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SIntroduction Background 121

Xismooth projective algebraicVarietyover kifield.

Noncommutative deformation of X = flat deformationof p
'

ohX cohX

Lowen - Vanden Bergh
Deformation theory is described by the Hochschild dgla REnd

××x × 《}

→ o Lot aderdelostangentspace = HH '( X
)HKRHATX *HIπ Iは H (O×)

categorical deformation quautization (⇒ Poisson 小平- Spencer gerby

｡ an obstruction space HHS (X ) = = 3
HE
Λ PTX )
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｡ Lst aderdelostangentspace =HH (X)HKRHTTX *HYT)PH ( O×)

Paissan 小平- Spencer gerby

｡ an obstruction space HH3 (X) = =3 HE Λ
Pπ )

dimX = 1 ⇒ HH
(
×) 2 H ' (T× ) ⇒ a ne defos

.

dimX =2 : the first wu- trivial dimension
.
PTX 2 WI

,

anticanonicalbundle

Def X isa weab del Pezzosurface if dimX=2 , wrlin ample
nel big )

Lem X - weak dP ⇒ HH( X ) =
H
WXT DH

'

(T×)1 HH 3 (×) = 0 ⇒ unobstructed 2
ct ne delos of ip

^

( ny3) and Ʃ d = P (OのGp .( d) )( d≥4)areobstructec!
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In this talk we

｡ Introduce classes of AS -regularZ - algebrasA

such that qmodA exhaust ne del Pezzosurtaces

Explainconjecturesonthese Z - algebras

partial results . possibleapproaches

hasedona jointproject w/ Kazusho Ueda , TarigAbdelgadir. …



Sdel Pezzo surfaces & root system
h- ei-lr -ez 4

ex-e
5

Cs-

e

6C 6-l
7Classification of del Pezzo surfaces 10defotypes e｡esex ey -es

X IPRIPYDƩ=BllpBlalpBlsprBl4pBlsBlolp2BlyB
d = ox 9 8 8 " o

5崖

2I EER φ AL NA NA A , やAっ A4

(PicX
,
*) 上 HP(X,

Z
) ,

U
R : = ω *EPiclX) : wot latice

Def Fix a deformation typeofX .

A , 1 :
Z04､ ( : ) ] ε 1

A marking of X isan isometry φ : ld ~ Pic (x)

s.
t
. 2 ,wt

a
Weyl group

Prop . { Q : ld PicXmarkingSNWCR) = saa :nwots ofR isfree & transitive
.

｡ ( φ : Ad ~> PicX} <)U .Ea ..E 9-d ≤ Xdisjoint (-D - curves ]



$ AS - regular algebras
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Some History . (Artin - Schelter 1987] initiated theclasslicationof
3 -dimensional AS- regulargradedalgebras generated in degree 1 .

→ quadratic cubic
覀 皿

ne lps (Part of) uepxp'
2

-dinil modulo

｡ (Artin- Tate - Vanden Bergh 1990J establish -to- I arrespandence
between these algebras and geometricdata pointscheme

triangulated categorical ョ
paint of view

s ( Bondal - Polishchak [993] Z- algebraversion ol the quadraticcase
｡ [ Vanden Bergh 2011 ] cabic Z-algebraversion of BPIJ .

鵶
all ncPxp'

3

-dimilmodue
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Key observation . AS - regular 3 -diml quadratic cubic t -algebras are

generaizatiansofcertaingenerators ofDohpr plohlptlp
"

｡ Starting with similar generators of DohX , weobtain

definitionsofclassesofAS-negular 3 -diml Z-algebras
by which we can exhaust ne defos of X .

