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Outline
• Super-renormalizable Gravitational Theories.

• Unitarity (no ghosts).

• Renormalizability (Dimensional Regularization)

• Finite Gravitational Theories :

• Quantum Gravity in Odd Dimension.

• Local Terminating Potential in even dimension.

• Exact solutions and spacetime singularities :

• Ricci flat, (A)dS, FRW spacetimes.

• Singularity theorem in nonlocal gravity.

• Scattering amplitudes.

• Conformal invariant quantum gravity.

• Nonsingular spacetimes in Conformal gravity.
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Multidimensional Renormalizable Gravity

L.M. (2012).

bXbXbXbX

Renormalizable =⇒ Super-renormalizable

L4 =
[

R + aRµνR
µν + bR

2
]

→ L
NL

4 = R + Rµν a(!)Rµν + R b(!)R .

D = 4 Stelle Theory (Renormalizable & Asymptotically Free)

Stelle Theory

LD−Ren = a1R + a2R
2

+ b2R
2
µν +

· · · + axR
X/2

+ bxR
X/2
µν + cXR

X/2
µνρσ + dXR !

X

2
−2

R . . .

For X = D this theory is renormalizable but not unitary.

aX

Krasnikov, Kuzmin, Tomboulis, Khoury, LM, Biswas, Gerwick, Koivisto, Mazumdar.



D = 4

]L4D =
2

κ2
4

(

R − Gµν
eH(−!Λ) − 1

!
R

µν

)

.

N. V. Krasnikov (1988), A.T. Tomboulis (1997), L.M. (2011)

+



The Lagrangian

Lg = −2κ−2
D

√
−g

(

R + Rγ0(!)R + Rµνγ2(!)Rµν + Rµνρσγ4(!)Rµνρσ + V(R)
)

,

γ0(!) = −

(D − 2)(eH0
− 1) + D(eH2

− 1)

4(D − 1)!
+ γ4(!) ,

γ2(!) =
eH2

− 1

!
− 4γ4(!) .

V(R) = s1 R
3 + · · · + SkR

D

2 + · · · + snR
D

2 ∇
2γ−4

R
2
.sk

Krasnikov, Kuzmin, LM, Biswas, Gerwick, Koivisto, Mazumdar, Koshelev, Rachwal

L.M., L. Rachwal



LE = −2κ−2

D

√

|g|
[

R + G γG(−!Λ)Ric + RγS′(−!Λ)R + Vg

]

,

γG = γ2 =
eH2 − 1

!
, γS′ =

1

2
γ2 + γ0 =

D − 2

4(D − 1)

eH2 − eH0

!
.

General Finite Quantum Gravity

L.M., L. Rachwal

Unitarity: Anselmi, Piva.

F. Briscese, LM, S. Tsujikawa

Nonlocal Gravity in Einstein (Ricci) Basis



Finite Nonlocal Gravity in Weyl Basis

Unitarity: Anselmi, Piva.

Y. D. Li, M., Rachwal.

LC = −2κ
−2

D

√

|g|
[

R + CγC(!)C + RγS(!)R + V(C)
]

,

γC =
D − 2

4(D − 3)

eH2
− 1

!
, γS = −

D − 2

4(D − 1)

eH0
− 1

!
.



LB = −2κ−2

D

√

|g|
[

R + BabγB(!)Bab + RγS(!)R + V(B)
]

,

γB =

(

D − 2

D − 3

)2
eH2

− 1

!3
,

γS = −

(D − 2)(D − 3)
(

eH0
− 1

)

+ D(D − 4)
(

eH2
− 1

)

4(D − 1)(D − 3)!
.

L.M., L. Rachwal

Nonlocal Gravity in Bach Basis

Bac = ∇
b
∇

dCabcd − RbdCabcd =

=
D − 3

D − 2
!Rac −

D − 3

2(D − 1)
R;ac +

D(D − 3)

(D − 2)2
RabR

b
c −

D − 3

D − 2
RbdCabcd −

D − 3

(D − 2)2
gacRbdR

bd

−
D(D − 3)

(D − 1)(D − 2)2
RRac −

D − 3

2(D − 1)(D − 2)
gac!R +

D − 3

(D − 1)(D − 2)2
gacR

2
− RbdCabcd .



V −1(z) ≡ eH(z) = e
1

2 [Γ(0,p2(z))+γE+log(p2(z))]

= e
1

2 [Γ(0,p2(z))+γE] |p(z)|

≈ e−p2(z)

(

1

2p2(z)
−

1

2p4(z)
+ O

(

1

p6(z)

)

+ . . .

)

e
γE
2 |p(z)| + e

γE
2 |p(z)| ,

p(z) ≡ pγ+N+1(z) = aN zγ+N+1 + · · · + aN−

D
2

zγ+N+1−D
2 .

V −1(z) ≡ eH(z) = e
1

2 [Γ(0,p2(z))+γE+log(p2(z))]

= e
1

2 [Γ(0,p2(z))+γE] |p(z)|

≈ e−p2(z)

(

1

2p2(z)
−

1

2p4(z)
+ O

(

1

p6(z)

)

+ . . .

)

e
γE
2 |p(z)| + e

γE
2 |p(z)| ,

p(z) ≡ pγ+N+1(z) = aN zγ+N+1 + · · · + aN−

D
2

zγ+N+1−D
2 .

R

The Form Factor (explicit example)

pγ+N+1(z) = aγ+N+1 z
γ+N+1 + · · · + a

γ+N+1−D

2

z
γ+N+1−D

2 + . . . .

Tomboulis, M., Rachwal.

f(w) = e−w
2
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Propagator and Unitarity

O
−1(k) =

V (k2/Λ2)

k2

(

P (2)
−

P (0)

D − 2

)

.

gµν = ηµν + κhµν

O
−1(k) =

P (2)

k2eH2(−k2)
−

P (0)

(D − 2) k2eH0(k2)
(

1 + k2

m2

) .

=
P (2)

k2eH2

−
P (0)

(D − 2)k2eH0

+
P (0)

(D − 2)eH0(k2 + m2)
.

For H2(!) = H0(!) :

For H2(!) ̸= H0(!) :

F. Briscese, LM, S. Tsujikawa

A. koshelev, LM, L. Rachwal, A. Starobinsky



A(L) ∼

∫

(dD
k)L

(

1

k2γ+2N+4

)I
(

k
2γ+2N+4

)V

=

∫

(dk)DL

(

1

k2γ+2N+4

)L−1

.

G(k) ∼
1

k2γ+2N+4
.

Propagator

Interactions

Loop Amplitudes

ω(G)even = Deven − 2γ(L − 1) , γ >
Deven

2
.

