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Closure relation of discrete integrable systems: H1 eq.

» Let m,n be two discrete independent variables and let u = u(m, n)
be the dependent variable.

> Shifts of u will be denoted by u; ; = u(m + i, n + j), e.g.,
ur0 = u(m+1,n), up1 = u(m,n+ 1), etc.
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u u
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Closure relation of discrete integrable systems: H1 eq.

» Let m,n be two discrete independent variables and let u = u(m, n)
be the dependent variable.

> Shifts of u will be denoted by u;; = u(m + i, n + j), e.g.,
ur0 = u(m+1,n), up1 = u(m,n+ 1), etc.

Up,1 U1
u u
a 1,0

Example. H1 (lattice potential KdV, 3-leg form) equation
a—p

U— U1

up,0 — Uyl — =0
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Closure relation of discrete integrable systems: H1 eq.
» (Discrete) Lagrangian [Capel-Nijhoff~-Papageorgiou, 1991]:

L(u, u1,0,u0,1; @, B) = (u1,0 — uo,1)u — (@ — ) In(ui,0 — uo,1)
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Closure relation of discrete integrable systems: H1 eq.
> (Discrete) Lagrangian [Capel-Nijhoff-Papageorgiou, 1991]:
L(u, w10, uo,150, B) = (u1,0 — uo1)u — (@ — B) In(ur,0 — uo,1)
» Closure relation [Lobb—Nijhoff, 2009]:
(S3 —id)Ly2 + (So —id) L3; + (S1 —id) Loz = 0 on solutions
where
Lya = L(u, u1,0,0, %0,1,05 @ 3)
Lg1 = L(u, u,0,1, u1,0,0; 7> @), Lag = L(u, uo,1,0, t0,0,1; 3,7)
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A review of the differential variational bicomplex

[Vinogradov, 1977, 1978, 1984]; [Tulczyjev, 1980]; [Tsujishita, 1982]; [Olver, 1986];
[Anderson, 1989]; [Kogan—Olver, 2003]; ...

5/34



A review of the differential variational bicomplex

[Vinogradov, 1977, 1978, 1984]; [Tulczyjev, 1980]; [Tsujishita, 1982]; [Olver, 1986];
[Anderson, 1989]; [Kogan—Olver, 2003]; ...

» Consider a trivial bundle 7 : X x U — X with 7(x,u) = x:

> x = (z',...,27) € X C R? (independent variables)
> u=(ul,...,u?) € U C RY (dependent variables)

» Solution u = f(x) of a DE is interpreted as a local section

s(x) = (%, f(x)).
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A review of the differential variational bicomplex

[Vinogradov, 1977, 1978, 1984]; [Tulczyjev, 1980]; [Tsujishita, 1982]; [Olver, 1986];

[Anderson, 1989]; [Kogan—Olver, 2003]; ...
» Consider a trivial bundle 7 : X x U — X with 7(x,u) = x:

> x = (z',...,27) € X C R? (independent variables)
> u=(ul,...,u?) € U C RY (dependent variables)

» Solution u = f(x) of a DE is interpreted as a local section
s(x) = (%, f(x)).

» A DE defines a submanifold of prolonged jet bundles; in particular,
the infinite jet bundle J*°(X x U) is coordinated by

(:r",ua,uf‘i,...,uj‘,...),
where a section s(x) = (x, f(x)) is prolonged to

a _y,o _ O (@) o _ oMl f ()
(uf =)ui, = 57" 4 = B2 o(z2)e ... O(xp )i

» Herel,=(0,...,1,...,0), J = (j1,J2,...,7p) and
I =ji 4G+ +p
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» Let [u] denote u and finitely many of their partial derivatives, e.g.
([UD = (ua’ uﬁ-a ceey ul%)
» The differential of a function F(x,[u]) on J>®(X x U) is

oF oF
dF(x,[u]) = 5o zt 3 = dug'
3F -
= D;F)ds’ + — s — (duf’ — ug'4, dz’),

where the total derivative is

Dm0

o« 0
5 1{%+"'+UJ+L:7+“"

