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Gagliardo-Nirenberg-Sobolev inequalities

We consider the inequalities

‖∇f ‖θ2 ‖f ‖1−θp+1 ≥CGNS(p) ‖f ‖2p (GNS)

θ = d (p−1)
(d+2−p (d−2))p , p ∈ (1,+∞) if d = 1 or 2 , p ∈ (1,p∗] if d ≥ 3 , p∗ = d

d−2

B Function space Hp(R
d ): completion of C ∞

c (Rd ) with respect to the
norm

f 7→ (1−θ) ‖f ‖p+1+θ ‖∇f ‖2 .

[del Pino, Dolbeault (2002)]: Equality case in (GNS) is achieved if and
only if

f ∈M :=
{
gλ,µ,y : (λ,µ,y) ∈ (0,+∞)×R×Rd

}
B Aubin-Talenti functions:

gλ,µ,y (x) :=µg((x −y)/λ) , g(x)=
(
1+|x |2

)− 1
p−1
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Related inequalities

‖∇f ‖θ2 ‖f ‖1−θp+1 ≥CGNS(p) ‖f ‖2p (GNS)

Sobolev’s inequality : d ≥ 3, p = p∗ = d/(d −2)

Sd ‖∇f ‖2 ≥ ‖f ‖2p∗

Euclidean Onofri inequality∫
R2

eh−h dx

π(1+|x |2)2 ≤ e
1

16π
∫
R2 |∇h|2dx

d = 2, p→+∞ with fp(x) := g(x)
(
1+ 1

2p (h(x)−h)
)
, h= ∫

R2 h(x) dx

π(1+|x |2)2
Euclidean logarithmic Sobolev inequality in scale invariant form

d

2
log

(
2

πd e

∫
Rd

|∇f |2 dx

)
≥

∫
Rd

|f |2 log |f |2 dx

or
∫
Rd |∇f |2 dx ≥ 1

2
∫
Rd |f |2 log

(
|f |2
‖f ‖22

)
dx + d

4 log
(
2πe2) ∫

Rd |f |2 dx
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Deficit functional, scale invariance

Deficit functional

δ[f ] := (p−1)2 ‖∇f ‖22+4
d −p (d −2)

p+1
‖f ‖p+1

p+1−KGNS ‖f ‖2pγ2p

Lemma

(GNS) is equivalent to δ[f ]≥ 0 if and only if

KGNS =C (p,d)C 2pγ
GNS

where γ= d+2−p (d−2)
d−p (d−4) and C (p,d) is an explicit positive constant

Take fλ(x)=λ
d
2p f (λx) and optimize on λ> 0

δ[f ]≥ δ[f ]− inf
λ>0

δ[fλ]=: δ?[f ]≥ 0

A simplification: δ[f ]= δ[|f |] so we shall assume that f ≥ 0 a.e.
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Existence of an optimal function

IM = inf
{
(p−1)2 ‖∇f ‖22+4 d−p (d−2)

p+1 ‖f ‖p+1
p+1 : f ∈Hp(R

d ) , ‖f ‖2p2p =M
}

I1 = KGNS and IM = I1M
γ for any M > 0

Lemma

If d ≥ 1 and p is an admissible exponent with p < d/(d −2), then

IM1+M2 < IM1 + IM2 ∀M1, M2 > 0

Lemma

Let d ≥ 1 and p be an admissible exponent with p < d/(d −2) if d ≥ 3. If

(fn)n is minimizing and if limsup
n→+∞

sup
y∈Rd

∫
B(y)

|fn|p+1dx = 0, then

lim
n→∞‖fn‖2p = 0
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Existence of a minimizer, further properties

Proposition

Assume that d ≥ 1 is an integer and let p be an admissible exponent with
p < d/(d −2) if d ≥ 3. Then there is an optimal function for (GNS)

Pólya-Szegö principle : there is a radial minimizer solving

−2(p−1)2∆f +4
(
d −p (d −2)

)
f p −C f 2p−1 = 0

If f = g, then C = 8p
A rigidity result : if f is a (smooth) minimizer and P=−p+1

p−1 f
1−p , then

(
d −p (d −2)