ω(G)odd = Dodd − (2γ + 1)(L − 1) , γ >
Dodd − 1

2
.

R
expH(−!Λ)

!
R =⇒ hm (∂2h)

p(−!Λ)

!
(∂2h) ∼ hm k2γ+2N+4 h2.

(UV)

(UV)

Rigorous power counting: T. Tomboulis.

Simplified Power Counting



RenormalizationRenormalization

Renormalization

&

Asymptotic Freedom
LM, L. Rachwal



Lren = L + Lct

= L + 2(Zκ − 1)κ−2 R + (Zλ̄ − 1)λ̄ + (Z
c
(1)
1

− 1)c(1)
1 R3 + · · · + (Z

c
(N)
1

− 1)c(N)
1 RN+2

+
N

∑

n=0

(

(Zan
− 1)an R (−!Λ)n R + (Zbn

− 1)bn RMN (−!Λ)n RMN

)

,

Lct =
1

ϵ

[

βκR + βλ̄ +
N

∑

n=0

(

βan
R (−!Λ)n R + βbn

RMN (−!Λ)n RMN

)

+ β
c
(1)
1

R3 + · · · + β
c
(N)
1

RN+2

]

,

Beta functions : βκ, βλ̄, βan
, βbn

, β
c
(1)
1

, · · · , β
c
(N)
1

,

(Zαi
− 1)αi =

1

ϵ
βαi

=⇒ Zαi
= 1 +

1

ϵ
βαi

1

αi

, αi(µ) ∼ αi(µ0) + βi log

(

µ

µ0

)

.

αi ∈ {κ−2
D

, λ̄, an, bn, c
(1)
1 , · · · , c

(N)
1 } ≡ {κ−2

D
, λ̄, α̃n}.

Vertexes

set 1 : R, R2, R3,R!R, . . . , RN+2,R!
N
R

=⇒ hm(∂2h), hm(∂2h)2, hm(∂2h)3, . . . , hm(∂2h)N+2 ,

set 2 : R
expH(−!Λ)

!
R =⇒ hm (∂2h)

p(−!Λ)

!
(∂2h) ∼ (∇2γ+2N+4 hm+2).

L =
2

κ2
D

R − 2 Gµν
eH(−!Λ) − 1

κ̃2
D!

R
µν + c

(3)
1 R

3 + · · · + c
(N+2)
1 R

N+2

+
N

∑

n=0

[

(an − ãn)R (−!Λ)n
R + (bn − b̃n)Rµν (!Λ)n

R
µν

]

.



All the beta-functions do not depend on the gauge fixing condition.

LYM =
1

2g2(t)
TrF 2

∼ dAdA + g(t)A2dA + g2(t)A4 ,

g(t)−2 = g−2
o + βgt ,

LG =
2

κ2
D(t)

(

R − Gµν
eH(−!Λ) − 1

!
Rµν

)

∼ ∂h eH(−!Λ) ∂h + κD h∂h ∂h + O(κ2
D) ,

κ−2
D (t) = κ−2

D o + βκD
t .

Yang-Mills & Gravity
Asymptotic Freedom



Beyond Renormalizability

< ∞

∫



Could we make quantum gravity finite?

βαi
≡ 0

S. Giaccari, L.M., L. Rachwal

• Multidimensional Finite Quantum Gravity;

• Terminating Potential V (R) .



Multidimensional Gravity

dD∞ < ∞

i.



No counter terms in Odd dimension

βan
= βbn

= β
c
(n)
i

= 0 , i ∈ 1, . . . , (number of invariants of order N) , n = 1, . . . , N.

βi = 0

One loop effective action

One loop effective action:

Wdiv = −

1

ϵ
[cD AD(∆) + cD−2 AD−2(∆) + cD−4 AD−4(∆) + · · · + c0 A0(∆)] = 0 ,

Al(∆) ∝

∫
dDxRl/2

µνρσ .

Finite Quantum Gravity in Odd dimension

1 − Loop

Ik,n =

∫
dDp

(p2)k

(p2 + C)n
= i

C
D

2
−(n−k)

(4π)
D

2

Γ(n − k − D/2)Γ(k + D/2)

Γ(D/2)Γ(n)
,

Inull =

∫
dDp

1

p2N
≡ 0 for N < D/2 .



Scale Invariant Quantum Gravity

βi ≡ 0

ii.



Theory in D = 4

Lg = −2κ−2
D

√
−g

(

R + Gµν
eH(−!Λ) − 1

!
Rµν

+ s1R
2
!

γ−2R2
+ s2RµνRµν

!
γ−2RρσRρσ

)

.

Γ
(1)
div =

1

ϵ

(

βR2
µν

RµνRµν + βR2 R2
)

,

βR2 := a1s1 + a2s2 + c1 = 0

βR2
µν

:= b2s2 + c2 = 0

s1 =
−(3ω1 + ω2)(40c1ω1 + 10c2ω1 + 14c1ω2 − c2ω2)

48(20ω1 + 7ω2)
,

s2 =
−3c2ω2(3ω1 + ω2)

2(20ω1 + 7ω2)
.

=⇒ −2κ−2
4

√

|g|
[

ω1 R !
γ R + ω2 Rµν !

γ Rµν + s1 R2
!

γ−2 R2 + s2 RµνRµν
!

γ−2 RρσRρσ
]

,

ω2 = −2 ω1 = eγE/2/Λ2γ+2.

L.M. , Leslaw Rachwal



Scattering Amplitudes

As(++, ++) = −g
9

8

t(s + t)

s
+

9

32
γ2(s)

(

s2 + (s + 2t)2
)

+
9

8
s2γ0(s) ,

At(++, ++) = −
g

8

(

s3 − 5s2t − st2 + t3
)

(s + t)2

s3t

+
1

16
γ2(t)

(

2s4 − 10s3t − s2t2 + 4st3 + t4
)

(s + t)2

s4
+

1

8
γ0(t)

t2(s + t)4

s4
,

Au(++, ++) = −
g

8

(

s3 − 5s2u − su2 + u3
)

(s + u)2

s3u

+
1

16
γ2(u)

(

2s4 − 10s3u − s2u2 + 4su3 + u4
)

(s + u)2

s4
+

1

8
γ0(u)

u2(s + u)4

s4
,

Acontact(++, ++) = −
g

4

s4 + s3t − 2st3 − t4

s3
+ −

9

32
γ2(s)

(

s2 + (s + 2t)2
)

−
9

8
s2γ0(s)

−
1

16
γ2(t)

(

2s4 − 10s3t − s2t2 + 4st3 + t4
)

(s + t)2

s4
−

1

8
γ0(t)

t2(s + t)4

s4

−
1

16
γ2(u)

(

2s4 − 10s3u − s2u2 + 4su3 + u4
)

(s + u)2

s4
−

1

8
γ0(u)

u2(s + u)4

s4
.

