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Introduction

1. Introduction

Wave equation

(?;2 (t,x) = 2Aw(t, x) t>0,xcRY (d<3)
w(0.%) = to(x), (0.0 =w(x) xR

Description of waves (sound, water, seismic, light,...)
w(t, x) is the displacement of point x at time t; ¢? propagation speed

d = 1: string; d = 2: membrane; d = 3: elastic solid

Solution (c = 1)

w(t,x)= [ Gi(x—y)v(y)dy + —; /Gxx ¥)uo(y)dy

Rd

v
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Introduction

Fundamental solution G

1 .
E1{|X|<t} Ifd:‘l7
Gxy={4 1 4 it d =2
t ﬂ_\/m {|x|<t} )
1 .
| 270, ifd=3

| - | is the Euclidean norm on R¢
oy is the surface measure on {x € R3; |x| = t}

History

d = 1: D’Alembert formula (1746)
d = 3: Kirkhhoff formula (Euler, 1756)
d = 2: Poisson formula; Hadamard (1923, method of descent)
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Introduction

Inhomogeneous wave equation (f is smooth)

32
A
(07 X) = UO(X)7

(t,x) = Au(t, x) + f(t, x) t>0,xcRY (d<3)
ou
ot

f is a “source function” (describes the effect of the source of the waves
on the medium which carries them)

—(0,x) =w(x) xecR9

Solution
u(t,x) = w(t x)+ /t/ Gi—s(x — y)f(s, y)dyds

Justification: Let £ = —A. ThenLw =20

LG=5 and L(f+G)=fx(LG)=fx5="
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Introduction

Stochastic wave equation with additive noise

(?;g(t,X) =Au(t,x)+ W(t.x) t>0,xeR? (d<2) "
u(0. ) = t(x),  9(0,%) = Wo(x) x e R

Definition
A (random-field) solution of (1) satisfies

t
u(t, x) = w(t, x) + /O /R Gus(x — y)W(d5. dy), @)

RHS contains a stochastic integral with respect to the noise W
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Introduction

Stochastic heat equation with additive noise

ot 2

au(z‘,x)zlAu(t,x)Jr W(t.x) t>0,xeR? (d>1)
u(0, x) = up(x) x € RY

Definition
A (random-field) solution of (3) satisfies

t
utx) =g w0+ [ [ gsx-y)Wids.dy). @)

where (gt)t>0 is the heat semigroup:

1 2
gr(x) = @nyaz &P <—’X2‘t>
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Introduction

Space-time Gaussian White Noise
{W(A); A € Bp(R,; x RY)} is a Gaussian process with

E[W(A)] =0 and E[W(A)W(B)]=|AnN B

|A| is Lebesgue measure of A.

Define W(1,4) := W(A).

By linearity, we extend W to the set £ simple functions.

The map € > ¢ — W(p) € L3(Q) is an isometry which can be
extended to L2(R, x RY):

E[W(p)W(y)] _/ / (t, x)(t, x)dxdt
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Introduction

Existence of solution: wave equation

Solution to the wave equation (1) exists iff the stochastic integral on
the RHS of (2) is well-defined, i.e.

//G,sx y)dyds < cc.

This forces d = 1.

Existence of solution: heat equation

Solution to the wave equation (3) exists iff the stochastic integral on
the RHS of (4) is well-defined, i.e.

[e's) t
/ / 97 (x — y)dyds = cd/ (t—5)"92ds < .
o Jre 0

This forces d = 1.

v
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2. SPDEs with Gaussian white noise (d = 1)

Wave equation with multiplicative nose

gztg(f,X)=AU(tX)Jra(U(t,x))W(t,x), t>0,xcR (5

Initial conditions uy = vy = 0; o is a Lipschitz function

Definition
A (random-field) solution of (5) satisfies

t
u(t, x) = /O /R Grs(x — y)o(u(s. y)) W(ds, dy)

Heat equation
In the case of heat equation, we replace G; by g;.

v
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SPDEs with Gaussian white noise

Existence of solution (using Picard’s iterations)

Unar(t, X) = / / Gr_s(x — y)o(un(s, y))W(ds,dy)  to(t,x) =0

Main calculation: let Hn(t) = supycg E|un(t, x) — up_1(t, X)|?

E|uni1(t, X) — un(t, x)|?

