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Introduction

Since W 1,p(S1, S1) ⊂ C (S1,S1) for p ≥ 1, we may write

W 1,p(S1,S1) =
⋃
d∈Z
Ed

where Ed = {u ∈W 1,p(S1,S1) : deg(u) = d}.

Maps in W 1/p,p(S1,S1), p > 1 are not necessarily
continuous,

but one can use instead the VMO-degree (Brezis-Nirenberg).
So we still have W 1/p,p(S1,S1) =

⋃
d∈Z
Ed .

First consider

distW 1,p(Ed1 , Ed2) = inf
u∈Ed1

inf
v∈Ed2

|u̇ − v̇ |Lp .

Rubinstein-Sh 07: distW 1,p(Ed1 , Ed2) = 21+1/p

π1−1/p |d2 − d1|.
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Uniform continuity of the degree

There exists a constant cp > 0 such that whenever
u, v ∈W 1,p(S1,S1) satisfy |u̇ − v̇ |Lp < cp, we have
deg(u) = deg(v).

Actually cp = 21+1/p

π1−1/p (e.g. c1 = 4).

Note that in C (S1,S1) we have ‖u − v‖∞ = 2 whenever
deg(u) 6= deg(v).
Whence, ‖u − v‖∞ < 2 =⇒ deg(u) = deg(v).

Therefore, the degree is uniform continuous on both
W 1,p(S1,S1) and C (S1,S1).
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dist in W 1/p,p(S1, S1)

We consider

distW 1/p,p(Ed1 , Ed2) = inf
u∈Ed1

inf
v∈Ed2

|u − v |W 1/p,p .

where |f |p
W 1/p,p =

∫∫
S1×S1

|f (x)− f (y)|p

|x − y |2
dxdy .

Prop. (Brezis-Nirenberg, Brezis-Mironescu-Sh).
For any d1 6= d2 we have distW 1/p,p(Ed1 , Ed2) = 0, i.e., ∃{un} ∈ Ed1 ,
∃{vn} ∈ Ed2 with limn→∞ |un − vn|W 1/p,p = 0.

Hence the degree is not uniformly continuous on W 1/p,p(S1,S1)!

Note: The degree is continuous on W 1/p,p(S1,S1): if {un} ∈ Ed
satisfy un → u then u ∈ Ed .
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Uniform continuity of the degree on bounded sets

In the proof we construct {un} ∈ Ed1 , {vn} ∈ Ed2 with
limn→∞ |un − vn|W 1/p,p = 0
but limn→∞ |un|W 1/p,p = limn→∞ |vn|W 1/p,p =∞.

Question (Brezis): Could this phenomenon be avoided if we

restrict un, vn to a bounded set in W 1/p,p(S1,S1)?

Answer: Yes!

Thm. (Mironescu-Sh).
Let 1 < p <∞ and M > 0. Then there exists δ = δ(p,M) > 0 s.t.

u, v ∈W 1/p,p(S1,S1),
|u|W 1/p,p ≤ M,

|u − v |W 1/p,p < δ
=⇒ deg u = deg v

The analogous problem in WN/p,p(SN ,SN), N ≥ 2 is still
open (for p > N + 1)!
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A second type of “distance”: Dist

Define:

DistW 1,p(Ed1 , Ed2) = sup
u∈Ed1

inf
v∈Ed2

|u − v |W 1,p(S1,S1)for p ≥ 1

DistW 1/p,p(Ed1 , Ed2) = sup
u∈Ed1

inf
v∈Ed2

|u − v |W 1/p,p(S1,S1)for p > 1

Remark: We don’t know whether
DistWN/p,p(Ed1 , Ed2) = DistWN/p,p(Ed2 , Ed1) always holds.

Thm. ([BMS])
(i) If p > 1 then DistW 1,p(Ed1 , Ed2) =∞, ∀d1 6= d2.
(ii) For p = 1, DistW 1,1(Ed1 , Ed2) = 2π|d1 − d2| .

The proof of (i) uses a sequence {un} satisfying deg(un) = d1 and
un(A) = S1 for each arc A ⊂ S1 of length 1/n.

Then, limn→∞ infv∈Ed2 |un − v |W 1,p =∞.
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The proof of (ii) (about DistW 1,1(S1,S1))

The upper bound follows from:

∀f ∈ Ed1 ,∀ε > 0,∃g ∈ Ed2 s.t.

∫
S1

|ḟ − ġ | ≤ 2π|d1 − d2|+ ε,

using “bubble insertion”.

For the lower bound take, for any u ∈ Ed1 , a sequence

un = Tn ◦ u where Tn(e iθ) = e iτn(θ), with
τn : [0, 2π]→ [0, 2π] a “zig zag function” satisfying:

(i) τn(0) = 0, τn(2π) = 2π.
(ii) τ ′n oscillates between n and 2− n on intervals of length π/n2.

It satisfies:

lim
n→∞

inf
v∈Ed2

∫
S1

|u̇n − v̇ | = 2π|d2 − d1|
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Dist in W 1/p,p

Thm. ([Sh])

DistW 1/p,p(S1,S1)(Ed1 , Ed2) = σW 1/p,p(d2 − d1)

where, σp
W 1/p,p(d) = inf

u∈Ed
|u|p

W 1/p,p =

inf
u∈Ed

∫∫
S1×S1

|u(x)− u(y)|p

|x − y |2
dxdy .

Since σW 1/p,p(d) ≥ Cp|d |1/p (Bourgain-Brezis-Mironescu) we
deduce:

Cp|d2 − d1|1/p ≤ DistW 1/p,p(S1,S1)(Ed1 , Ed2) ≤ C ′p|d2 − d1|1/p.
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The case W 1/2,2(S1, S1) = H1/2(S1, S1)

For f (e iθ) =
∑∞

n=−∞ e inθ ∈W 1/2,2(S1,S1) we have

|f |2
W 1/2,2 = 4π2

∞∑
n=−∞

|n||an|2 and deg f =
∞∑

n=−∞
n|an|2.

Hence 4π2| deg f | ≤ |f |2
W 1/2,2 ,∀f , while equality holds for

f (z) = zd .

It follows that σW 1/2,2(d) = 2π|d |1/2. Whence we get

Corollary

DistW 1/2,2(S1,S1)(Ed1 , Ed2) = 2π|d2 − d1|1/2.
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Some results for N ≥ 2

For p > N, in W 1,p(SN ,SN) we have

distW 1,p(Ed1 , Ed2) = cp,N for all d1 6= d2

(independently of d1, d2!) ([Levi-Sh])

In WN/p,p(SN ,SN) we have distWN/p,p(Ed1 , Ed2) = 0 for all
d1, d2 [BMS].

In WN/p,p(SN ,SN) we have
DistWN/p,p(Ed1 , Ed2) ≤ Cp,N |d2 − d1|1/p

Lower bound is open ....
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Thank you for your attention!
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