A(++, ++) = As(++, ++) + At(++, ++) + Au(++, ++) + Acontact(++, ++) = A(++, ++)EH

Lg = −2κ−2
D

√
g [R + R γ0(!)R + Rµνγ2(!)Rµν + Rµνρσ γ4(!)Rµνρσ] .

Stelle, Weyl gravity, etc.

γ4(!) = 0,

P. Donà, S. Giaccary, L.M., L. Rachwal, Yiwei-Zhu.

s channel t channel u channel

contact

Figure 1: Tree-level Feynman diagrams giving rise to the process of four-graviton scattering.

The contributions from different diagrams to the amplitude for gravitons with all helicities +2 are

As (++, ++) = −i
(

−2κ−2
4

) 9

8
E2 sin2 θ − i

(

−2κ−2
4

) 9

4
E4
[

8(γ0 − γ4) + (γ2 + 4γ4) (cos 2θ + 3)
]

, (39)

At (++, ++) = −i

(

−2κ−2
4

)

cos4 θ
2

256(cos θ − 1)

[

E2(392 cos θ + 80 cos2θ − 8 cos 3θ − 720) (40)

+(γ0 − γ4)E
4 (4 cos θ + 16 cos 2θ − 6 cos 3θ − 4 cos 4θ + 2 cos 5θ − 12)

+(γ2 + 4γ4)E
4 (2146 cosθ − 216 cos 2θ − 99 cos 3θ + 6 cos 4θ + cos 5θ − 1838)

]

,

Au (++, ++) = −i

(

−2κ−2
4

)

sin4 θ
2

256(cos θ + 1)

[

E2(392 cos θ − 80 cos 2θ − 8 cos 3θ + 720) (41)

+(γ0 − γ4)E
4 (4 cos θ − 16 cos 2θ − 6 cos 3θ + 4 cos 4θ + 2 cos 5θ + 12)

+(γ2 + 4γ4)E
4 (2146 cosθ + 216 cos 2θ − 99 cos 3θ − 6 cos 4θ + cos 5θ + 1838)

]

,

Acontact (++, ++) = i

(

−2κ−2
4

)

1024

[

E2(160 cos 2θ − 8 cos 4θ + 872) (42)

+(γ0 − γ4)E
4 (−34 cos2θ + 4 cos 4θ + 2 cos 6θ + 18460)

+(γ2 + 4γ4)E
4 (1711 cos2θ − 46 cos 4θ + cos 6θ + 9598)

]

.

These results themselves contain a nontrivial piece of information. In fact, in such a covariant gauge as the
harmonic one we have chosen, at any energy scale the propagator behaves like

1

k2 (1 − γ′k2)
=

1

k2
− 1

k2 − γ′−1
(43)

and because of the small k expansion
[

k2
(

1 − γ′k2
)]−1

= k−2 + γ′ − γ′2k2 + . . . we would expect quantities
dependent on arbitrary powers of E2 , whereas we find that only energies up to the fourth power show up
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11



Theorem. All the n-point functions in any gravitational theory

(in particular super-renormalizable or finite) with an action

Lgr = −2κ−2
D

√
−g [R + R γ0(!)R + Ricγ2(!)Ric + V(R,Ric,Riem,∇) ] ,

give the same on-shell tree-level amplitudes as the Einstein-Hilbert theory,

LEH = −2κ−2
D

√
−g R, provided that the potential V is at least quadratic in Ric and/or R.

In particular for any theory in which we can recast the potential in the following form

V = Ric · Ṽ · Ric ≡ Rµν [Ṽ(R,Ric,Riem,∇)]µνρσRρσ ,

the theorem is valid.

Proof. Based on the Anselmi’s field redefinition theorem.

S(g′) ≡ SEH(g′) ≡ SEH(g) + Rµν(g)Fµν,ρσ(g)Rρσ(g) = S′(g) ≡ Sgr(g).
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Abstract

We show that a certain class of nonlocal scalar models, with a kinetic operator inspired by string field theory, is equivalent to a system which
is local in the coordinates but nonlocal in an auxiliary evolution variable. This system admits both Lagrangian and Hamiltonian formulations, and
its Cauchy problem and quantization are well-defined. We classify exact nonperturbative solutions of the localized model which can be found via
the diffusion equation governing the fields.
© 2008 Elsevier B.V. All rights reserved.

PACS: 11.10.Lm; 11.25.Sq

Keywords: Nonlocal theories; String field theory

1. Introduction

Nonlocal theories defined by pseudo-differential equations
have recently attracted the attention of several research groups.
The effective action for the tachyon field of open string field
theory (OSFT) contains an infinite number of derivatives and
falls into this class of models. As their dynamics is quite dif-
ferent with respect to the local one [1], the search for solu-
tions turned out to be a difficult task ([2–7] and references
therein). Minkowski kink-type solutions interpolating between
different vacua and supposed to describe D-brane decays have
been found numerically for the 3-adic [2,8] and supersymmet-
ric string [8,9], while existence theorems were given in [10,11].
The string tachyon has been also embedded in a cosmological
context [12–24], while nonlocality has found other applications
in cosmology [25–28]. In parallel, much effort has been devoted
to the understanding of the mathematical structure of nonlocal

* Corresponding author.
E-mail addresses: g.calcagni@sussex.ac.uk (G. Calcagni),

montobb@science.unitn.it (M. Montobbio), nardelli@dmf.unicatt.it
(G. Nardelli).

theories [10,11,29,30], especially as regards the initial condi-
tions problem [2,14,23,31]. For other applications in physics
and an overview of the literature, see [31].

The Cauchy problem is an example of the difficulties one
meets when dealing with nonlocal kinetic operators. Apparently
one should specify an infinite number of initial conditions; this
would correspond to know the Taylor expansion of the solution
around the initial point [2], in contrast with the usual physi-
cal interpretation. In the context of cosmological inflation, the
infinite number of degrees of freedom leads to an involved def-
inition of the slow-roll approximation [14]. Only very recently,
however, it was argued that the number of nonlocal degrees of
freedom is actually finite [23,31]. Moreover, the construction
of nonperturbative solutions is a highly nontrivial task also on a
Minkowski metric. While numerical methods can be of help in
this respect [8,24], it would be desirable to have analytic tools at
hand; one of these, based on the heat equation [3,10], proved to
be promising [7,23,24], but its mathematical foundations were
still incomplete.