Prototypical example 3- diml sklyanin algebras = generic AS- regular 3-dinl

CE~+ axytbyx
, quadratic algebras

Sa
,bic : = k x

, Y . Z Cxtayztbzy.
cgr tazCthxZ

[ail:CJElpqgrs: = grmods
.
cohip
'

= qgrS1,- 1,
0～

defo
qgrSa.l, c

forsS nep
2
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Prototypical example 3- dimilSklyanin algebras =genericAS-regular3dinl
continued ) quadratic algebras

CE
'

taxytlegc,Sa
,bic : = k x

, y . Z Cxtayztbzg.
Cy
2
+ AzC +hxZ

[ail: eJ elpr qgrs : = grmods
,
cohp
'

: qgrS1-,
0

～detoqgrSal, c
forsS ncD

2

. Sailic ts the deformation quanezation ofthePoissonstructureBalc .

where Gp= ( 3 ) c ) Op:
I

Ψ Ψ

"

E山Pozs
"

abc x
'
ty

ャ
Z3
- a

'tb
'

+c
)xyzs > Babc coh ProjSal

. c
遣 "

“

"11
" ゃ

｡ E := Zero (Ba,b.c) sD
'

"stays " in"PuzSal .
c

"
:

adwint qgrSabc <歳 cohEalca
'

b
, c ± Point scheme moduliol

"

points
"



$ Artin - Schelter regulor I - algebras & pure helices
δ

kifuld
, Iiporet

K -algebroid
↓ φ

Def : An I- algebra (overk )isa k -linear category A t abijection I
^ sobjlA )

Emarfingwrite Aij = Hoy (φな ) , φ(i ))
…

or

ei = id φ(i ) EAiz local unit
“

polarization
"

米田 : A FunAp
,

Vecth]= : LodAoright modules

Y , s : Pil f the i - th projective module
molt

. A is 1 connected <=⇒ Aii
= kei Def fmodA : =

forsA
positively graded (⇒ [ Aizto ⇒ i≥な ]

π imodA qmolA
｡ Po iSo , 0 athe - th simple module Ψ

"

Kei
: fi )
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Rem ( I 4- algebras vs - graded algebras

R=+ Ri → R . 4 - algebra defined bz Rij :Ri-j
iZ

Lem GrmodR 2 ModR. R ( n ) / ) Ph
Ψ Ψ

は= PYi 1→ : →1 は-; )
k (n ) < ) Sn

iε*

Prop AZR FR ⇒ACI ) 2 A 1 - periodic, whee A ( 7 ) iz =Aitijt.

Def A: connected & positicvely graded I - algebra
A is Artin - Schelter Gorenstein

it FicI a な｡lo ) ← Ixtst. ExtodA (Si .z ) = it なl
) =(な ol ){ otherwise
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Def D : triangulated k - linearcategory . Ko (D)≈区めの
A helix is ( Eili εZ ≤ ObjD 11

s
.

t
. Ejt , Ej+z ., Ejtr isa tullexceptional collection ofDjeZ .

Rem $D
A ( Ei )iεZ .

FEC isa fundamentaldemain""
父Serrefunctor

Def Eiliex is pure if Hom ( Ei
, Ez [e7 ) =0 if isj & lto.

o geometric Bridgeland - Stern

｡ acyclic
EX π : Tot ( ω×) = Specsymwi ×

Verystrong idB

Eiliz
≤

ohX is pure<⇒T : =π* 求EieohTot(wx)is tilting :

i
.

e
. REndTot (w×) (T ) 2 EndTot (ωr) (T) .
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｢ : =End T =Hom*罪εi, ε で扉H罪εiε i(ω*oTot (W×)

Prop .Dahy = Dlqgr >
Z-graded by d

. a Eiieを
as Z - algebres volled up superpotential

Ginzburg
fBuiver

Assume dimX=2 ⇒ 7 : graded 3 - Cyalgebra⇒ P ≈ JacQ
,
ば

Cor Explicit projective resolutiansofsimplemodulesegrmodamod Eiliezi

0 sPi- r 故
@
rPIMai

Hess (w)
tpMib Pr Si 70

1 ≤f< i

Def AS - regularalgebra oftypes isan AS - Gorenstein I = Is - algebra
whose simples admit projective resolutionsoftheshape determinedby i .
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EXI 1P
?