«
ous

» This allows a splitting of the exterior derivative d = dy, + d, with

» Horizontal operator: dy, := dz* A D;
» Vertical operator: dy:= (du® — u®, , dz’) A =2
P v ( J J+1; ) ouf
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» A basis for one-forms on J*°(X x U) can then be chosen as
{d="}
and the contact forms
{dyu® =du® —u{ dz’, ..., deuf =duf —ufy dz’, L)

This basis extends to a basis for the set of all differential forms on
J°(X x U), denoted by €, using the wedge product.
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» A basis for one-forms on J*°(X x U) can then be chosen as

{da}
and the contact forms
{dyu® = du® — uf} da’,

e [ [ A
“ey dVU_] :dUJ _UJ-‘,-IV,' dzx s }

This basis extends to a basis for the set of all differential forms on
J°(X x U), denoted by €, using the wedge product.

» From d? = 0, direct calculations lead to

42 =0, dydy =—dydy, d?

v

=0.
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» A basis for one-forms on J*°(X x U) can then be chosen as
{d="}
and the contact forms
{dyu® =du® —u{ dz’, ..., deuf =duf —ufy dz’, L)

This basis extends to a basis for the set of all differential forms on
J°(X x U), denoted by €, using the wedge product.

» From d? = 0, direct calculations lead to

42 =0, dydy =—dydy, d?

v

=0.

» A (k+ I)-form w is said to be of type (k, ) if it can be written as

J1,.0d1

w=filrt Oq(x, [u]) dpz™ A - Adpz®* A dvuJal1 A -dhu_‘,’l’.

Denote all (k, [)-forms over J>°(X x U) as Q%! and
dh . Qk,l N Q/H*l,l’ dv . Qk,l N Qk,l+1
yield a double complex.
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The (differential) variational bicomplex

d, dy dy dy

0 QO,2 dh > Ql 2 dh - ... dh > Qp71,2 dh - Qp,2 dh >0
A A y y
d, dy dy dy

0 QO,I dh > Ql 1 dh - ... dh > prl,l dh - Qp,l dh >0
A A y y
d, dy dy dy

0— R— 000 dy » QL0 dy - dy ~ (Qp—1.0 dy - (OP:0 dy 0
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Cohomology of the variational bicomplex
Note: For a cochain complex
di—y d;
"'%Ai—l —)Ai—)Ai+1 — o,

its cohomology groups are

ker di
im di,1 '

i,
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Cohomology of the variational bicomplex
Note: For a cochain complex

di— d;
"'%Ai_lzl;Ai%Ai_;rlg)"',

its cohomology groups are

ker di
im di,1 '

7

Theorems. [Vinogradov, 1984]

> Empty equation/free case: One-line theorem
1 Only horizontal cohomologies at the last column are nontrivial.

» (-normal equations: Two-line theorem (e.g. Kovalevskaya type of
equations)
1 Symmetries are in the kernel of the linearization operator, while
conservation laws (co-symmetries) are in the kernel of its adjoint.
t Euler—Lagrange equations are self-adjoint — Noether's theorem

» Non (-normal equations: Three-line theorem (e.g. Maxwell,
Yang—Mills, Einstein equations)

9/34



The augmented variational bicomplex (empty equation)

A
dy dy dy
0 002 dp 012 dn dn Qr—1,
A A
dy dy dy
0 001 dp QL1 dn dn Qr—1,
A A
dy dy dy
0— R» (0.0 dn QL0 dn o _dn | Qr-1,

» The interior Euler operator is
I(w)

where (— D)y = (—1)P! Dy is adjoint to Dy = D} D - -D;P for
J - (j17j27 o

l

ajp)'

1 B
—dyu® A (— D)J <5u§‘

Jw>, Vw e Qrl 1> 1,
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» The interior Euler operator is a projection, namely Z2 = Z, and
F=T(QPh) c Qrl.