In this Letter we want to address these issues and show how
a wide class of nonlocal theories, including bosonic cubic SFT,
can be thought as local systems living in a higher-dimensional

0370-2693/$ – see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.physletb.2008.03.024



Exact Solutions,

Conformal Invariance

Spacetime Singularities,

L.M., L. Rachwal (2014)



Singularity Theorem in non-local gravity

Given the EOM : E = 8πGNT ,

the following implication turns out to be true,

• Rµν = 0 & Tµν = 0 =⇒ Eµν = 0 ;

• Rµν = 8πGNTµν & T µ
µ = 0 =⇒ Eµν = 8πGNTµν .

Therefore,

• all Ricci flat spacetimes are exact solutions;

• all the FRW spacetime sourced by conformally coupled matter are exact solutions.

The theorem works for any potential at least quadratic in the Bach tensor.

L.M. , Leslaw Rachwal



EOM

Eµν =
δ
[

√

|g|
(

R + RγS(!)R + BαβγB(!)Bαβ + V (B)
)

]

√

|g|δgµν
= 8πGNTµν ,

Gµν −
1

2
gµν (RγS(!)R) −

1

2
gµν

(

BαβγB(!)Bαβ
)

+2
δR

δgµν
(γS(!)R) +

δBαβ

δgµν

(

γB(!)Bαβ
)

+
δBαβ

δgµν
(γB(!)Bαβ)

+
δ!r

δgµν

(

γS(!l) − γS(!r)

!l − !r
RR

)

+
δ!r

δgµν

(

γB(!l) − γB(!r)

!l − !r
BαβBαβ

)

+
1

√

|g|

δV (B)

δgµν
= 8πGNTµν .

Proof.

• Ricci flat spacetimes :

Rµν = 0 & Tµν = 0 =⇒ Bµν = 0 =⇒ Eµν = 0 .

Schwarzschild, Kerr, Kasner, etc. are EXACT SOLUTIONS .



FRW for Radiation is an EXACT SOLUTION .

Gµν −
1

2
gµν (RγS(!)R) −

1

2
gµν

(

BαβγB(!)Bαβ
)

+2
δR

δgµν
(γS(!)R) +

δBαβ

δgµν

(

γB(!)Bαβ
)

+
δBαβ

δgµν
(γB(!)Bαβ)

+
δ!r

δgµν

(

γS(!l) − γS(!r)

!l − !r
RR

)

+
δ!r

δgµν

(

γB(!l) − γB(!r)

!l − !r
BαβBαβ

)

+
1

√

|g|

δV (B)

δgµν
= 8πGNTµν .

Proof.

EOM

FRW =⇒ Gµν −
1

2
gµν (RγS(!)R) + 2

δR

δgµν
(γS(!)R) +

δ!r

δgµν

(

γS(!l) − γS(!r)

!l − !r
RR

)

= Tµν .

trT = 0 =⇒ R = 0 =⇒ G = 8πGN T =⇒ Big Bang Singularity .

• FRW spacetimes :



gµν = (φ2 κ2

D)
2

D−2 ĝµν ,

L4 = −2κ−2

4

√

|g|R(g) = −12φ

(

−! +
1

6
R

)

φ.

Einstein conformal gravity

Nonlocal conformal gravity

Lg = −2
√

ĝ

[

φ2R(ĝ) +
4(D − 1)

D − 2
ĝµν∂µφ∂νφ

]

−
2

κ2
D

√
g [R(g) γ0(!)R(g) + Ric(g) γ2(!)Ric(g) + V(g) ]

∣

∣

∣

φĝ
.
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Conformal Invariant Gravity

ĝµν → Ω2(x) ĝµν , φ → Ω
2−D

2 (x)φ .



Quantum nonlocal conformal gravity

gµν =

φ2

︷ ︸︸ ︷

(φ̄ + ϕ)2 (

ĝµν

︷ ︸︸ ︷

¯̂gµν + ĥµν ) ,

Z
(

ḡµν = φ̄2 ¯̂gµν

)

=

∫

DφDĝµν ∆diff
FP (g) δ(χ(g)α

− ℓα)∆conf
FP (φ) δ(χ(φ) − ℓ) eiS(g)

∣

∣

∣

gµν=φ2ĝµν

=

∫

DϕDĝµνdet(Cαβ(ḡ))
1

2 e
1

2
χα(g)Cαβ(ḡ)χβ(g) det(Mdiff

αβ (ḡ)) det(φ̄ + ϕ) δ(ϕ − ℓ)eiS(g)
∣

∣

∣

φĝ
,

(Fradkin, Tsytlin, Percacci.)

Z
(

ḡµν = φ̄2 ¯̂gµν

)

=

∫

D

[

ĝµν(−ĝ)−
1
4

]

det(Cαβ(ḡ))
1
2 det(Mdiff

αβ (ḡ)) ei[S(g)+Sgf (g)]
∣

∣

∣

gµν=φ̄2ĝµν

=

∫

D

[

gµν(−g)−
1
4

]

det(Cαβ(ḡ))
1
2 det(Mdiff

αβ (ḡ)) ei[S(g)+Sgf (g)]
∣

∣

∣

gµν=φ̄2ĝµν

=

(
∫

e−
1
2 δ4(0)

R

d4x log
√

−g
Dhµν det(Cαβ(ḡ))

1
2 det(Mdiff

αβ (ḡ)) ei[S(g)+Sgf (g)]
∣

∣

∣

gµν=ḡµν+hµν

)

∣

∣

∣

∣

∣

ḡµν=φ̄2 ¯̂gµν

=

(
∫

Dhµν det(Cαβ(ḡ))
1
2 det(Mdiff

αβ (ḡ)) ei[S(g)+Sgf (g)]
∣

∣

∣

gµν=ḡµν+hµν

)

∣

∣

∣

∣

∣

ḡµν=φ̄2 ¯̂gµν



√

|g|R2 ,
√

|g|R2

µν ,
√

|g|R ,
√

|g| =

√

|ĝ|φ4 , gµν = φ2κ2

4 ĝµν .

Counterterms

. . . all conformal invariant.

1

ϵ
φ−ϵOi(φ

2ĝ; ϵ) ≈
1

ϵ
(1 − ϵ log φ)Oi(φ

2ĝ; ϵ) =
1

ϵ
Oi(φ

2ĝ) + Õi(φ
2ĝ) − log(φ)Oi(φ

2ĝ),

√

|g| = φD−ϵ
√

|ĝ| =

conf. inv.
︷ ︸︸ ︷

φD
√

|ĝ| φ−ϵ =
√

|g|φ−ϵ .