[/ / Gt_s(X = Y)lo(un(s,y)) = o(Un-s(s, y))rzdyds]
= Cg/o SUP E|un(S, ¥) — Un-1(S, ¥ \2</ G s(x—y dy)ds

yeRr

_cz/ Ha(s)J(t — s)ds with J(t— ) = ;(t—s)

Heat equation: J(t — s) = [, g2 (x — y)dy = c(t — s)~1/2.
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SPDEs with Gaussian white noise

Extension of Gronwall Lemma (Dalang, 1999)
Letf,: [0, T] = Ry. If fy(f) < Mforany t € [0, T] and

frr1(t) < / fa(s)J(t — s)ds forany t e [0, T]

where J > 0 is integrable on [0, T], then

> sup fy(1)'/P < oo forany p > 0.
n>1 te[0,T]

Existence of solution

{un(t, X)}n>0 is @ Cauchy sequence in L2(R), uniformly in [0, T] x R:

SUp ||Un(ta X) - Un_1(t, X)||L2(Q) = Z SUp Hn(t)1/2 < 0.

n>1 (t,x)€[0,T]xR n>1 tel0,T]

Its limit u(¢, x) is the unique solution to equation (5).
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Lévy white noise

3. Lévy white noise
Space-time Lévy white noise L = {L(A); A € Bp(R; x RY)}

L(A) = b|A| + / 2J(at, dx, dz) + / 2J(dt, dx, dz)
Ax{|z|<1} Ax{|z|>1}

J is Poisson random measure on R, x RY x R of intensity dtdxv(dz)
J is compensated version of J and v is a Lévy measure on R, i.e.

/(22/\1)1/(dz)<oo and v({0}) =0
R

Infinitely-divisible independently-scattered random measure

E[e~“A)] = exp {\A\ |:iub+ /R(eiuz —1—iuz1 |Z§1)u(dz)] }

(Rajput and Rosinski, 1989)
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Lévy white noise

Example 1: finite variance case, v := [; 2%v(dz) < oo

Ifb=— [i;51y 2v(d2), then L(A) = [, Z J(dt, dx, dz)
Stochastic integral:

/OOO y X(t, x)L(dt, dx) Z/O/Rd/RX(t,x)zJ(dt, dx, dz)

Isometry property:
2 o0
=E [/ / / | X(t, x)z|?v(dz)dxdt
0 R4 JR

:v/ / E|X(t, x)|2dxdt.
0 RY

Example 2: a-stable random measure (Samorodnitsky-Taqqu, 1994)

v(dz) = 127 M (0.00)(2) + C2(—2) ™M (_000)(2)
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Lévy white noise

Integral with respect to L
Let L(14) = L(A) and extend by linearity to simple functions. Set

L(p) = /]R | PE0Lat o) £ lim /R | Polt0Lat o)

n—oo

if the limit exists for some simple functions (¢n)n> With o — ¢ a.e.
S(L) is set of functions ¢ : RY — R s.t. 1) g4 is integrable w.rt. L
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Lévy white noise

SPDEs with Lévy noise (L is wave operator or heat operator)

Lu(t,x) = o(u(t,x))i(t,x), t>0,xeR (6)

Picard’s iterations

Un i1 (£, %) //G, o(X = Y)o(un(s, y))L(ds, dy)  up(t, x) =0

(for wave equation). For heat equation, replace G; by g;.

Existence of solution: finite variance case (d = 1)
Hn(t) = supyeg Elun(t, x) — unp_1(t, X)|?

t
Hy 1 (f) < vC2 / Ho(s)J(t — 5)ds
0

As for W, un(t, x) — u(t, x) in L2(Q); u is the unique solution of (6).
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Heat equation with general Lévy noise

4. Heat equation with general Lévy noise

Heat equation

d%u 1 - d

W(t’ X) = éAu(t, x) + o(u(t, x))L(t, x) t>0,xeR (7)
Initial condition ug = 0 )
Theorem 1. (Saint Loubert Bié, 1998)
If the measure v satisfies

(S) /|zypu(dz) < oo forsome pe|l,2]
R
andp <1+ %, then equation (7) has a unique solution v and
sup  Elu(t, x)|P < .
(t,x)€[0, T|xRY
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Heat equation with general Lévy noise

Remarks
@ Condition p < 1 + % is equivalent to

g(1—p)+1 > 0,

which comes from the requirement:

t t
/ / g7 s(x — y)dyds = Cd/ (t— S)g“_p)ds < 00
0 Rd 0

Recall that (gt):>0 is the heat semigroup:

1 2
9i(x) = (@nt)372 exp (—'Z’J

| - | is the Euclidean norm
@ Condition (S) excludes the a-stable Lévy noise.
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New idea (Chong, 2017)

Assumption A
There exist 0 < g < p such that

/ |z|Pv(dz) < o and / |z|9v(dz) < oo
{lzI<1} {lzI>1}

If p<1,assume that b = [, 4 zv(dz).