» The Euler—Lagrange operator is given by £ := Z d, and define
0 :=7Id,.

11/34



» The interior Euler operator is a projection, namely Z2 = Z, and
F=T(QPh) c Qrl.

» The Euler—Lagrange operator is given by £ := Z d, and define
0 :=7Id,.

Theorem. The following properties hold that
Idy=0, Edy=0, 6£=0, 62 =0.

The resulting augmented variational bicomplex is exact providing the
base manifold is contractible (following the Poincaré Lemma).
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» The interior Euler operator is a projection, namely Z2 = Z, and
F=T(QPh) c Qrl.

» The Euler—Lagrange operator is given by £ := Z d, and define
0 :=7Id,.

Theorem. The following properties hold that
Idy=0, Edy=0, 6£=0, 62 =0.

The resulting augmented variational bicomplex is exact providing the
base manifold is contractible (following the Poincaré Lemma).

Remark. The boundary complex is called the Euler—Lagrange complex or
the variational complex. When p = 3, it is

0—R—Q -0 -0 -0 -7 -2 ...
Grad Curl  Div  Euler Helmholtz
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The augmented variational bicomplex

y A A
dy dy dy dy )
0 002 dn 012 dn dn Qr-12 h L op2t, 22 L
y y A
dy dy dy dy 6
0 00,1 dn L1 dn dn Qr-LLh L oplt, 21 L
y y
d. dy dy d, /€
0—Reooo I gro B Gpie D

» Lagrangian forms: QP° & Euler—Lagrange equations: .71
» Conservation Laws: QP10 «+— Symmetries

» Helmholtz conditions: %2 +— Inverse problems

» Lagrangian k-forms: Q%0 «— Integrability
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The difference variational bicomplex

LP, From Differential to Difference: The Variational Bicomplex and Invariant Noether's
Theorems, Ph.D. Thesis, University of Surrey, 2013.

LP—Hydon, The difference variational bicomplex and multisymplectic systems,
arXiv:2307.13935, 2023.
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The difference variational bicomplex

LP, From Differential to Difference: The Variational Bicomplex and Invariant Noether's
Theorems, Ph.D. Thesis, University of Surrey, 2013.

LP—Hydon, The difference variational bicomplex and multisymplectic systems,
arXiv:2307.13935, 2023.

Some challenges:
» Discrete counterpart of jet spaces (differentiable manifolds) v/

» Arrange differential and difference forms into horizontal and vertical
forms v/

» Cohomology

» One-line theorem: variational calculus, inverse problem,
Noether’s theorem v

» Two-line theorem: conservation laws (cosymmetries) of normal
equations ([Mikhailov—-Wang—Xenitidis, 2011] on
cosymmetries)

» Three-line theorem
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The total prolongation space (discrete counterpart of jets)
[Mansfield-Rojo-Echeburiia—Hydon—-LP, 2019], [LP-Hydon, 2023]
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The total prolongation space (discrete counterpart of jets)
[Mansfield-Rojo-Echeburiia—Hydon—-LP, 2019], [LP-Hydon, 2023]

» Consider a PAE with p independent variables
n=(n',...,nP) € ZP, and q dependent variables
u=(u',...,u?) € R% They form a total space ZP x RY.

/A4
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The total prolongation space (discrete counterpart of jets)
[Mansfield-Rojo-Echeburiia—Hydon—-LP, 2019], [LP-Hydon, 2023]

» Consider a PAE with p independent variables

n=(n',...,nP) € ZP, and q dependent variables
u=(u',...,u?) € R% They form a total space ZP x RY.

/A4

» Fibres are mapped to one another by translations (J € ZP)

Ty :7ZP x R? — 7P x R4
(n,u) » (n+J,u).
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» As the total space is disconnected, it is necessary to construct a
connected representative over each base point. We prolong each
fibre to include values over all other fibres in a Cartesian product by
pulling back each u using Tjy:

uy = Ty (unys)-

This gives the (connected) total prolongation space P(RY) over
an arbitrary base point with local coordinates (..., u,...).