In DIMREG :



Gauge Fixing or Spontaneous Symmetry Breaking

gµν
︸︷︷︸

10

= φ2

︸︷︷︸

1 comp.

× ĝµν
︸︷︷︸

10 comp.

or gµν
︸︷︷︸

10

= φ2

︸︷︷︸

1 comp.

× ĝµν
︸︷︷︸

9 comp.

.

ĝµν → Ω2(x) ĝµν , φ → Ω
2−D

2 (x)φ .

Splitting : gµν := e
2ω(x)

ĝµν .



L =
1

4
F(A)2 − |Dµφ|2 ,

Fµν = ∂µAν − ∂νAµ , Dµ = ∂µ − igAµ , φ(x) =
1√
2
v ei

θ(x)
v (v = const. and [v] = 1) ,

φ′(x) = eigα(x)φ(x) or θ′(x) = θ(x) + b v α(x) and , A′

µ = Aµ + ∂µα(x) ,

Dµφ = −
1√
2
ig v ei

θ(x)
v

(

Aµ −
1

vg
∂µθ(x)

)

.

Bµ = Aµ − ∂µθ(x)/vg =⇒ L =
1

4
F(B)2 −

1

2
g2v2

B
2 .

Or imposing θ(x) = const. ,

|Dµφ|2 =
1

2
g2v2AµAµ =⇒ L =

1

4
F(A)2 −

1

2
g2v2

A
2 .

U(1) Toy Analog Model

3 (A) + 0 (φ)

2 (A) + 1 (φ)



If (ĝµν , φ) is a solution =⇒ (ĝ∗µν , φ∗) is a solution, where ĝ∗µν = Ω2 ĝµν , φ∗ = Ω
2−D

2 φ .

FRW : ds∗2 = S(t)ds2 , ds2 = a2(t)(−dt2 + dx⃗2) ;

S(t)−1 = a2(t) .

BKL : ds2 = −dt2 + a1(t)dx2
1 + a2(t)dx2

2 + a3(t)dx2
3 ,

ai(t) = t2pi (i = 1, 2, 3) ,

3
∑

i

pi =
3

∑

i

p2
i = 1;

R̂iem2(ĝ∗

µν) =

4

(

4(L2+t2)4

u2+u+1 −

8(L2+t2)4

(u2+u+1)2
+

4(L2+t2)4

(u2+u+1)3
+ 3L4

(

L4 + 4L2t2 + 8t4
)

)

(L2 + t2)6
.

Spacetime Singularities and Conformal Invariance
Narlikar, Kembhavi (1977).

ds
∗2 = S(t) ds

2 =
t2 + L2

t2

[

−dt
2 + a1(t)dx

2

1 + a2(t)dx
2

2 + a3(t)dx
2

3

]

.

Belinski, Khalatnikov, Lifshitz



gSch
µν = (φκD)

4

D−2 ĝµν = (φ∗ κD)
4

D−2 ĝ∗µν ⇐⇒ ĝ∗µν = Ω2 ĝµν , φ∗ = Ω
2−D

2 φ.

Schwarzschid Singularity

ds∗2 ≡ ĝ∗µνdxµdxν = S(r)ĝµνdxµdxν = S(r)

[(

1 −

2m

r

)

dt2 +
dr2

1 −
2m
r

+ r2dΩ(2)

]

,

φ∗ = S(r)−1/2κ−1
4 .



gSch
µν = (φκD)

4

D−2 ĝµν = (φ∗ κD)
4

D−2 ĝ∗µν ⇐⇒ ĝ∗µν = Ω2 ĝµν , φ∗ = Ω
2−D

2 φ.

S(r) =
1

r2

(

L4

r2
+ r2

)

,

ds∗2 = −

1

r2

(

L4

r2
+ r2

) (

1 −

2m

r

)

dt2 +
1

r2

(

L4

r2
+ r2

)

dr2

1 −

2m

r

+

(

L4

r2
+ r2

)

dΩ(2) .

K̂ =
1

(L4 + r4)6
[16r

2(L16(39m
2
− 20mr + 3r

2) + 2L
12

r
4(66m

2
− 32mr + 3r

2)

+L
8
r
8(342m

2
− 284mr + 63r

2) + 12L
4
m

2
r
12 + 3m

2
r
16)].

r = 0 Singularity in Conformal Gravity ≡ r = 2m Singularity in GR .

Hawking Temperature : TH =
1

8πm
∀ S(r) .

Schwarzschild Singularity = one element of the gauge orbit
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=
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=
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=
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=
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Conformal Gauge Orbits

Metric Superspace
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V. Frolov, C. Bambi, D. Malafarina, LM



Quantum Gravity in Cut-Off Regularization Scheme

Lg = −
2

κ2
4

(

R − 2Λcc + Gµν
eH(!) − 1

!
R

µν + s1R
2
!

γ−2
R

2 + s2Ric
2
!

γ−2
Ric

2
+ sκR

2
!

γ−1
R

)

.

βκ = 0 , βR2 = 0 , βRic2 = 0 ,

βΛcc
̸= 0 .

Stefano Giaccari, LM, Les!law Rachwa!l, Yiwei Zhu.



Finite Entanglement Entropy (replica trick)

Sent = (α ∂α − 1)W (α)|α=1

Eα = Σ × Cα ,

Σ : two dimensional surface ,

Cα : cone with deficit angle δ = 2π(1 − α) .

W (α) =
1

2
det (H(graviton, matter)) ∝ B0

︸︷︷︸

Λcc

k4 + B2
︸︷︷︸

R

k2 + B4
︸︷︷︸

R2

log

(
k2

µ2

)
∣
∣
∣
∣
∣
Eα

.

Sent =
A

4GN

, (only from the classical EH operator).

W (α) =
1

2
log det

(

Hgr(gµν , Ac
µ, Φ, Ψ)

)

∝ B0
︸︷︷︸

Λcc

k4 + B2
︸︷︷︸

R

k2 + B4
︸︷︷︸

R2, Ric2

log

(
k2

µ2

)
∣
∣
∣
∣
∣
Eα

.



Finite Yang-Mills Gauge theory

Lfin, gauge = −
α

4
tr

[

Fe
H(D2

Λ
)
F + sgF

2(D2
Λ)γ−2

F
2
]

L.M. , M. Piva, L. Rachwal.



• Super-renormalizable Gravitational Theories.

• Unitarity (no ghosts).

• Renormalizability (Dimensional Regularization)

• Finite Gravitational Theories :

• Quantum Gravity in Odd Dimension.

• Local Terminating Potential in even dimension.

