Skew Calabi-Yau algebras and Poisson
algebras via filtered deformations

Q. -S. Wu (Z477K)

(Joint with Ruipeng Zhu)
School of Mathematical Sciences, Fudan University

IASM Workshop on Poisson geometry and Artin-Schelter
Regular Algebras
Oct. 13-18, 2024, Hangzhou

Q. -S. Wu (RR7K) Skew Calabi-Yau algebras and Poisson algebras via filtered deformat



Outline

@ Skew Calabi-Yau algebras
e Filtered deformations
© Homological determinants

e Main results

e Application

Skew Calabi-Yau algebras and Poisson algebras via filtered deformat



Skew Calabi-Yau algebras

Commutative Calabi-Yau algebras
Van den Bergh duality
CY algebras and Nakayama automorphisms

Smooth varieties and Calabi-Yau algebras

Let R = k[X], where X is an affine smooth variety of dimension d.
Then R® = R® R = k[X x X] is (R is homologically) smooth, and
e HKR
e Tory (R,R) = Ha(R,R) = A"Qf, =Qf,.

e Ext?.(R,R) = H"(R,R) HKR A"Derk(R) = ()"
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Let R = k[X], where X is an affine smooth variety of dimension d.
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e Tory (R,R) = Ha(R,R) = A"Qf, =Qf,.

e Ext?.(R,R) = H"(R,R) HKR A"Derk(R) = ()"
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. .. . def
e R is called to have trivial canonical bundle & lek =~ R

def
S X is a Calabi-Yau variety.

e In general, lek is an invertible R-R-bimodule.
(= R has "Van den Bergh duality” of dimension d.)
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A fact about smooth algebras

Suppose that R is a smooth domain of dimension d. Then
o Exthe(R,R®) = Extk.(R,R) =0foralli < d.
o Ext%.(R,R®) = Ext%.(R, R) as R-modules, the isomorphism
is induced by the multiplication m : R® — R (R®-morphism).
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A fact about smooth algebras

Suppose that R is a smooth domain of dimension d. Then
o Exthe(R,R®) = Extk.(R,R) =0foralli < d.
o Ext%.(R,R®) = Ext%.(R, R) as R-modules, the isomorphism
is induced by the multiplication m : R® — R (R®-morphism).

The proof follows from:
e ker(m: R® R — R) is a locally complete intersection, and

e Koszul complex for regular sequences.
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Definition (Van den Bergh duality)
An algebra A is said to have Van den Bergh duality of dim. d, if

e A is homologically smooth, that is, 4eA has a finite
resolution by finitely generated projective A®-modules;

o Ext).(A,A®) =0ifi#d, and sUa := Ext3.(A,A®)is an
invertible A-A-bimodule.
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Definition (Van den Bergh duality)
An algebra A is said to have Van den Bergh duality of dim. d, if
e A is homologically smooth, that is, 4eA has a finite
resolution by finitely generated projective A®-modules;

o Ext).(A,A®) =0ifi#d, and sUa := Ext3.(A,A®)is an
invertible A-A-bimodule.

In this case, there is a twisted Poincaré duality, i.e., for any 4Ny,
e H"(A,N) = Hq_n(A,U®a N);
e Hy(A,N) =HI"(A, U "®4 N), U is the inverse of 4Ua.
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Definition [Gin]

A k-algebra A is called skew Calabi-Yau of dimension d, if
(i) A is homologically smooth;

IR

. ; 0, i+d
(i) Exthe(A,A®) , as A®-modules, for some
AkAL T =d

automorphism ua € Autk(A).
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Skew Calabi-Yau algebras

Commutative Calabi-Yau algebras
Van den Bergh duality

CY algebras and Nakayama automorphisms

Definition [Gin]

A k-algebra A is called skew Calabi-Yau of dimension d, if
(i) A is homologically smooth;

IR

. ; 0, i+d
(i) Exthe(A,A®) , as A®-modules, for some
AkAL T =d

automorphism ua € Autk(A).

Graded skew Calabi-Yau algebras are defined similarly in the
category of graded bimodules.

@ V. Ginzburg, Calabi-Yau algebras, arXiv:math.AG/0612139.