> Let f be a function on Z? x P(R?). Its restriction to each total
prolongation space P,(RY) is denoted by

o us, ) =f(n,. . 0,0,

The pullback of fuik (..., uf,...) defined in Ppyx(R?) with respect
to Tk is the function

Tk fork (- uy, ) =f+ K, .. uf g, .. )

on P,(RY).
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Shift operators

The shift operator Sk is defined by Sk fu = Tk fotk:
Sk :f(m,...,uy,...) = fm+K,. .. ufg,...),

where both f, and Sk f, are functions in P,(RY).

16/34



Shift operators

The shift operator Sk is defined by Sk fu = Tk fotk:
Sk :f(m,...,uy,...) = fm+K,. .. ufg,...),

where both f, and Sk f, are functions in P,(RY).
» For any K = (k1,..., k), Sk = S]fl --~SI;” where S; = Sy,

» The forward difference in the ni-direction is represented on
Po(R?) by the operator

D, =S;—id

» Adjoint operators:

S =S-x, DI ,=-S7'D,
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Differential forms

> Let w be a differential form on ZP? x P(R?) whose restriction to
P,(RY?) is wy. The action of Sk on w, is represented by

*
SK Wy = TK Wn+K-

» Sk commutes with the wedge product and with the exterior
derivative, denoted by d.:

SK(wl A w2) = (SK wl) A\ (SK (,Ug), SK(de> = dV(SK w).
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Difference forms

Exterior algebra of p symbols, Al,... AP ([Kupershmidt, 1985];
[Hydon—Mansfield, 2004]).

> Invariance with respect to shifts: Af|, = Tx(Af|nik) =: Sk(A¥ln)

> Exterior difference operator is defined by
Aw=A"AD,w
for a difference k-form over ZP x P(RY)

w :fil,_“’ik(n,...,uf‘,...)Ail Ao ANAH
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Differential-difference forms

Using [u] to denote a finite subset of (..., u§,...), a (k,)-form over
ZP x P(RY) is a (k + )-form, w € Q%! that can be written as

w = flrd (n, [u)) A" A - A AT A dyup! A~ Adyug!.

D1 yeeny TR Q0T ey O
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Differential-difference forms

Using [u] to denote a finite subset of (..., u§,...), a (k,)-form over
ZP x P(RY) is a (k + )-form, w € Q%! that can be written as

w = flrd (n, [u)) A" A - A AT A dyup! A~ Adyug!.

D1 yeeny TR Q0T ey O

> (Vertical) exterior derivative d, : Q%! — Q&1

J1,.0d
f‘la 7‘_1 ) )
deZdeuﬁ/\A“A-~-AA%/\dvu§‘;A-~-Advu§ll
Ug

» (Horizontal) exterior difference dj; : Q%! — QF+LL
dﬁw = AZ A Dniw
where

Sk w = Sk (f.J““’.Jl al) AT AAF AU g A Ayl
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Proposition. The exterior derivative and difference satisfy

(@)*=0, did, =—d.df, d2=o.
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Proposition. The exterior derivative and difference satisfy

(@)*=0, did, =—d.df, d2=o.

Definition. Define d* = d;; +d,. It satisfies (dA)2 =0.

» For a function f defined over ZP x P(R?):

;0
4o fu) = (0, )A + 5.
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Lie difference

Remark. The operator D,,i is the Lie difference [Crampin—Pirani, 1987]
with respect to the translation Ty,:

(D) |a = T}, (@nt1,) —
» |t satisfies the Cartan formula
D,iw =0, J d®w +d* (6n7 | w) R

where {D,1,...,0,0} are the duals to the 1-forms {Al ... AP}:

9 AT =0, 9
Oug ous'

OpioN =61, B, od s = 0, Jdyup = 696K
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The augmented difference variational bicomplex

y A y
dy dy dy dy 5%
0 QO,2 dﬁ . 91,2 d]’Al . dﬁ . prl 2 dﬁ . Qp,2 7° . §2 0
y A y
dy dy dy dy 5%
O QO,l dﬁ - Ql,l dl’Al - dﬁ Vprl 1 dﬁ VQp’l IA Vﬁl 0
y A y
dy d, dy d, &*
A A A A
00— R— Q0,0 dh . Ql,O dh . ... dh . prl 0 dh - )P

» The difference interior Euler operator is defined as

Th(w) = %

o 0
dyu® AS_jy (au‘?