Truncated noise

me:mm+/

ﬂm@mm+/ 2J(dt, dx, dz
Ax{lz1<1)

Ax{1<|z|<Nh(x)}

Truncation function: h(x) =1 + |x|" withn > 0
Remark If p <1, Ln(A) = [y, 121<nnxy 2J(at, ax, d2)

v
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Lemma 1. (Chong, 2017)

Suppose Assumption A holds. If p < 1, then for any t € [0, T], x € RY,

o

t
E /0 / g s~ Y)X(s.Y)Ln(ds, dy)| <

t
Or [ [ o tx=y)EIX(s.0)Ph(y)" “clas

If p>1,forany t [0, T],x € RY,

o

t
E /0 /R Gt-sx = Y)X(s,y)Ln(ds, dy)| <

t
CT/ / (97 s(x — ¥) + gi—s(x — ¥))E|X (s, y)IPh(y )P~ 9dyds
0 Jre

v

Remark This lemma holds also for G; (wave equation).
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Theorem 2. (Chong, 2017)
Suppose Assumption A holds,

p 2 d 2—-d(p—-1)
. < — — P L
2+2/d—p<q—p<1+d and q<n< p—q

a) Equation (7) with L replaced by Ly has a unique solution uy and

sup sup E|un(t,x)|P <oo VT >0,VR > 0.
te[0,T] [x|<R

Moreover, un(t, x) = un.1(t, x) if t < 7y, where
7 = inf{t > 0;J([0, t] x {(x, 2);|z| > Nh(x)}) > 0} T cc.
b) Define u(t, x) = un(t, x) if t < 7. Then uis a solution of (7) and

sup sup E[|u(t, x)|P1 (1<) < oo
te[0,T] [x|<R

v
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Heat equation with general Lévy noise

Sketch of the proof (part (a))
e Picard interations (for fixed N):

t
At = [ arstx =)o (s y)iuds.ay). n>0

e Lemma 1 (p < 1) and Hélder’s inequality: Th(t) ={t; <... <ty < t}

n
E|(uy ™" - uP)(tx))P < C" / \ /R TG, Ot — X)) aixal
n(t) JRY g

<C ford h(x =Y x,)"P=9d at
/Tn(t)/ 1 (/l%"dH 1= t] Z ! )

e Key properties of the heat kernel:

gf( X) = Ct gt/p(x) and gt * 9s = Ot+s
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Heat equation with general Lévy noise

Path properties of the solution
Fix interval [0, T]
Define
™ = inf{t € [0, T]; J([O, {] x {(x, 2); |z| > Nh(x)}) > 0}

With probability 1, for N large enough, 7y = oo and u(t, x) = un(t, x)
It suffices to study the path properties of {un(t, -) }tcjo, 77-

Justification
With probability 1, for any N € N, J has finitely many points in the set

St =1[0,T] x {(x, 2); |z| > Nh(x)}

Hence, with probability 1, for N large enough, J has no points in St

v
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Heat equation with general Lévy noise

Fractional Sobolev Space (r € R)
H'(RY) is the set of distributions f € S’(RY) s.t. Ff is a function and

13y aay = [ IFHEE( +1€PYde < o

Remark: 6, ¢ H'(RY) if and only if r < —d/2 (note: Fix(£) = e /¢¥)

v

Local Fractional Sobolev Space

HL (R) is the set of distributions f € S’(RY) such that
of € H'(RY) for any ¢ € S(RY)
We say that f, — fin H. (RY) if

loc

lofa — @f || prray — 0 for any ¢ € S(RY)
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Heat equation with general Lévy noise

Basic properties of the heat kernel g
@ For t >0, gr € S(RY).
@ Fort=0,
9o = do
since

1 2
= Ilim im —— [xI7/(2t) — i
9o(x) tI|0+g( )= tI V. @rtyre e 0 if x#0

1 .
gO(O) = tlm+ gt( ) t|—>0+ W =00 if x=0
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Heat equation with general Lévy noise

Theorem 3. (Chong, Dalang and Humeau, 2019)
Suppose Assumption A holds,
p 2 d 2—-dp-1)
— < q<p<i+—- and —<np< ——m—=
22/d-p 9=P=1Tg a-"" " p-q
Then the processes {Un(t,-)}tefo,7) @nd {u(t, ) }+cpo,7) have cadlag
modifications with values in H._(RY), for any r < —d/2.

loc

Sketch of proof (case p > 1)
Recall the decomposition of the truncated noise Ly:

Ln(A) = blA| +/

Ax{|z|<1}
=: b|A| + LM(A) + LK (A)

zJ(dt, dx, dz) + / zJ(at, dx, dz
Ax{1<|z|<Nh(x)}
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Heat equation with general Lévy noise

t
un(t,x) = /0 /y|<2A _s(x — y)o(un(s, y)LM(ds, dy)+
t
/ / gr_s(x — y)o(un(s, y))LM(ds, dy)+
0 J)y|>2A
t
/ / 9-s(x — y)o(un(s. y))LE(ds. dy)+
0 J|y|<2A
t
/ / Gr_s(x — y)o(un(s, y))LE(ds, dy)+
0 Jly|>2A

t
b /0 /]R ) 9t—s(x — y)o(un(s,y))dyds

u,1\,’1(t, X) + u,1\,’2(t, X) + Uy (t,x) + u,z\,’z(t, x) + u3(t, x)