, ( O ( il)
iaz

: pure helix

R :

xzYuEz
2 築 W= 回断E ｡+ Y 2Z (x0 t 8.xiY0 )

- Q (ZY､ 7C0 txュ8､Yot .xZ0)｡

｡
"

～ →Jac(
Q
,W ) =EndwipIπ

*li))

Resolutions : 0 , Pi- 3 7 Pi-zD
3

Pi -
､

D 3

Po Si O ～
i

As - negularI -algebraof type
= AS - regular 3 - dimensional quadratict - algebra :
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EX 2 IP
'

xlp
'

;

15 - 4

ー 2 1 る 4

-

､
12

> ≤ ohlpxlpl
- 3

0

7Cz Yz

3 2

ダ : っは ､
W= ア x3 CY､YotYzY%x､ C ｡ ) -AYCotYs 7C=xは｡ )

0 1 Goreusteiuparameter
鼗 ↓ の2

Resolutiona : 0 , Pi- 4 7 PiP2 Pi- l Po Si O ～
:

As - negular Z - algebra of type &

= AS - negular 3 - dimensnenal cubic 4 - algebra :
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6
EX 3 BloptciP

'

d= 3) θX - 3 H +菅EitE ､- 2 H+ 菅E : -E 4 -2 H + Ei
6 6

3 - block helixgen . by : - 3 H +寄Ei +Eュ 一2 H +で一一 H 節Ei
6

- 3 H +菅Ei +E} - 2 H +菅 E: - E｡ 0

identify
↑

'

0
.
0 0

,
1 0

,
2 0

.
0
I = I∞= { 0, 1 , 2 ] ×区

√ 2

Q : 1
,
0 1 , 1 1

,
2 1

, 0

~

3

2
,
0 2

,
1

｢

2
,
2 2

,

03

Resolution of Si O Pi
- (0, 3) Pi (a

,
2) Pi lb

.
1 ) sPi >Si 70

ac {0, 1 ,25 be {0, 1
.
2 }



EX4 Blsptslp
?

d= 6 3- blbckhelix gen .ly :OX-2 H +Ei
O× - Ht E ､

i= 1 OX - H t E ? Q×

i = i , , iz
□Ox - H

0
.
1 Q ー H や E3

0
.
0 カ

& :
1
,
1 0

.
2 I = the poset abtained by untolding &

1
,
0

2
,
1 I

……:m.
Resolutions of Si

i ､ ≡2 (mod3) σ , Pi
- (o, 3 )

' ⑦ P強-2
) +P惑 ,Po Si 70

aE{ 0, 1 } βE {0, 1, 2 }

ii ≡ 1 (mod3) 0 Pi - (0, 3) -21 Pbii- . P
? Si O

Pla
.
i ､ -2 )i ､ ≡ O (mod3) 0 Pi

- 1O, 3 ) acho, 1
.
2 h

btlol
"Pioi

. ,

PiSiO 15
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Qutlook . Any del Pezzo surface X admitso pure helix

→ Get definitionof AS _ regularI =IRalgebras A
s

.

t
. qnod A exhaust defos of wh X VaB

, deDeben- Lowen

. Any X except Ʃ , & Blapts Pradmts3 -blockhelix.

｡ Each Xadmits ∞
'

ly many pure helices ex helices onipr

→ Get ∞
'

ly many Q
solations of xytZ2 = 3xYZ

～; Get D '

ly many classes of AS- negularalgebrasof type
for the same defo type of del Pezzos .

QI Hom arethey related ?22 Classification via geometricdata ?



