of degree > 5 with an
isolated singularity. Then

o Autp(Q(Aq)) = Autp(Aq) = Autp(Aq/(Q)) = Autgp(Aa/(Q)).

@ For any & # 0, there is an exact sequence of automorphism groups

1 Autp(Q(Aa/( — €))) = Autp(Q(A0)) 22 6Ly (k)

o Autp(Aq) is a finite subgroup of GL3(k) of order bounded above by
42(deg Q)(deg Q — 3)2.
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Poisson discrete valuations

Definition (Huang-Tang-Zhang-W. 2023)
Let K be a Poisson field. For any integer w, a Poisson w-valuation on K
is discrete valuation

v:K—ZU{oo}

satisfying the following additional property:
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Poisson discrete valuations

Definition (Huang-Tang-Zhang-W. 2023)

Let K be a Poisson field. For any integer w, a Poisson w-valuation on K
is discrete valuation

v:K—ZU{oo}
satisfying the following additional property:
(4) v({a,b}) > v(a) +v(b) — wforall a,b € K.
We denote by V,,(K) = {Poisson w-valuations on K}.
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Faithful valuations and [-invariants

Definition (Huang-Tang-Zhang-W. 2023)

Let K be a Poisson field, and w be any integer.
@ A Poisson w-valuation v on K is faithful if
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Faithful valuations and l-invariants

Definition (Huang-Tang-Zhang-W. 2023)

Let K be a Poisson field, and w be any integer.
© A Poisson w-valuation v on K is faithful if
(F1) The image of v is Z U {0}
(F2) GKdim(gr,K) = Tr.deg,(K).
(F3) The w-graded Poisson bracket on gr, K is nonzero.

We denote by Vg, (K) = {faithful Poisson w-valuations on K}.
@ The ["-cap of K is defined to be

(K) = N F(K)
veVy (K)
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[-invariants

Lemma (Huang-Tang-Zhang-W. 2023)

Let f : K — Q be a Poisson homomorphism between two Poisson fields.
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(1) f maps ' (K) into T'(Q) via restriction for each w.
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Lemma (Huang-Tang-Zhang-W. 2023)

Let f : K — Q be a Poisson homomorphism between two Poisson fields.
(1) f maps ' (K) into T'(Q) via restriction for each w.
(2) T"(K) 2 T"*Y(K) Dk for each w.

(3) (Controlling theorem) If A is a noetherian normal Poisson domain,
then T1(Q(A)) C A.
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[-invariants

Theorem (Huang-Tang-Zhang-W. 2023)

Let A=K[x,y,z] and Q a homogeneous polynomial of degree > 5 with an
isolated singularity. Let Pe := Aq/(Q — &) for some & € k.
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Theorem (Huang-Tang-Zhang-W. 2023)

Let A=K[x,y,z] and Q a homogeneous polynomial of degree > 5 with an
isolated singularity. Let Pe := Aq/(Q — &) for some & € k.

@ There is a unique faithful (deg Q — 3)-valuation v on P¢ such that
v(x),v(y),v(z) <O0. In particular, F¥; =k + kx + ky + kz.
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Theorem (Huang-Tang-Zhang-W. 2023)
Let A=K[x,y,z] and Q a homogeneous polynomial of degree > 5 with an
isolated singularity. Let Pe := Aq/(Q — &) for some & € k.

@ There is a unique faithful (deg Q — 3)-valuation v on P¢ such that
v(x),v(y),v(z) <O0. In particular, F¥; =k + kx + ky + kz.

@ Then, for every w between 1 and degQ — 4, I'"(Q(Aq)) = Aq and
r(Q(Pe)) = Pe. )
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Sketch of the proof of the main theorem

) I'l(Q(AQ)) =Aq = Autp(Q(AQ)) = Autp(AQ)
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Sketch of the proof of the main theorem

° I'l(Q(AQ)) = Aq = Autp(Q(AQ)) = Autp(AQ)
e Aq/(2) has a unique (deg Q2 — 3)-valuation v such that
F'i =k +kx +ky +kz = Autp(Aa/(Q)) = Autgp(Aa/(Q))

o Autp(Aq) = Autp(Aq/(2)) comes from the following lemma

Lemma (Lifting Method)

Let A=K[xi,...,xn] and Q a homogeneous polynomial with an isolated
singularity. Suppose ¢ € Aut(k[xi, ..., xs]) satisfies
o v(Q)=Q,

o p=1id in A/(Q),
o o is linear in A/(Q2 — &) for any € € k*

then ¢ = id.
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Sketch of the proof of the main theorem

° I'l(Q(AQ)) = Aq = Autp(Q(AQ)) = Autp(AQ)
e Aq/(2) has a unique (deg Q2 — 3)-valuation v such that
F'i =k +kx +ky +kz = Autp(Aa/(Q)) = Autgp(Aa/(Q))

o Autp(Aq) = Autp(Aq/(2)) comes from the following lemma

Lemma (Lifting Method)

Let A=K[xi,...,xn] and Q a homogeneous polynomial with an isolated
singularity. Suppose ¢ € Aut(k[xi, ..., xs]) satisfies
o v(Q)=Q,

o p=1id in A/(Q),
o o is linear in A/(Q2 — &) for any € € k*

then ¢ = id.

v

o 1= pg_3 — Autp(Aq/(Q)) = Aut(Proj(A/(2))) gives the bound of
|Autp(Aq)| by Hurwitz's automorphism theorem.

Xingting Wang Poisson Valuations October 17, 2024 30/31



Your Questions

Thank you for taking the time out of your busy schedules
to be here !

ALGEBRA H1SS
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