• Exact solutions and spacetime singularities :

• Ricci flat, (A)dS, FRW spacetimes.

• Singularity theorem in nonlocal gravity.

• Scattering amplitudes.

• Conformal invariant quantum gravity.

• Nonsingular spacetimes in Conformal gravity.

Summary and Conclusions
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Lg = −2κ−2
D

√
−g

(

R + Gµν
eH(−!Λ) − 1

!
Rµν

+ s1R
2
!

γ−2R2
+ s2RµνRµν

!
γ−2RρσRρσ

)

.

We have Finite Quantum Gravity !!!



NONLOCAL GAUGE THEORIES 

N. V. Krasnikov 

Nonlocal gauge theories, including gravitation, are considered. It is 
shown that to give a meaning to 7s-anomalous theories it is sufficient 
to introduce an additional nonlocal interaction. The introduction of 
such an interaction leads to a unitary macrocausal theory describing 
the interaction of massive vector fields with fermion fields. It is 
shown that nonlocal gauge theories with nonlocality scale Anl ~ (i-i0) 
TeV are capable of solving the hierarchy problem. An example of a 
nonlinear gauge model of grand unification is found in which 
topologically nontrivial monopole solutions with finite energy are 
absent. 

i. Introduction 

It is well known that all the attempts hitherto made in the attack on ultraviolet 
divergences in the local quantum theory of gravitation have not led to success. Hopes 
have been expressed recently [i] that the superstring theory of gravitation is capable of 
solving the problem of the ultraviolet divergences. However, there exists a no less 
effective way of attacking the ultraviolet divergences in quantum field theory -- the 
introduction of a nonlocal interaction [2]. As was shown by Efimov [2] for the example 
of a self-interacting scalar field and quantum electrodynamics, the introduction of 
nonlocality leads to a finite macrocausal and unitary field theory. The existence in nature 
of a fundamental dimensional parameter -- the Planck mass Mpl = 1.2 • 1019 GeV -- naturally 
suggests the idea of identifying the Planck mass and the characteristic scale of nonlocality. 
At scales much less than Mpl the theory is described by an effective renormalizable 
Lagrangian, and the nonrenormalizable terms are suppressed as reciprocal powers of the 
Planck mass. However, it is not essential that the Planck scale be identified with the 
nonlocality scale. The existing experimental data lead to a bound on the latter: 

A~0 (1) 500 GeV. 

In the present paper, which is an extended version of the author's note [3], we 
consider nonlocal gauge theories, including gravitation. The main results of this paper 
are as follows: 

i. To give meaning to 7~-anomalous gauge theories, it is sufficient to introduce an 
additional nonlocal interaction. The introduction of such an interaction leads to a 
unitary macrocausal theory describing the interaction of massive vector fields with 
fermion fields. 

2. An example is found of a nonlinear gauge model of grand unification in which 
there are no topologically nontrivial monopole finite-energy solutions. 

3. Nonlocal gauge theories with nonlocality scale Anl ~ (i-i0) TeV are capable of 
solving the hierarchy problem. 

4. A nonlocal superrenormalizable Lagrangian of the gravitational field that leads to 
a unitary and macrocausal S matrix is constructed. 

The paper is arranged as follows. In Sec. 2, taking the example of a scalar field, 
we give the fundamentals of nonlocal field theory. In Sec. 3, we consider the problem of 
7s anomalies in nonlocal gauge theories. In Sec. 4, we give the example of the nonlocal 
Georgi-Glashow gauge model in which topologically nontrivial monopole solutions with 
finite energy are absent. In Sec. 5 we propose a scenario for solving the hierarchy 
problem in nonlocal gauge theories. In Sec. 6, we construct a nonlocal gravitational 
Lagrangian that leads to a unitary and macrocausal S matrix. 

Institute of Nuclear Research, USSR Academy of Sciences. Translated from Teoretiches- 
kaya i Matematicheskaya Fizika, Vol. 73, No. 2, pp. 235-244, November, 1987. Original 
article submitted July 17, 1986. 

1184 0040-5779/87/7302-1184512.50  9 1988 Plenum Publishing Corporation 

A,,l~ (i--10) TeV (24) 

are capable of solving the hierarchy problem. Indeed, in nonlocal gauge theories the 
correction to the mass of the Higgs bosons is determined by a formula of the type (23) and 
does not exceed i TeV provided Anl satisfies the bound (24). A characteristic prediction 
for the scenario described above is a strong change in the propagators of the elementary 
fields for QZ~A~Z, i.e., all cross sections of elementary parton subprocesses at momentum 
transfers greater than the characteristic nonlocality scale Anl must fall rapidly (as 
O(Q -4) or faster). Therefore, the proposed scenario for solving the hierarchy problem can 
be tested in a few years. The existing experimental data give the following estimate for 
the nonlocality parameter: Anl ~ 0 (i) 500 GeV. 

6. Nonlocal Quantum Gravity 

All theories of gravitation based on the use of local Lagrangians are nonrenormaliz- 
able; In this section, we construct a superrenormalizable nonlocal Lagrangian of the 
purely gravitational field. The generalization to the supersynnnetric case is obvious. 

We choose the nonlocal Lagrangian for the gravitational field in the form 

L= [-'/2~B +Bl, (me~ R+R.U2 (D~176 B~-'IaBA (Door) B ] f--g. 

Here, D~ov is the covariant generalization of the operator Q=0~0~. 

Using the standard formalism of projection operators [12], we find that the free 
gravitational propagator has the form 

P~, ~,~, (IA~ [ ]  + V, E3=A (E3)) -~ + e ~ ~, ~,~. (- ~I,~ [ ]  + 3h([]) ~D- ' ,  
where 

~, .'~' - f38~8~,~,, ~ = 8 ~ - -  a,GI~. 
We can always choose the form factors fi to ensure that the gravitational propagator 
contains only massless spin 2 and has good ultraviolet behavior, for example, 

p2 [~v ,  ~ '  po,s ] 
L I - % ~ r  § - G T p  ~] _ t - i  T )  ) " 

The propagator (26) leads to a superrenormalizable unitary and microcausal theory 
(using the standard rules for counting the divergences of Feynman diagrams, one can show 
that all thediagrams are finite except for a number of single-loop diagrams). 

I am grateful to V. A. Matveev and A. N. Tavkhelidze for their interest in the work 
and for critical comments and to my colleagues in the Theoretical Department of the 
Institute of Nuclear Research of the USSR Academy of Sciences for valuable discussions. 