RERK)

Skew Calabi-Yau algebras and Poisson algebras via filtered deformat
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This ua is unique up to an inner automorphism; it is called a
Nakayama automorphism of A. J
If ua is inner, then A is called Calabi-Yau. J
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Skew Calabi-Yau algebras
Commutative Calabi-Yau algebras
Van den Bergh duality

CY algebras and Nakayama automorphisms

This ua is unique up to an inner automorphism; it is called a
Nakayama automorphism of A. J

If ua is inner, then A is called Calabi-Yau. J

Nakayama automorphisms are important and useful invariants
for genuing skew Calabi-Yau algebras. ‘
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Lifting CY property

Filtered deformations

Modular derivations

Poincaré duality on HH and PH

Filtered deformations

Filtered algebras

o Let A = UpsoFnA be a (positively) filtered k-algebra.
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Lifting CY property

Filtered deformations

Modular derivations

Poincaré duality on HH and PH

Filtered deformations

Filtered algebras

o Let A = UpsoFnA be a (positively) filtered k-algebra.

e gr A = ®,s0FnA/Fnr-1A is the associated graded algebra,
with the multiplication given by

(a TF Fn_1A)(b aF Fm_1A) = ab TF Fn+m_1A

forany a € FL,A,b € FhA.
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Lifting CY property

Filtered deformations

Modular derivations

Poincaré duality on HH and PH

Filtered deformations

Theorem. Let A be a positively filtered algebra.
e If gr A has Van den bergh duality, then so has A.

e If gr A is skew Calabi-Yau of dim d, then so is A.
If ugr 4 is @ Nakayama automorphism of gr A, then there is a
Nakayama automorphism ua of A such that g 4 = grua.
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Filtered deformations

Theorem. Let A be a positively filtered algebra.
e If gr A has Van den bergh duality, then so has A.

e If gr A is skew Calabi-Yau of dim d, then so is A.
If ugr 4 is @ Nakayama automorphism of gr A, then there is a
Nakayama automorphism ua of A such that g 4 = grua.

grAis CY “=" grua = idg 4 for some 4. J

It may happen that gr A is Calabi-Yau, but A is not Calabi-Yau. J

@ M. Van den Bergh, A relation between Hochschild homology and cohomology for
Gorenstein rings, Proc. Amer. Math. Soc. 126 (1998), 1345-1348.

@ Q.-S. Wu, R.-P. Zhu, Nakayama automorphisms and modular derivations in filtered
quantizations, J. Algebra 572 (2021), 381-421.
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Filtered deformations
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Poincaré duality on HH and PH

Filtered deformations

Example. Both A,(C) and U(g) are filtered deformations of
polynomial algebras, which are Calabi-Yau.
(1) An(C) is Calabi-Yau of dim 2n.
(2) Let g be an n-dim Lie algebra.
e U(g) is skew Calabi-Yau, with a Nakayama automorphism
such that u(x) = x + tr([x, —]ly) for all x € g.

e U(g) is Calabi-Yau < tr(ad,(x)) = 0 forall x € g.

@ A. Yekutieli, The rigid dualizing complex of a universal enveloping algebra, J. Pure
Appl. Alg. 150 (2000), 85-93.

@ Q.-S. Wu, C. Zhu, PBW deformation of Koszul Calabi-Yau algebras, Algebra and
Representation Theory 16 (2013), 405-420.
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Filtered deformation
If gr A is commutative, then gr A has a Poisson algebra structure:

{38,b} := ab — ba + Frym—2A € Fpim-1A/Fnim_—2A

forany a € F,A,b € FhA. In this case, A is called a filtered
deformation of gr A. ([F,A, FrA| € Frpn-1A)
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Filtered deformations
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Filtered deformations

Filtered deformation
If gr A is commutative, then gr A has a Poisson algebra structure:

{é, 5} = ab - ba + Fn+m_2A € Fn+m_1A/Fn+m_2A

forany a € F,A,b € FhA. In this case, A is called a filtered
deformation of gr A. ([F,A, FrA| € Frpn-1A)

In fact, to get a nontrivial Poisson structure by taking maximal
integer ¢ > 1 such that [F,A, FnA] € Fimin—¢A for all m, n, and

{8,b} :=ab - ba + Frym 1A € Fnomr(A/Fnim—rc1A

forany a € FL,A,b € FhA.

@ 0. Gabber, The integrability of the characteristic variety, Amer. J. Math. 103 (1981),
445-468.
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_ X Lifting CY property
Filtered deformations Filtered deformations

Modular derivations
Poincaré duality on HH and PH

A is a filtered deformation with gr A is a commutative d-dim affine
smooth algebra with a trivial canonical bundle Q9(gr A) = (gr A) 7.
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_ X Lifting CY property
Filtered deformations Filtered deformations

Modular derivations
Poincaré duality on HH and PH

A is a filtered deformation with gr A is a commutative d-dim affine
smooth algebra with a trivial canonical bundle Q9(gr A) = (gr A) 7.