September 12, 2022 27/37
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Heat equation with general Lévy noise

The term u,2\,’1(t,x)
If J has points (T;, X;, Z)) in [0, T] x R x R, then
2,1
ug' (6.%) =Y g1 (x = X)o(Un(Ti, X)) Zi (7,21 %) <241 <| 2 <Nh(X)}
i>1

Points (T;, Xi, Z;) are in a bounded set.
Therefore, the series above has finitely many terms.
So, it suffices to analyze one of these terms.

Fix i >1.1f r < —d/2, the map

[0, T] >t Fi(t) := gr_1.(x — X;) € H'(RY) is cadlag

Remark: F; is smooth for t > T; and zero for t < T;. But Fi(T;) = dx..
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Wave equation with general Lévy noise

5. Wave equation with general Lévy noise

d?u ,
871‘2“’ x) = Au(t,x)+o(u(t,x))L(t,x) t>0,xeRY (d<2) (8)
Initial conditions ug = v =0

Assumption A
There exist 0 < g < p such that

/ |z|Pv(dz) < o and / |z|9v(dz) < oo
{lzI<1} {lzI>1}

If p<1,assume that b = [, _, zv(dz).
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Wave equation with general Lévy noise

Theorem 3. (B. 2021)

Suppose Assumption A holds, and p < 2if d = 2. (If d = 1, we can
take any p > 2.) Take n > d/q.
a) Equation (8) with L replaced by Ly has a unique solution uy and

sup sup E|un(t,x)[P <oo VT >0,VR > 0.
te[0,T] [x|<R

Moreover, uy(t, x) = un.1(t, x) if t < 7y, where 7y is the same as in
Theorem 2 (for heat equation):

™ = inf{t > 0;J([0, t] x {(x,2);|z| > Nh(x)}) > 0} T cc.
b) Define u(t, x) = un(t, x) if t < 7n. Then u is a solution of (8) and

sup sup E[|u(t, x)|P1(1<n] < 0.
te[0,T] |x|<R
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Wave equation with general Lévy noise

Sketch of proof (part (a), case d = 2)
e Picard iterations for fixed level N (as for heat equation)

e Basic properties of G:

GP(x)dx = cpt* P forany pec(0,2)
Rd

GP(x) < (2nt)?PG](x) foranyp < q
e Convolutions of G (Bolafios-Guerrero, Nualart and Zheng, 2021):
forany g € (3,1),6 €[1,1/q]and p € (0,1) with p+2g < 3

t
(G, G2 Y (x)ds < Gt~ !N G )
r

t
[ (G5 G )(x)d5 < Cpglt = P21 i
r

v
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Wave equation with general Lévy noise

Path properties of the solution

Basic properties of the wave kernel G

Fau(e) = [ e e = D

€l

@ lft>0,Gie H(RY forany r <1 —d/2:

1 1—r
[ Fe@Ea vty < o [ (1) e

o Ift=10:(a) Go = 31¢0 if d = 1; (b) Go = dp if d = 2, since:

0 ifx#£0
oo ifx=0

Go(X) = til’(f)'lJr Gt(X) = {
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Wave equation with general Lévy noise

Theorem 4. (B. 2021)

Suppose tha Assumption A holds and p < 2 if d = 2. Take n > d/q.
Let un be the solution to equation (8) with L replaced by Ly, and u be
the solution of (8) constructed in Theorem 3.(b), but for the stopping
times:

v = inf{t € [0, T]; J([0, t] x {(x, 2);|z| > Nh(x)}) > 0}

a) If d =1, the processes {un(t,-)}tcpo,7; @and {u(t, )} tepo, 1
have cadlag modifications with values in H] _(R), for any
r<1/a.

b) If d =2, the processes {un(t, )}te[o 7] and {u(t, )},E[O,T]
have cadlag modifications with values in H] .(R), for any
r<-—1.
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Wave equation with general Lévy noise

Sketch of proof

t
ot = [ Geste=y)otunts y)L(ds. )+
t o,
[ ] Gstx=yiotunts.yne¥ds, o)+
0 Jly|>2A
t
[ [, Gumslox = yyotunts.y)Lis. ay)+

b [ t [, Gresto = yyotunts.y)ays

= up (8, X) + unB(t x) + UE(t X) + U3 (t, X)

Note: u'?(t,-)1( <4y = O forany A> T (G; contains 1<p)
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Wave equation with general Lévy noise
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Thank you!
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