)∫
Rd

f p+1
∣∣∣∣∆P+ (p+1)2

∫
Rd

|∇f |2 dx∫
Rd

f p+1 dx

∣∣∣∣2 dx

+2d p
∫
Rd

f p+1
∥∥∥D2P− 1

d ∆P Id
∥∥∥2

dx = 0

B g is a minimizer and δ[g]= 0
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Relative entropy and Fisher information

Free energy or relative entropy functional

E [f |g ] := 2p
1−p

∫
Rd

(
f p+1−gp+1− 1+p

2p g1−p
(
f 2p −g2p

))
dx ≥ 0

Lemma (Csiszár-Kullback inequality)

Let d ≥ 1 and p > 1. There exists a constant Cp > 0 such that∥∥∥f 2p −g2p
∥∥∥2

L1(Rd )
≤Cp E [f |g] if ‖f ‖2p = ‖g‖2p

Relative Fisher information

J [f |g ] := p+1
p−1

∫
Rd

∣∣∣(p−1)∇f + f p∇g1−p
∣∣∣2 dx
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Best matching profile

Nonlinear extension of the Heisenberg uncertainty principle(
d

p+1

∫
Rd

f p+1 dx

)2
≤

∫
Rd

|∇f |2 dx
∫
Rd

|x |2 f 2p dx

B Take g = g in J [f |g ] and expand the square.
If ∫

Rd
f 2p (1,x , |x |2)dx =

∫
Rd

g2p (1,x , |x |2)dx , g ∈M (1)

then E [f |g ]= 2p
1−p

∫
Rd

(
f p+1−gp+1

)
dx

B A smaller space: Wp(R
d ) := {

f ∈Hp(R
d ) : |x | |f |p ∈ L2(Rd )

}
Lemma

For any f ∈Wp(R
d ), we have

E [f |gf ]= inf
g∈M

E [f |g ] ,

where gf is the unique function in M satisfying (1)
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A first (weak) stability result

Lemma (A weak stability result)

If gf = g, then
δ[f ]≥ δ?[f ]≈ E [f |g]2

B Up to the invariances, g is the unique minimizer for f 7→ δ[f ], hence
for (GNS)

Lemma (Entropy - entropy production inequality)

If ‖f ‖2p = ‖g‖2p with δ[g ]= 0,

p+1
p−1

δ[f ]=J
[
f |g]−4E

[
f |g]≥ 0

B From now on, we will assume that gf = g, i.e.∫
Rd

f 2p (1,x , |x |2)dx =
∫
Rd

g2p (1,x , |x |2)dx ,
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Stability in (GNS)

[Bianchi, Egnell (1991)] There is a positive constant α such that

Sd ‖∇f ‖2L2(Rd )
−‖f ‖2

L2∗ (Rd ) ≥α inf
ϕ∈M

‖∇f −∇ϕ‖2
L2(Rd )

Various extensions to:
B Lq norm of the gradient by [Chianchi, Fusco, Maggi, Pratelli (2009)],
[Figalli, Neumayer (2018)], [Neumayer (2020)], [Figalli, Zhang (2020)]
B (GNS) inequalities by [Carlen, Figalli (2013)], [Seuffert (2017)], [Nguyen
(2019)]

Theorem
There exists a constant C > 0 such that

δ[f ]≥C E [f |g]

for any f ∈Wp(R
d ) satisfying∫
Rd

f 2p (1,x , |x |2)dx =
∫
Rd

g2p (1,x , |x |2)dx ,
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Proof using spectral gap

The spectral gap inequality∫
Rd

|∇u|2g2p dx ≥ 4p
p−1

∫
Rd

|u|2g3p−1 dx

valid for any function u such that
∫
Rd ug3p−1 dx = 0 , can be improved

with a constant Λ? > 4p/(p−1) under the constraint that∫
Rd

(
1,x , |x |2

)
u(x)g(x)3p−1 dx = 0

A Taylor expansion with f = g+ηh gives

lim
η→0

δ[fη]

E [fη|g]
≥ (p−1)2

p (p+1)

[
Λ?− 4p

p−1

]

B. Nazaret Gagliardo-Nirenberg-Sobolev inequalities



Thank you for your attention !
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