HKR
H%grA,grA®) = HgrA,grA) = (Q%grA))"

= gr A is d-dim Calabi-Yau
=A is d-dim skew Calabi-Yau with pa

gr A has a modular derivation ¢,, which will be defined in a
moment.
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Lifting CY property

Filtered deformations

Modular derivations

Poincaré duality on HH and PH

Filtered deformations

Main purpose of this talk
Discuss the relation between
the Nakayama automorphism p4 of A
$ (using homo. determinants)
the modular derivation ¢, of gr A

@ Q.-S. Wu, R.-P. Zhu, Nakayama automorphisms and modular derivations in filtered
quantizations, J. Algebra 572 (2021), 381-421.

@ J. Luo, S.-Q. Wang and Q.-S. Wu, Poincaré duality for smooth Poisson algebras and
BV structure on Poisson cohomology, J. Algebra 649 (2024), 169-211.
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Lifting CY property

Filtered deformations Filtered deformations

Modular derivations
Poincaré duality on HH and PH

Let R be a smooth Poisson algebra of dimension d with trivial
canonical bundle Q9(R) = R, where 1 is a volume form.

W
Definition. The modular derivation of R with respect to 7 is
defined asthemap ¢, : R—> R: f— L”fT(") where
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Lifting CY property

Filtered deformations Filtered deformations

Modular derivations
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Let R be a smooth Poisson algebra of dimension d with trivial
canonical bundle Q9(R) = R, where 1 is a volume form.

W
Definition. The modular derivation of R with respect to 7 is
defined asthemap ¢, : R—> R: f— L”fT(") where

o

e H: .= {f,—} : R — R is the Hamiltonian derivation associated to f
® Ly ! Qd(R) - Qd_1(R), apdai A--- Adag

Z,’(—‘l )i_1ao{f, ajldas A --- CTa\, .-+ Aday
e The Lie-derivation Ly, = [d, 4] is of degree 0 on Q9(R).

@ J. Luo, S.-Q. Wang and Q.-S. Wu, Twisted Poincaré duality between Poisson
homology and Poisson cohomology, J. Algebra 442 (2015), 484-505.
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Lifting CY property

Filtered deformations Filtered deformations

Modular derivations
Poincaré duality on HH and PH

¢, : R — Ris both a derivation and Poisson derivation.

Example. Let R = k[x1, X2, - - , Xq] be a polynomial Poisson
algebra with Poisson bracket {—, —}. Then Q'(R) = @?_, Rdx;.
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Lifting CY property

Filtered deformations Filtered deformations

Modular derivations
Poincaré duality on HH and PH

¢, : R — Ris both a derivation and Poisson derivation.

Example. Let R = k[x1, X2, - - , Xq] be a polynomial Poisson
algebra with Poisson bracket {—, —}. Then Q'(R) = EB,F’:1 R dx;.

QI(R) = Ry where n = dxy Adxz A - -+ A dxg is a volume form.
The modular derivation ¢, is given by

9 oif, x;)
oo(f) = 5 L vfenR.

= 9N

@ J. Luo, S.-Q. Wang and Q.-S. Wu, Twisted Poincaré duality between Poisson
homology and Poisson cohomology, J. Algebra 442 (2015), 484-505.
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Lifting CY property
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Poincaré duality on HH and PH

Let {dx;; (dx;)*}i=1.2... r be a dual basis of the finitely generated
projective module Q'(R). In general, r > d. J
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Lifting CY property

Filtered deformations Filtered deformations

Modular derivations
Poincaré duality on HH and PH

Let {dx;; (dx;)*}i=1.2... r be a dual basis of the finitely generated
projective module Q'(R). In general, r > d. J

LetS={I={i1 <b<---<ig}|1<iy,ig £r}.
If r = d, the set S has only one element | = {1 <2< --- < d}. J
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Let {dx;; (dx;)*}i=1.2... r be a dual basis of the finitely generated
projective module Q'(R). In general, r > d.

LetS={I={i1 <b<---<ig}|1<iy,ig £r}.
If r = d, the set S has only one element | = {1 <2< --- < d}.

To simplify the notation, for any | = {iy < io < --- < ig} € S, let

dx; = dxj, Adxj, A--- Adxj, and dx; = dx,-’j A dx;; Ao A dx,-z.

Then {dx;, dx]},es is a dual basis for the projective module QI(R).
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Lifting CY property

Filtered deformations Filtered deformations

Modular derivations
Poincaré duality on HH and PH

Since (17, 7*) is a dual basis of Q9(R),

dx; = n"(dx;)n = bin, by : = n*(dx),
dxj =dxj(n)n" = ain", a; : = dxj ().
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Lifting CY property

Filtered deformations Filtered deformations

Modular derivations
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Since (17, 7*) is a dual basis of Q9(R),

dx; = n"(dx;)n = bin, by : = n*(dx),
dx; =dx;(n)n" = an’, ay : = dx;(n).

