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Lusztig varieties



Schubert varieties and Lusztig Varieties

G = GL,(C), B Borel subgroup, G/B is the flag variety, whose
elements are denoted either gBor Vo =V C ... V,_1 C C". We
let w € S, and write

ri(w) = |{k;k < i, w(k) < j}]

Schubert varieties
QW(F.) ::{V.;dim VinF; > fij(W)}

Lusztig varieties
Y (X) ={Ve;dimXV; N V; > rjj(w)},
Yw(X) :={gB;g ' Xg € BWB},



Codominant permutations and Hessenberg varieties

Codominant permutations

A permutation w is codominant if w is 312-avoiding.
Analogously, there exists a Hessenberg function
m: [n] — [n] such that w is the greatest (in the
Bruhat sense) permutation satisfying w(i) < m(/)
for every i € [n]. We write wy, for this permutation.

Hessenberg varieties

For wy, we have

Vo (X) = {(X, V)i XV; C Vini}-



Lusztig varieties and characters of Kazdhan-Lusztig
elements
When X is a regular semisimple matrix, we have that IH*(), (X))
has a natural structure of S,-module, and its Frobenius character

is related to the characters of the Kazdhan-Lusztig basis elements
C/, of the Hecke Algebra.

Theorem (Lusztig, A-N)
We have that
£(w) £(w)

ch(IH*(Vw(X)) =Y _xNg 2 C,)sn =:ch(q 2 C,,).
A

Theorem (Brosnan-Chow, Guay-Paquet)
We have that

ch(IH* (Vs (X)) = w(csfq(Gum)).



lwahori-Hecke algebras

» The lwahori-Hecke algebra H, is the algebra over (C(q%)
generated by T, with the following relations

T2=(q—1)Ts+gq

T5i T5i+1 Tsi = T5i+1 Tsi T5i+1
7-S,' Sj:TSjTS,‘ If’I_J‘>]'

It is a g-deformation of the group algebra C[S,].

> If w=s;sj,...sj, is a reduced expression for w, then we
define T, = Tsl.1 TS,.2 . TS;,,,-

» There is an involution ¢: H, — Hp, such that «(T,) = T‘;El
and 1(q2) = g2

» The irreducible representations H, — End(V) are analogues
of the irreducible representations of S,,. The difference is that
Vy is a (C(q%)—vector space.



Kazdhan-Lusztig basis

» There exists a distinguished basis C/, of H,. Defined by the
following properties.

( w) =

:Z z,w q)T
z<w

where P, ,(q) is a polynomial in g. The polynomial P, ,, is
called the Kazdhan-Lusztig polynomial.

» These elements C/, and the polynomials P, are closely
related to the Schubert variety Q,,.

» In a way, the polynomial P, , measures how much €, is
singular along 3.



: L : (w)
Combinatorial interpretations of ch(g™z C)))

Theorem (Clearman-Hyatt-Shelton-Skandera)

When w is a smooth permutation (Q,, is smooth, w is 3412 and
4231 avoiding), there are combinatorial interpretations of the

.. 4w) . .
coefficients of ch(q~2 C|,) for some basis of the symmetric
algebra. In particular,

£(wm)

ch(g 2 C,,) = w(csfq(Gm)).-
Moreover, for every smooth permutation w, there exists a
Hessenberg function m such that

£w)

ch(gz C,) = w(csfg(Gm))-

Conjecture (Haiman)

£(w) . ..
The character ch(q™2 C|,) is h-positive for every w € Sp,.
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Parabolic Lusztig varieties



Parabolic
» The Lusztig variety
VulX) = {Vas XV N1V, = ry(w))
is defined in analogy to the Schubert variety (F, is a fixed flag)
Qu(F) = {Vai Vi F = rg(w)}.
» The parabolic Schubert varieties are also defined in terms of a
fixed flag Fo. Let J C {1,...,n— 1}, with J = {i,..., ik},

be a subset of the set of simple transpositions of S, and w a
permutation in 7S, we define

QWJ(F.) = {V.; dimV;nN FJ > F;J(W), i §é J}
The flag V, above is a partial flag

0o=WcCcV,cC---CV, cC"



Difficulty constructing parabolic Lusztig varieties

> If we try to extend this to construct parabolic Lusztig varieties
and simply compare XV, and V, we will get very few varieties.