Jw), Vwe QP 1> 1.

» Define 6% := 7% d, and the difference Euler-Lagrange operator is

gL =T%d,.
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Cohomology of the difference variational bicomplex

Proposition. Analogous to the differential case, we have
I8dRE =0, £%df =0, 662 =0, (6%)*=0.

[One-line theorem.] The augmented difference variational bicomplex
(empty equation) is exact:

w = h(d*w) + d* (h(w))

with i the homotopy operators.
(Note. Exactness of the EL complex was proved in [Hydon—Mansfield,
2004]; the exactness around £* was proved in [Kupershmidt, 1985].)
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Cohomology of the difference variational bicomplex

Proposition. Analogous to the differential case, we have
I8dRE =0, £%df =0, 662 =0, (6%)*=0.

[One-line theorem.] The augmented difference variational bicomplex
(empty equation) is exact:

w = h(d*w) + d* (h(w))

with i the homotopy operators.
(Note. Exactness of the EL complex was proved in [Hydon—Mansfield,
2004]; the exactness around £* was proved in [Kupershmidt, 1985].)

» Lagrangian forms: QP° & Euler—Lagrange equations: .# 1
» Conservation Laws: QP~19 < Symmetries

» Helmholtz conditions: .%2 <— Inverse problems
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Discrete variational problems
The H1 equation.

a—p

U— U

=0

U0 — Up,1 —

» Lagrangian form in Q2:0:
L =LA"NA? L= (u0—u1)u— (a—pB)In(uro— uo1)
» Discrete Euler—Lagrange equation (two copies of H1):
FL3E45(L)=0

where
EX(ZL) =E(L)dyu A AT A A?
Note. Euler operators:

0

E,:=S_
K Ou®g
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Discrete Noether's theorem

» Define the difference divergence as DivF := D,,i F(n, [u]). A
conservation law DivF = 0 can be interpreted as

dffw =0, wherew = F0, 5 (A" A---ANAP) € QPO

» A variational symmetry satisfies

0

v(L) =DivP, where v= (S;Q%(n,[u])) Ew
il

vid,Z =dfo
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Lemma. 1. There exists € QP11 such that
4,2 — £5(2) = db.

2. For an evolutionary vector field v = (S;Q“(n, [u])) %, the following
identity holds

vodiw+di(vaw) =0, VYwe Qb

Noether’s Theorem.
0=v.(d? —E2(Z)—din)
=dbo — QEo(L)A'A--- ANAP —v 1dfny
=df(c+van) — QEu(L)A' A--- A AP
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Discrete Lagrangian k-forms Q%0
[Hydon—Nijhoff-LP, draft]
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Discrete Lagrangian k-forms Q%0
[Hydon—Nijhoff-LP, draft]

dy o
dg T8
h le k Tk'l
df & e
» Lagrangian k-forms: - —— kO
005 L= > Ly (0 u))A" A A AR

i <<
> T8 =T gri. Again Zp dp) = 0.
» Multi Euler-Lagrange equations:
EL(L) =0 & BEs =0
where

dy% — EP (L) — BEs = din for some i € QF 11
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The closure relation in discrete integrable systems can then be
interpreted as
df L =0fork=p—1,

on solutions of the multi EL equations.
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The closure relation in discrete integrable systems can then be
interpreted as
df L =0fork=p—1,

on solutions of the multi EL equations.
» Recall closure relation of the H1 equation:
(S3 — id)L12 + (SQ — id)Lgl + (Sl — id)ng = 0 on solutions

where
Lia = L(u, u1,0,0, %,1,0; @, 3),

Lgy = L(u, up,0,1, 41,0,0; 7> @),

Loz = L(u, up,1,0, 10,0,15 3,7)-
» The Lagrangian 2-form (p = 3) is simply
Lo = LisA' NA? + Ly AP N AT + Loz A* A AP

and each of the multi EL equations is H1.
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Noether's theorem when the BEs vanish

This is the case for most integrable systems with the closure relation.