Similarly, since {dx;, dx}es is a dual basis of QY(R),

n= Z dX,*(T]) dX/ = Z a,dx,,

1eS leS
=) u'(dx)dxf = )" bdx;
1eS leS

@ J. Luo, S.-Q. Wang and Q.-S. Wu, Poincaré duality for smooth Poisson algebras and
BV structure on Poisson cohomology, J. Algebra 649 (2024), 169-211.
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The modular derivation of R with respect to the volume form 7 is
described by the dual basis of Q9(R). J
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Lifting CY property

Filtered deformations Filtered deformations

Modular derivations
Poincaré duality on HH and PH

The modular derivation of R with respect to the volume form 7 is
described by the dual basis of Q9(R).

Theorem. For any a € R,

#,(a) = Z dx; ({a, xi}) + Z{a,al}bl,

1<i<r 1eS

where a; = dx;'(7) and by = n*(dx)).

@ J. Luo, S.-Q. Wang and Q.-S. Wu, Poincaré duality for smooth Poisson algebras and
BV structure on Poisson cohomology, J. Algebra 649 (2024), 169-211.
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Lifting CY property

Filtered deformations

Modular derivations

Poincaré duality on HH and PH

Filtered deformations

Theorem. Let R be a Poisson algebra which is smooth with trivial
canonical bundle Q9(R) = Ry.

e The modular derivation ¢,; R — R is a Poisson derivation.

e For any Poisson R-module M, the R-module M with
{x,alg, == {x, a} + ¢,(a)x is a Poisson R-module, which is
denoted by M, (the twisted Poisson module by ¢;).

e There is a twisted Poincaré duality for Poisson (co)homology:

PH"(R, M) = PHy_n(R, Mj,).

@ J. Luo, S.-Q. Wang and Q.-S. Wu, Poincaré duality for smooth Poisson algebras and
BV structure on Poisson cohomology, J. Algebra 649 (2024), 169-211.
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Main ideas
Homological determinants H-module structure on H*(A, A®)

Homological determinant

Suppose Ext?(A, A®) = Ar = A#4, such that, for any a € A
na = pa(a)n.
nis called a ua-twisted volume of A.

(ua(a) - a)r =na-ar=[r.a] (VacA) J
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Main ideas
Homological determinants H-module structure on H*(A, A®)

Homological determinant

Suppose Ext?(A, A®) = A = A#4, such that, for any a € A
na = pa(a)n.
nis called a ua-twisted volume of A.

(ua(a) - a)r =na-ar=[r.a] (VacA) J

o[-,a]l: M— M, x — xa— ax for any aAMa.
e, :=[-,a]: A — A, which is a derivation on A.
e Hz ={a,-}: grA — grA is the Hamiltonian derivation.
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Main ideas
Homological determinants H-module structure on H*(A, A®)
Homological determinant

Main ideas

Using homological determinant as a bridge to give a connection
between Nakayama auto. ua of A and modular deri. ¢, of gr A.

step 1| (ida —ua)(a)=Hdet([-,a]) ¢,(a)=Hdet({a,-}) | step 2

Hdet([-,a])=Hdet({-,a})

Hdet on A
step 3

Hdet on grA

@ Q.-S. Wu, R.-P. Zhu, Nakayama automorphisms and modular derivations in filtered
quantizations, J. Algebra 572 (2021), 381-421.
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[VETREER
Homological determinants H-module structure on H*(A, A€)

Homological determinant

Let H be a Hopf algebra acting on an algebra A.
H~A=H~C'(A A% = H~ H'(A,A®)

There is a left H-module structure on the Hochschild cochain

500 Cn_1(A,Ae) N Cn(A,Ae) — Cn+1(A,Ae) — 000
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[VETREER
Homological determinants H-module structure on H*(A, A€)

Homological determinant

Let H be a Hopf algebra acting on an algebra A.