23 Atline Weyl group action W (R) = ROWIR ) ? {AS iso
.

16.5

set
. qmod A 2 qmodA

'

<⇒ W(R )A =W (R )A
'

' A = medel Pezzo surlace t marking polarization

23 istruefor .quadratic Z-algsStaflord -4B) o 4 = { 1

. cubic 4 -algsKitamura - 0 W( A) = D∝



STawards classification of AS - regularalgebras of type
7

by geometricdata

1 ) 3- dim
'

l quadretic Z - algs (<⇒1 p?① ( i ))i )
Known cases へ

5

2) 3-dimlcubicZ - algs E> plp!
凸
2 1 03 4

>
-

1 2

15 - 4

1 ) A > ( Y, L 0 , Li ) . YaP
ar

Ye- Kip -

Artin - Tate - Vanden Bergh , ｡ Li ePic y)
, deg (Li ) = 3 , veryample

Bondal - Palishchuk)
｡ LoxLi

'
εPicoly )

2) A>Y , Lo ,L , . L 2 )｡ YEP '×
P

'OrYE - KP' xiP

(Wanden Bergh ) ｡ LicPic {y )
, deg(hi ) = 2 , LoxL, hixla Veryample

｡ Lo め Li
'
ε Picly) . ん o きュ



Gaal Generalize these results to all AS - regular algebrasof types .

の For this
,
we have to find more conceptual proofs of BPthms & OIBthms .

Glametricdata Algebra cf) arXio : 2007
,
07620 Ueda - θ

geometric data (⇒ pure spherical helix t * t -spherical objects

～s define A as the
"

anbient surfkce" st ,: ye, PojA
"

SiH O (i )
µ

Concretely S., freperyfl) : sequence of I
-spherical objects

R : = Li )i:
,

≤ perf( y): dgcategery→ R 2 A = ( Eil : ,- directed dgsubectegory
～s define Li1 icxand( Eiliεxbyiferctedsphericaltwistsandmutations, respectively.
00 L)iεz pure ⇒ Eiliz pure work in progress make (Bondal

- PolishchukJ conceptual
from this perspective + [Ginzburg ] 18



Algebra Geemetric data FSEC : Assune Er=θ
.
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Idea A =Eiliz?Eili : ,= : B ⇒ RHm:ε i -:DqodA 3 DlmedB
. Define themoduli space of skyscrapersheares"onProjA"

as stablein the sense of A . King B- modules

of dimension vector a : = rkEili- ." RHom? E鄂. "

= % Eix
Issues ｡ Which stabililycandetwn should we choose ?

what bind of curves y do weget ? E
- kx ?

Solution Detine the Hilbert scheme of I- poont as the meduliof
r- 生

representations ot the chipped collection Eii=1 = : B ?



Observatian Eii= r
- 6
= : B

xcProz
A

"
a

point~ ⑥ -→ Ix → 6 → 0x → 0}
ー →(Q Ox→ Ix[1]IQ [1 ]] → Ix[] GOhmdB

Imod3 !
Note RHom 首' ε i - ) : ～ 7 DbmodB "

Ul

Ix [ u ] 1 s : lI
'

EmodBi

Let X : camm
.

delPezzo ⇒ j : X→ Rep B' : D) : =moduliotackof BImodulesol dimvector

on
-, iは

Ψ α' =rkEi)i.

Main Observation j isan open immersion st . j
*
: PicRep (B;x)

~

;Pic (X)
｡

Ψ
'

independent"of X . >θ'→ω×t

Define Hilby as moduliof θ
'

stable Bmodulesoldimeter a.

Prop Hilh
"

f
is a cammutative weakdPsuface

0



21

Conj . ヨstabelity conditian θ of B , ndep ol the choiceofA .

s.t
.
the naturalrationalmap

θ
'
-stable modules

Rep (B, α, θ) - → Rep (Bixi θ)
Ψ

0 -stable medules 皆 ､→ 1は
'

: = L6は[ I]
d

良いつIπ[] ”
isacluredimmersion.PepB .a , 0 . : = the meduliodpoontrepresentatious of A

.

｡ A Rep (B.α, θ) t he universal B-module

is a f - to- f carrespondence.

Note Canj is known tobe the case for AS
-regular quadratic cubic Z -algebras .

θ= -2
,

1
,

1 -3
,

1
,

1
.

1