» Assume an evolutionary vector field v = (S;Q“(n, [u])) %
J

generates a variational symmetry for each L; . ; as

k

v (Lihm,ik) =0

and hence
vV dvgk = dﬁn.

» A similar proof to the usual Noether's theorem follows when all BEs
vanish. These conservation laws are (k — 1, 0)-forms.

When the BEs do not vanish:
v iEL (L) + v uBEs =dpw

and v J BEs is not in characteristic form.
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H1 (7-point equation): no BEs
» The Lagrangian 2-form with three independent variables (m, n, [):
Ly = LigAY ANA? + Ly A3 A A 4 Log A% A A3

» Multi EL equations:
52A (fg) = E(le) dvu AN Al AN A2
+E(Lz1) dyu A AP A A + E(Lyz) dyu A A% A A3

» Consider a variational symmetry v = (S;Q*(n, [u])) a% of £, eg.,
J
Q = (—1)™*t*+ly, such that

vid, % = dﬁn for some n € QLo

» Noether's theorem gives a conservation law/form w € Q10 satisfying

v J(SQA(.,gQ) = dﬁw
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> Assume w = a1 Al + aaA? + a3 A3, and the corresponding
conservation laws are
QE(ng) = DiV(ag, —aq, 0)
QE(Lgl) = Div(—ag, 07 al)
QE(Le3) = Div(0, ag, —az)
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> Assume w = a1 Al + aaA? + a3 A3, and the corresponding
conservation laws are
QE(ng) = DiV(ag, —aq, 0)
QE(Lgl) = Div(—ag, 07 al)
QE(Le3) = Div(0, ag, —az)

Remark. If BEs do not vanish, then the conservation laws will look like,

for instance,
QE(ng) + (SJQ) x BEs = ])iVF7

meaning that summation by parts must be applied to achieve the
characteristic form:

(S;Q) x BEs = Q x S_4(BEs) + Div Fy,
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> Assume w = a1 Al + aaA? + a3 A3, and the corresponding
conservation laws are
QE(ng) = DiV(ag, —aq, 0)
QE(Lgl) = Div(—ag, 07 al)
QE(Le3) = Div(0, ag, —az)

Remark. If BEs do not vanish, then the conservation laws will look like,

for instance,
QE(ng) + (SJQ) x BEs = ])iVF7

meaning that summation by parts must be applied to achieve the
characteristic form:

(S;Q) x BEs = Q x S_4(BEs) + Div Fy,

Question. Can it be achieved without using local coordinates?
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Questions. 1. Cohomology/exactness of the multi Euler-Lagrange
complex and its relation with the canonical Euler—Lagrange complex.

dp dp LI 55,
3y QOP20 __, p-1,0 ]:p L BN

\
AN

* A
QpO £ jg-li.

di

32/34



Questions. 1. Cohomology/exactness of the multi Euler-Lagrange

complex and its relation with the canonical Euler—Lagrange complex.

dg d 5, Sp1
3y QOP20 __, p-1,0 ]:p L BN

\
AN

* A
QpO £ jg-lL

di

2. To determine the integrability of a PAE or to classify integrable

systems with the closure relation (double zeroes?) feature may be related

to the two-line theorem?
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Summary

» Structure of the total prolongation space
» Construction of the difference variational bicomplex

» Discrete integrable systems with closure relation

» Ongoing

» Two-line and three-line theorems for PAEs

» Further analysis on the BEs
> .
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» Return!

Thanks!

: 9ac
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