HA A= Hn~ C(A A®) = H~ H*(A,A°)

There is a left H-module structure on the Hochschild cochain

500 Cn_1(A,Ae) N Cn(A,Ae) — Cn+1(A,Ae) — 000

Forany f € C"(A,A®),any he Hand ay,...,an € A,

(h—=f)(ar,....an) = Y (S*hnj2 @ h) - {(Shyi1 - ar,..., Shy - ay)
(h)

A¥€ is viewed as a left H® H-module: (g® h)(a®b) = (g-a®h~b).J
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[VETREER
Homological determinants H-module structure on H*(A, A€)

Homological determinant

General action:

(h—= f)(a1,....an) = ) (S*hny2 @ M) - {(Shyi1 - as,..., Shy - ay)
(h)

Group action: (g — f)(ai,...,an) = (g®9g)-f(g”'-ay,...,g7" ~an)J
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[VETREER
Homological determinants H-module structure on H*(A, A€)

Homological determinant

General action:

(h—= f)(a1,....an) = ) (S*hny2 @ M) - {(Shyi1 - as,..., Shy - ay)
(h)

Group action: (g — f)(ai,...,an) = (g®9g)-f(g”'-ay,...,g7" -an)J

Li (derivation) action:

(6 —=NH(a,....,an) =(601+1®96)-f(ar,...,an) +

n

D f(ar,....~8(a),..., an)

i=1
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[VETREER
Homological determinants H-module structure on H*(A, A€)

Homological determinant

Suppose pua-twisted volume of A. Then ra = pa(a)n, ¥ a € A.

(Ext(A, A®) = A = AH4)
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[VETREER
Homological determinants H-module structure on H*(A, A€)

Homological determinant

Suppose pua-twisted volume of A. Then ra = pa(a)n, ¥ a € A.

(Ext(A, A®) = A = AH4)

For any h € H, there is a unique a € A such that
h —n=ane Ar = Ext%(A, A®).

Let ¢ : H— A be the map such that
h — = ¢(h)r (€ An).
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[VETREER
Homological determinants H-module structure on H*(A, A€)
Homological determinant

¢ is convolution invertible

By the H-action on Ext9(A, A®), ¢(gh)r = g — (¢(h)x), and

o(gh) = > (g1 — 6(h))#(g2).
(9)
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[VETREER
Homological determinants H-module structure on H*(A, A€)
Homological determinant

¢ is convolution invertible

By the H-action on Ext?(A, A®), ¢(gh)r = g — (¢(h)x), and

o(gh) = > (g1 — 6(h))#(g2).
(9)

In fact, ¢ € Hom(H, A) is convolution invertible, with the inverse

7' (h) =D ha— ¢(S7'm).
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[VETREER

Homological determinants H-module structure on H*(A, A®)
Homological determinant

Definition

The homological determinant Hdet = Hdet, of the Hopf action H
on A is defined to be ¢~' € Homk(H, A), that is,

Hdet(h) := ¢"(h) = > hy — (S hy).
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[VETREER

Homological determinants H-module structure on H*(A, A®)
Homological determinant

Definition

The homological determinant Hdet = Hdet, of the Hopf action H
on A is defined to be ¢~' € Homk(H, A), that is,

Hdet(h) := ¢"(h) = > hy — (S hy).

If A is connected graded skew CY, Hdet coincides with the
definition by Jergensen-Zhang; Kirkman-Kuzmanovich-Zhang.
Hdet agrees with the definition by Meur (2019).

@ P. Le Meur, Patrick Smash products of Calabi-Yau algebras by Hopf algebras, J.
Noncommut. Geom. 13 (2019), 887-961.

@ Q.-S. Wu, R.-P. Zhu, Nakayama automorphisms and modular derivations in filtered
quantizations, J. Algebra 572 (2021), 381-421.
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Step 1: A relation between 4 and Hdet,
Step 2: A relation between ¢, and Hdet,’,
Main results Step 3: 6a = = {-,a} =7

Step 1: (ida —ua)(@) = Hdetr([-, a])

Given 4 My, consider the commutator action a € A on M

[-.a] : M —> M, x> xa—ax ([-.a] ~x=xa-ax)

(,uA(a) —a)n =na—-an=[nal (VacA)

(7 € Ext9(A, A®) = Arr = AH4)
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Step 1: A relation between 4 and Hdet,
Step 2: A relation between ¢, and Hdet,’,
Main results Step 3: 65 —n = {—,a} =7

Step 1: (ida —ua)(@) = Hdetr([-, a])

Given 4 My, consider the commutator action a € A on M

[-.a] : M —> M, x> xa—ax ([-.a] ~x=xa-ax)

(,uA(a) - a)n =na—-arn=[nal (VaecA)
(7 € Ext9(A, A®) = Arr = AH4)

Consider 6, := [-,a] : A — A, which is a derivation on A.
Let H= U(kda) = k[da], which acts on A by §; — x = [x, a].
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Step 1: A relation between 4 and Hdet,
Step 2: A relation between ¢, and Hdet,’,
Main results Step 3: 6a =7 = {-, a}

Step 1: (ida —ua)(@) = Hdetr([-, a])

[-,a] ~ H*(A,A®) “=" 6, — H*(A,A®).