» Consider Gr(1,n) = P"~1. The only possible relative position
of XVq and Vj are
1. {V1;dim XV; N V; > 1}, which is the set of the points
(0:...:0:1:0:...:0).
2. {Vq;dim XV; NV > 0}, which is all P,



Extending the flag
Let (X, V4) be a pairin G x G/P,, where
Ve=(WCV,CV,cC...cV, cC").

We construct the flag V by coalescing (we remove vector spaces
with the same dimension) the flag

0C Vi NXVy CV, NXV, €.V NXV, €V, C
C Vi + (Vi NXV;) Vi + (Vi NXV,) € . Vi 4 Vo N XY, €V, ©

P

Vi +(V

ij+1

NXVi) C Vi + (Y

lji+1

NXVy) C ... C Vi + (Y

lj+1

NXV,) C Vv

lj+1

C Vi + XV, C Vi + XV, C...CV, + XV, CV,=C".

We iterate this construction, until it stabilizes and we get a pair
(X,Ve) € G x G/Py.



Example in Gr(2,5), J = {1,3,4}
> XVonV, =0.

Vs

XV,

w = 34152



Example in Gr(2,5), J = {1, 3,4}
> XVonV, =0.
> Von XV, C Vo C Vo + XVs.

A .

XV,

w = 34152



Example in Gr(2,5), J ={1,3,4}

> XVonV, =0.

> Von XV, C Vo C Vo + XVs.
> Vy= Vo + XVs.

V4 A

A .

XV XV

w = 34152



Example in Gr(2,5), J = {1,3,4}
> XVonV, =0.

. > Von XV C Vo C Vo + XVWs.
7 . > V, = Vo + XVs.
. > XVanVo=1 XVonNVy =2 XVaNnV, =3.
V2 .
XV, XV,

w = 34152



Example in Gr(2,5), J = {1,3,4}
> XVonV, =0.

. > Von XV C Vo C Vo + XVWs.
7 . > V, = Vo + XVs.
. > XVanVo=1 XVonNVy =2 XVaNnV, =3.
v, . > VonXVyC Vo C V2+(V4OXV2):V4.
XV, XV,

w = 34152



Example in Gr(2,5), J ={1,3,4}
> XVoN Vo =0.
. > Von XV C Vo C Vo + XVWs.
vl T > V= Vh+ XVa.
. > XVanVo =1 XVonNVa =2, XVan Vs =3.
" R LNXVaC W C Vot (VanXVa) = Vi
v . > Vi =VoN XV,
XViXV, XV,

w = 34152



Example in Gr(2,5), J ={1,3,4}
> XVoN Vo =0.
. > Vo XVs C Vo C Vo + XVs.
V4 N > V= Vo + XVs.
. > XVinVa =1, XVonV, =2, XVan 'V, =3.
Vs . > VonXVyC Vo C Vo + (VunXVa) =V,
Vi . > Vi = VW,n XV,
XViXVs XV, > XVinVo=0 XV C Vg ...

w = 34152



Example in Gr(2,5), J ={1,3,4}
> XVoN Vo =0.
. > Vo XVs C Vo C Vo + XVs.
V4 N > V= Vo + XVs.
. > XVanVo =1, XVon Vs =2, XVaN Vs = 3.
Vs . > VonXVyC Vo C Vo + (VunXVa) =V,
Vi . > Vi = VW,n XV,
XViXVs XV, > XVinVo=0 XV C Vg ...
>

Vic W C V2+(V4ﬂXV1) C V4.
w = 34152



Example in Gr(2,5

7!

Va
Vi

XViXVoXV3 XV

w = 34152

),
>
4
4
>
>
4
>
>
4

J={1,3,4}

XVonV, =0.

VonXVo C Vo C Vo + XVs.

V= Vo + XVs.

XVanVo =1 XVonVy =2 XVanVy =3.
VoNXVy C Vo C Vo + (VaNXVa) = Vi
Vi = VonN XV,

XViNnVo=0 XV C Vg, ...

Vic Vo Vo+ (VanXVy) C V.

Vi3 = Vo + XV,



Example in Gr(2,5

7!
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Vi

XViXVoXV3 XV

w = 34152
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J={1,3,4}

XVonV, =0.