(25) 

(26) 
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Superrenormalizable Gauge and Gravitational
Theories1

E. T. Tomboulis2
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Abstract

We investigate 4-dim gauge theories and gravitational theories with nonpolynomial ac-
tions containing an infinite series in covariant derivatives of the fields representing the
expansion of a transcendental entire function. A class of entire functions is explicitly
constructed such that: (i) the theory is perturbatively superrenormalizable; (ii) no
(gauge-invariant) unphysical poles are introduced in the propagators. The nonpolyno-
mial nature is essential; it is not possible to simultaneously satisfy (i) and (ii) with any
polynomial series in derivatives. Cutting equations are derived verifying the absence
of unphysical cuts and the Bogoliubov causality condition within the loop expansion.
A generalized KL representation for the 2-point function is obtained exhibiting the
consistency of physical positivity with the improved convergence of the propagators.
Some physical effects, such as extended bound excitations in the spectrum, are briefly
discussed.
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Super-renormalizable quantum gravity
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In this paper we study perturbatively an extension of the Stelle higher derivative gravity involving an

infinite number of derivative terms. We know that the usual quadratic action is renormalizable but suffers

from the unitarity problem because of the presence of a ghost (state of negative norm) in the theory. In this

paper, we reconsider the theory first introduced by Tomboulis in 1997, but we expand and extensively

study it at both the classical and quantum level. This theory is ghost-free, since the introduction of (in

general) two entire functions in the model with the property does not introduce new poles in the

propagator. The local high derivative theory is recovered expanding the entire functions to the lowest

order in the mass scale of the theory. Any truncation of the entire functions gives rise to the unitarity

violation, but if we keep all the infinite series, we do not fall into these troubles. The theory is

renormalizable at one loop and finite from two loops on. Since only one-loop Feynman diagrams are

divergent, then the theory is super-renormalizable. We analyze the fractal properties of the theory at high

energy showing a reduction of the spacetime dimension at short scales. Black hole spherical symmetric

solutions are also studied omitting the high curvature corrections in the equation of motions. The solutions

are regular and the classical singularity is replaced by a ‘‘de Sitter-like core’’ in r ¼ 0. Black holes may

show a ‘‘multihorizon’’ structure depending on the value of the mass. We conclude the paper with a

generalization of the Tomboulis theory to a multidimensional spacetime.

DOI: 10.1103/PhysRevD.86.044005 PACS numbers: 04.60."m

I. INTRODUCTION TO THE THEORY

One of the biggest problems in theoretical physics is to
find a theory that is able to reconcile general relativity and
quantum mechanics. There are many reasons to believe
that gravity has to be quantum, some of which are the
quantum nature of matter in the right-hand side of the
Einstein equations, the singularities appearing in classical
solutions of general relativity, etc.

The action principle for gravity we are going to intro-
duce in this paper is the result of a synthesis of minimal
requirements: (i) classical solutions must be singularity-
free, (ii) the Einstein-Hilbert action should be a good
approximation of the theory at an energy scale much
smaller than the Planck mass, (iii) the spacetime dimension
has to decrease with the energy in order to have a complete
quantum gravity theory in the ultraviolet regime, (iv) the
theory has to be perturbatively renormalizable at quantum
level (this hypothesis is strongly related to the previous
one), (v) the theory has to be unitary, with no other degree
of freedom than the graviton in the propagator, (vi) the
spacetime is a single continuum of space and time and, in
particular, the Lorentz invariance is not broken. The last
requirement is supported by recent observations.

Now let us introduce the theory, step by step, starting
from the perturbative non-renormalizable Einstein gravity,
through high derivatives gravity theories (the Stelle theory
of gravity will be our first example) onto the action which
defines a complete quantum gravity theory. The impatient
reader can skip to the end of the introduction for the
candidate complete quantum gravity bare Lagrangian.

Perturbative quantum gravity is the quantum theory of
a spin two particle on a fixed (usually for simplicity is
assumed to be flat) background. Starting from the Einstein-
Hilbert Lagrangian

L ¼ " ffiffiffiffiffiffiffi"g
p

!"2R (1)

(!2 ¼ 16"GN), we introduce a splitting of the metric in a
background part plus a fluctuation

ffiffiffiffiffiffiffi"g
p

g#$ ¼ go#$ þ !h#$; (2)

then we expand the action in power of the graviton fluctuation
h#$ around the fixed background g#$. Unlikely, the quantum
theory is divergent at two loops, producing a counterterm
proportional to the Ricci tensor at the third power

ffiffiffiffiffiffiffi"g
p

R%&
'(R

'(
)*R

)*
%&: (3)

In general, in d dimensions the superficial degree of diver-
gence of a Feynman diagram is D ¼ Ldþ 2V " 2I, where
L is the number of loops, V is the number of vertices, and I
the number of internal lines in the graph. Using the topologi-
cal relation between V, I and L, L ¼ 1þ I " V, we obtain
D ¼ 2þ ðd" 2ÞL. In d ¼ 4 the superficial degree of diver-
gence D ¼ 2þ 2L increases with the number of loops,
and thus we are forced to introduce an infinite number of
higher derivative counterterms and then an infinite number of
coupling constants, therefore making the theory not predic-
tive. Schematically, we can relate the loop divergences in
perturbative quantum gravity to the counterterms we have to
introduce to regularize the theory. In short
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Abstract

We hereby introduce and extensively study a class of non-polynomial higher derivative theories of gravity 
that realize a ultraviolet (UV) completion of Einstein general relativity. These theories are unitary (ghost 
free) and at most only one-loop divergences survive. The outcome is a class of theories super-renormalizable 
in even dimension and finite in odd dimension. Moreover, we explicitly prove in D = 4 that there exists an 
extension of the theory that is completely finite and all the beta functions vanish even at one-loop. These 
results can be easily extended in extra dimensions and it is likely that the higher dimensional theory can be 
made finite, too. Therefore we have the possibility for “finite quantum gravity” in any dimension.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

Quantum abelian and non-abelian gauge theories as the most complete embodiment of parti-
cle physics are all compatible with two guiding principles: “renormalizability” and “perturbative 
theory” in the quantum field theory framework. This is the achievement of a consistent quantum 
field theory for all but one fundamental interactions. Indeed, gravity seems to elude so far these 
patterns and many authors suggested ingenious solutions to one of the biggest puzzles of our 
days, but none is completely satisfactory. The major obstacle, when we try to interface grav-
ity and quantum mechanics is that Einstein’s dynamics is “non-renormalizable”, but in principle 
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Universal Gauge & Gravitational Theories

−
1

2g2

∫

d4x trF 2
in D = 4 like −

2

κ2
2

∫

d2x
√

|g|R in D = 2

LYM = −
1

4g2
YM

[

tr FeH(−D
2

Λ)F + VYM

]

(GAUGE − THEORY).