e HomAe(A@’"*z Ae) Lﬂ) HomAe (A®n+3,Ae) _

N e n+1
s [,a]ml(aag) S o

—_— HomAe(A®”+1,Ae) L HomAe(A®n+2,Ae) —_— S

ST ((x0® - ®Xn) = XT3 (-1) (X0 ® - ® X ® a® Xit1 ®"'®X")J
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Step 1: A relation between 4 and Hdet,
Step 2: A relation between ¢, and Hdet,,
Main results Step 3: 6a = = {-,a} =7

Step 1: (ida —ua)(a) = Hdet,([-, a])

[-.a] ~H*(A,A®) “=" 6, = H'(A,A®).
(na(a) - a)r =[r.a] ="' 6, — .
Hdetr(6a)r =¢~" (6a)7 = (1H — ¢(S716a) + 62 — ¢(11))m
—(6a =)
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Step 1: A relation between 4 and Hdet,
Step 2: A relation between ¢, and Hdet,’,
Main results Step 3: 6a = = {-,a} =7

Step 1: (ida —ua)(@) = Hdetr([-, a])

[-.a] ~H*(A,A®) “=" 6, = H'(A,A®).
(na(a) - a)r =[r.a] ="' 6, — .
Hdetr(6a)r =¢~" (6a)7 = (1H — ¢(S716a) + 62 — ¢(11))m
—(6a =)

.

Proposition 4.1
(ida —ua)(a) = Hdet,(65).
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,*
Main results Step 3: 6a = = {-,a} =7

Step 2: ¢, «— Hdet,.

Let R(:= gr A) be a d-dim affine smooth commutative algebra.

Hp.4(R,R)® HI(R,R) —"= H,(R, R) .

HKRJZ O HKRlz

QP+9(R) ® Q9(R)* —-" 0P(R)

where «_(—) is induced by the contraction map.
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,*
Main results Step 3: 6a = = {-,a} =7

Step 2: ¢, «— Hdet,.

Let R(:= gr A) be a d-dim affine smooth commutative algebra.

Hp.4(R,R)® HI(R,R) —"= H,(R, R) .

HKRJZ O HKRlz

QP+9(R) ® Q9(R)* —-" 0P(R)

where «_(—) is induced by the contraction map.

If His cocommutative and H ~ R, then the morphisms above are
H-morphisms.
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,*

Main results Step 3: 62—~ = (-, a} =7

(=) : QPT9(R) ® Derd(R) — QP(R) is the map w ® F i t(w)
induced by the contraction map, which is an H-morphism. J
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,*

Main results Step 3: 65 —n = {—, 3} —7

(=) : QPT9(R) ® Derd(R) — QP(R) is the map w ® F i t(w)
induced by the contraction map, which is an H-morphism.

If w=apdas Adap A--- Adapyq € QPHI(R),

tr(w)
= Z sgn aoF( (1) A A ag(p)) dag(p+1) VANRKIVAN dag(erq).

0€Spq

The H-module structure of Q"(R) is given by

h — (apdas A --- Aday)

—Z hy — ao)d s 31) - A d(hn+1 s an).
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,*

Main results Step 3: 65 —n = {—, 3} —7

The cap product N : Hpi4(A, M) @ HI(A,N) — Hp(A,M®a N)
is the map defined on the level of Hochschild complexes by

Cp+q(A, M) ® CI(A,N) — Cp(A,M®a N)

(mM®ai® - -Qaprq)Nf:=(mMef(as,....,aq)) ®ag+1®: - ® apiq.

The cap product N is also an H-module morphism:

hé((m®a1®m®ap+q)mf)

=Y (= (mea®-- -®ay.q))N (o —1).
(h)
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,*

Main results Step 3: 65 —n = {—, 3} —7

Recall the HKR theorem. If R is smooth, H is cocommutative, then
Q"(R) £ Hy(R, R)

is an H-module isomorphism, where g, given by

en(apdas A --- A dap) = Z sgn(o)(ao ® ar(1) @+ ® ag(,,))

T€Sy

where Z denotes the image of z € Z,(C.(R, R)) in Hy(R, R).
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,*

Main results Step 3: 65 —n = {—, 3} —7

Suppose R is smooth. Then

H"(R,R) & Der"(R) is an H-module isomorphism, where

fio Qn(f) bt A---Abp— Z Sgn(O')f(b(TU), 200 ,bg(n))

Tg€Sy

forany f € Z(C"(R,R)) and by,--- ,b, € R.

RERK) Skew Calabi-Yau algebras and Poisson algebras via filtered deformat



Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,*
Main results Step 3: 62—~ = (-, a} =7

Homo. determinants of Hopf actions on comm. CYs

Extde(R, R®) = Extde(R, R) = Derd(R) = HomR(Qd(R), R) = Rn*

are H-module isomorphisms.
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,*

Main results Step 3: 65 —n = {—, 3} —7

Homo. determinants of Hopf actions on comm. CYs

Extde(R, R®) = Extde(R, R) = Derd(R) = HomR(Qd(R), R) = Rn*

are H-module isomorphisms.

The generator of Hy(R, R) = Q9(R) is still denoted by 7, and
the generator of HY(R, R) = Homg(QY(R), R) is still denoted .

v
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,*

Main results Step 3: 65 —n = {—, 3} —7

The homological determinant can be computed by using the
generator * of HY(R, R) = Homg(Q9(R),R) = Ryy*: Vh € H,

h— 1" = (" = ) (h — Hdety: (Sha))’
(h)
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,*

Main results Step 3: 65 —n = {—, 3} —7

The homological determinant can be computed by using the
generator * of HY(R, R) = Homg(Q9(R),R) = Ryy*: Vh € H,

h— 1" = (" = ) (h — Hdety: (Sha))’
(h)

Proposition 4.2

Let R be a smooth commutative algebra with trivial canonical
bundle Q9(R) = Ry. Then, the homological determinant of a
cocommutative Hopf algebra H acting on R is given by

Hdet,(h) = n*(h — 1), Y h € H.
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,*

Main results Step 3: 65 —n = {—, 3} —7

By using the Key fact 2 that

Hy(R, R) ® HY(R, R) —"= Ho(R, R)

HKF?JE O HKHl:

Q9(R) ® 29(R)* —="\, QO(R)

is a commutative diagram of H-morphisms,

(h—=n)nn" =ur(h—n) =n"(h —n) = Hdet,(h)
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,*

Main results Step 3: 6a =7 = {-, a}

Lemma. Forany § € Der(R),ac Rand I ={ij <ib <--- < g} € S,

d
s(a)dx; = ) (=1)76(x;) da A dxi Adxi, A---dxi -+ A dx.
j=1
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,*

Main results Step 3: 65 —n = {—, 3} —7

Lemma. Forany § € Der(R),ac Rand I ={ij <ib <--- < g} € S,

d
s(a)dx; = ) (=1)76(x;) da A dxi Adxi, A---dxi -+ A dx.
j=1

The proof follows by applying the contraction map
s : Qd'H(R) - Qd(R) to 0 =da Adxj A--- Adxi,.
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,*

Main results Step 3: 65 —n = {—, 3} —7

Hdet,-(6) = (6 — 1)
:( 2(531) dX,'1 VANRERIVAN C|X,‘d aF Z é!/dX,'1 VANRERIVA C|6(X,'S) VANRERIVAN dX,'d) N 7]*

I l,s
= *(2(53/) dxj, A--- Adxj, + Z ardxi, A--- Ad(xi,) A--- Adxg,
I l,s
" Ls(n :
= (L) = 22 = aiv ).

RERK) Skew Calabi-Yau algebras and Poisson algebras via filtered deformat



Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,*

Main results Step 3: 65 —n = {—, 3} —7

Hdet,-(6) = (6 — 1)

:(2(531) dX,'1 VANRERIVAN C|X,‘d aF Z é!/dX,'1 VANRERIVA C|6(X,'S) VANRERIVAN dX,'d) N 7]*
) l,s

:n*(Z(éa/) dX,'1 Ao A dX,'d -+ Z a,d)(,-1 A--- A dé(xis) Ao A dXid
l,s

Proposition 4.3
¢y(r) = Hdet,-({r,-}), forany r e R (: LH,(U)/U)-
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,
Main results Step 3: 63—~ = {-,a}—=7

S’[ep 3: Hdetn(5a) = Hdet)}*({_’ é})

Let Q. — a¢cA — 0 be a f.g. filt-projective resolution, such that
gr Qs — (grae)grA — 0is a f.g. graded-projective resolution.
Note that gr A® = (gr A)°.

Let B.(A) — A — 0 be the bar resolution of A, which is filtered. J
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,’,
Main results Step 3: 63—~ = {-,a}—=7

S’[ep 3: Hdetn((Sa) = Hdet)}*({_’ é})

Let Q. — a¢cA — 0 be a f.g. filt-projective resolution, such that
gr Qo — (grae) grA — 0is a f.g. graded-projective resolution.
Note that gr A® = (gr A)°.