Lgr = −2κ−2
D

√

|g|

[

R + Gµν
eH(−!Λ) − 1

!
Rµν + Vgr

]

(GRAVITY).



Finite Yang-Mills Gauge theory

1) −
sg

4g2
F a

µνFµν
a !

γ−2

Λ
F b

ρσF
ρσ
b ,

2) −
sg

4g2
F a

µνF
µν
b (D2

Λ)γ−2F b
ρσF ρσ

a .

Killer Operators

Lfin, gauge = −
α

4
tr

[

Fe
H(D2

Λ
)
F + sgF

2(D2
Λ)γ−2

F
2
]

L.M. , M. Piva, L. Rachwal.



Lct := −
α

4
(Zα − 1)Fµν

a
F a

µν
= −Ldiv = −

1

ϵ
βα Fµν

a
F a

µν
.

Lfin, gauge = −
α

4

[

F a
µνeH(D2

Λ)Fµν
a + ω

(5 + 3γ + 12γ2)

96Λ4
C2(G)F a

µνFµν
a (D2

Λ)γ−2F b
ρσF ρσ

b

]

.

0) β(γ)
α = −

(5 + 3γ + 12γ2)

192π2
C2(G) , γ ≥ 2 ,

1) β(sg)
α =

sgΛ4

2π2ω
,

2) β(sg)
α =

sgΛ4

4π2ω
(1 + NG).

β(γ)
α

+ β(sg)
α

= 0 =⇒ s∗
g

= −
2π2ωβ

(γ)
α

Λ4
.



−i
e−H(k2)

k2
(

1 + βα e−H(k2) log(k2/µ2
0)

) .

Dressed Propagator

Asymptotic Freedom, Finiteness, and Landau Pole

sg

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

< ω
(5+3γ+12γ

2)
96Λ4 C2(G) , Landau pole,

= ω
(5+3γ+12γ

2)
96Λ4 C2(G) ≡ s∗

g
, finiteness,

> ω
(5+3γ+12γ

2)
96Λ4 C2(G) , asymptotic freedom.
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gµν = ηµν + κ hµν ,

ds2 = gµνdxµdxν = dt2 − a(t)2 δijdxidxj ,

a2(t) = 1 − κh(t) , h(t = ti) = 0 , gµν(t = ti) = ηµν ,

hµν(t) = h(t) diag(0, δij) =: h(t) Iµν ;

h̄µν := h′

µν −
1

2
ηµν h′ λ

λ = h(t) diag(0,−2δij) = −2h(t)Iµν , ∂µh̄µν = 0 .

Radiation : a(t)2 =

∣

∣

∣

∣

t

t0

∣

∣

∣

∣

,

Dust : a(t)2 =

∣

∣

∣

∣

t

t0

∣

∣

∣

∣

4

3

.

Classical Solution

h̃(E) =
2πδ(E)

κ
+

2

κt0E2
, (radiation)

h̃(E) =
2πδ(E)

κ
+

4Γ(4

3
)

√
3κt

4/3

0 |E|7/3
, (dust) .

Bambi, Malafarina, Marciano, Modesto



!h̄′

µν = 8GNTµν ,

eH(!)
!h̄′nl

µν = 8GNTµν .

The Calculation

G. Calcagni, L. M., P. Nicolini.

C. Bambi, D. Malafarina, L.M.

LYM =
1

2g2(t)
TrF 2

∼ dAdA + g(t)A2dA + g2(t)A4 ,

g(t)−2 = g−2
o + βgt ,

LG =
2

κ2
D(t)

(

R − Gµν
eH(−!Λ) − 1

!
Rµν

)

∼ ∂h eH(−!Λ) ∂h + κD h∂h ∂h + O(κ2
D) ,

κ−2
D (t) = κ−2

D o + βκD
t .

e
H(!)

h̄
′nl
µν = h̄

′

µν =⇒ ˜̄
h
′nl
µν (k) = e

−H(k2)˜̄
h
′

µν(k) =⇒ h̃
nl(E) = e

−H(E2)
h̃(E) .

Asymptotic Freedom
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1.4

t

a!t"
a!t" for radiation !t0!5 and "!1"

a
2(t) =

2e
−

1

4
Λ2(t−t0)2

Λ
√

π t0
+

(−t + t0) erf
(

Λ(−t+t0)
2

)

t0
.Radiation :

n = 1 =⇒ V (−!Λ) = e−!/Λ
2

,

G. Calcagni, L. M., P. Nicolini.C. Bambi, D. Malafarina, L.M.

From the propagator & asymptotic freedom : D(k) ∼
V (k)

k2
.

Gravitational Collapse &/or Cosmology



The Solution

acl(t) =

∣

∣

∣

∣

t

ti

∣

∣

∣

∣

p

and hcl(t) =
1

κ

[

1 −

∣

∣

∣

∣

t

ti

∣

∣

∣

∣

2p
]

,

κ h(t) = 1 −

(

2

Λti

)2p Γ
(

1

2
+ p

)

√

π
1F1

(

−p;
1

2
;−

1

4
t2Λ2

)

,

a(t) =

(

2

Λti

)p
√

Γ
(

1

2
+ p

)

√

π
1F1

(

−p;
1

2
;−

1

4
t2Λ2

)

.

Radiation p = 1/2 : a(t) =

√

2e−
1

4
Λ2t2

√

π Λti
+

t

ti
erf

(

Λt

2

)
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Super-acceleration
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Effective Theory

H2
:=

8πG

3
ρeff =
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(
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α
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ρ0

a4
.



0 1 2 3 4 5
0

50

100

150

200

250

300

350

t

r2

r2!!a" "#2 for rad. !t0!5 and $!1"

0 10 20 30 40

!0.4

!0.2

0.0

0.2

0.4

0.6

0.8

t

8
!
p r
!t"

8 ! pr!t" for radiation !t0"20 and #"1"



I
+

I
−

r = 0 i
0

i
+

i
−



The interior from the exterior
see Torres.



The interior from the exterior
see Torres.

Instability



Universal Properties

1. Gravitational potential Φ(r) → const. < 0 ,

2. Graviton propagator G(x) → const. > 0 ,

3. Spherically sym. sol. (black holes) deSitter metric near r ∼ 0 ,

∀ e
H(−!Λ)

.

4. The beta functions for the Tomboulis form factor

depend only on 1, 2, or 3 parameters.

5. Terminating black holes (no black hole formation).

4. The beta functions for the Tomboulis form factor

depend only on 1, 2, or 3 parameters.

5. Terminating black holes (no black hole formation).

Black Supernova.