Let B.(A) — A — 0 be the bar resolution of A, which is filtered. J

Q. homg)quiv. B.(A) "oy

homo. equiv.

grQ. —  grB.(A) =B.(grA).
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,

Main results Step 3: 6~ ={-,a}—~7

HOMae(Qu, A®) 2> SHOM pe (B, (A), A°)

Homae(Qu, A%)" 22> 9P omae (B.(A), A®),

the inclusion HOMae(Bo(A), A®) € Homae(B.(A), A®) is also a
homotopy equivalence.
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,;

Main results Step 3: 63—~ = {-,a}—=7

HOMae(Qu, A®) 2> SHOM pe (B, (A), A°)

Homae(Qu, A%)" 22> 9P omae (B.(A), A®),

the inclusion HOMae(Bo(A), A®) € Homae(B.(A), A®) is also a
homotopy equivalence.

homo. equiv.

Homg e (gr Qu,grA°) ~ —> Hom_ ,.(B.(grA),grA°).
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,;

Main results Step 3: 63—~ = {-,a}—=7

The spectral sequence of the filtered complex HOMae (Bl (A), A®)
yields that
o Ext),.(A,A®) = 0if i # d, and
o ExtG.(A, A®) = HY(HOMue(B.(A), A®)) has a bounded below
filtration such that gr Extj.(A, A®) = Ext]. ,.(sr A, (grA)°)

= HY(Hom(g. a)e (Bu(gr A), (g7 A)°))

as right (gr A)®-module,
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,’,
Main results Step 3: 6~ ={-,a}—~7

Step3: 0,—~n={-,al—7

Let R := gr A. The following diagram is commutative.

gr HOMAe(A®”+2,Ae) gr(%a—) gr HOMAe(A®”+2,Ae)

l\u lw

{-.a}—>

Hom(grA)e((grA)@’”Jrz, (grA)®) —— Hom(grA)e((grA)®"+2, (grA)9).

v

~

mis a twisted volume "=" * := 7 is a dual basis of n.
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,

Main results Step 3: 65 —~n = {—,a}—=7

dn
5 grHOM e (A2, Ae) — =) L o HOM e (4742, A°) —

|
|

| &(6a=)
- — Hompg (R®n+2 pey X1, n+1 | HomRe(R®"+3, Re) — .- :
' [
-2 ! (-~ I

v ®n+2 g(dni1)” v 3
-— > grHOM4e (A Ae) 2= = 5 gr HOM 4o (A®"+3, A°)
- %

(dn41)”

K k
- — Homy, (R®"?, R®) —————— Hom . (R®"3, R®) —— -
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,

Main results Step 3: 65 —~n = {—,a}—=7

Proposition 4.4
° fg—m={-al—=n"
e Hdet,(65) = Hdet,-({—, a})
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,

Main results Step 3: 65 —~n = {—,a}—=7

(ida —na)(a) =2 Hdet,(62)

2 Hdet, (-, a))
step2

— —¢n( )
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Step 1: A relation between p4 and Hdet,
Step 2: A relation between ¢, and Hdet,,

Main results Step 3: 63—~ = {-,a}—=7

step1

(ida —ua)(a) == Hdet,(6a)

2 Hdet, (-, a))

step2

= —¢,(a).

Theorem 4.5

(ua —ida)(a) = #y(a) € (gr A)n—¢ for any a € FpA.
® (ua —ida)lF_a = 0.
o forany a € F/A, ua(a) — a = ¢y(a) € FoA.
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Step 1: A relation between p4 and Hdet,
Step 2: A relation betweel and Hdet,,

Main results Step 3: 63 7 = {—, 3}~

Corollary 4.6 (Calabi-Yau «<— unimodular Poisson)

Suppose that A is generated by F1A as k-algebra.
e If the poisson structure on gr A is unimodular (that is, ¢, = 0
for some volume form n), then A is Calabi-Yau.
e IfU(A) c FoA(< gr A is a domain), then
gr A is unimodular if and only if A is Calabi-Yau.
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Application

Ring of differential operators

Let R be a d-dim affine smooth domain over a field k with
char(k) = 0.

The ring of differential operators D(R) := U, D(R), of R is
defined inductively by Grothendieck as D(R)-1 = 0 and

D(R)p = {f € Endx(R) | fr — rf € D(R)p-1 for all r € R}.

Obviously, D(R) = Up D(R), is a filtered k-algebra.
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Application

Weyl algebra A4(C) = D(Clx1, ..., Xd])-

gr D(R) = the symmetric R-algebra Symg(Der(R)) as graded
R-algebra.

Proposition 5.1
The poisson structure on gr D(R) is unimodular.

The ring of differential operators D(R) is a 2d-dim CY algebra.
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Application

Thank you for your attention!
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