VonXVo C Vo C Vo + XVs.

V= Vo + XVs.
XVanVo =1 XVonVy =2 XVanVy =3.
VoNXVy C Vo C Vo + (VaNXVa) = Vi
Vi = VonN XV,

XViNnVo=0 XV C Vg, ...

Vic Vo Vo+ (VanXVy) C V.

Vi3 = Vo + XV,

Vi C XVs.



Example in Gr(2,5

7!

Va
Vi

J={1,3,4}
XVonV, =0.

VoN XV C Vo C Vo 4+ XVs.

Vo = Vo + XVs.

XVanVo =1, XVonVy =2, XV4aNVy =3.

Vi = VonN XV,

XViXVoXV3 XV

w = 34152

Vo s(X) =

XViNnVo =0, XVy C Vg, ...
Vic W C V2+(V4ﬂXV1) C V4.
Vi3 = Vo + XV,

),
>
>
»
| 2
> Van XV, C Vo C Vot (VanXVa) = Vi
| 2
| 2
| 2
| 2
> Vi C XV

Van XVa =0
Vo, Vo (XVa+ X2V,) =1
Vo N (XV2 +X2V2) C XVo + (X2V2 N (X3V2 +X4V2)) |



Example in Gr(2,4)

V1234, 4(X) = {Vo; XVo = Vo },
QazaF, = {V2; Vo = R},

V1324 4(X) = { 2; d!m(V2 nxv, mX22V2) = },

’ dim(Va + XVa + X2V,) < 3

Q324 F, = {V2; F1 C Vo C F3},

V1342, 5(X) = {Va;dim(Va N XVa N X2 Vy) > 1},
Qzao g F, = {Vo; F1 C Va},

V124, 5(X) = {Va;dim(Va + XVa + X?Vs) < 3},
Q3124,5.F, = {Va; Vo C F3},

V3142, 4(X) = {Vo;dim(XVo N Vo) > 1},
Q3142 5.5, = {Vo;dim(Vo N Fp) > 1},

Vaa12,5(X) = Gr(2,4) = Q34124 F, s



Frobenius characters

ch(IH*(Y1234(X))) = h2.2,

ch(/H"(V1324(X))) = (1 + @) 2,11,

ch(IH*(V1322(X))) = (1 + g + q*)h31,
ch(IH*(V3124(X))) = (1 + g + ¢°) ha 1,
ch(IH*(V3142(X))) = (1 4+ g + ¢* + ¢°)ha + (g + ¢°)h3.1,
ch(IH*(V3412(X))) = (1 + g +2¢°> + ¢* + ¢*)hs = <;> ha.



Example in Gr(1,n) = P!

» J={2,...,n—1}, G/P, =P"!
»
7S, ={12...n,213...n,231...n,...,234...n1}.

Define wy :=23... k1(k+1)...n(wy =12...n)
>

Vwes(X) = {Vi;dim(V4 + XV; + ...+ X5 WVp) < Kk},
or, equivalently,

~ V1 is contained is a k-dimensional
" subspace invariant by X '

Ve, s(X) = {Vl

> If X is a diagonal matrix, then Y,, ;(X) is the union of
coordinates (k — 1)-planes of P71,



Example in Gr(1,n) = P!

» Changing notation and defining Hy = Yy, _,.s(X), which is
the union of codimension k coordinates planes. (k=0,..., n-1)

» H, is the union of the closures of the orbits of codimension k
via the action of (C*)" on P~ 1.

» The normalization H of H is the union of (1) copies of
]Pm_k_l.

> Hence the intersection cohomology of Hy is the cohomology
H*(Hi). The latter has a natural structure of S, module and

ch(H*(Hk)) = [0 — Klghn—k -



Decomposition theorem

Theorem

Consider f: B — B the forgetful map and let X be a regular
semisimple invertible matrix. Then, we have a splitting of
S,-modules

IH*(Vw(X)) = €@ H* V2 s(X), L1).

zeJW

The local systems Liw correspond to representations of a certain
subgroup W7 of W. The subgroup W7 is isomorphic to a product
of symmetric groups.

Conjecture

The representations corresponding to Liw are permutation
representations.



Example

Fix w = 3412 € S, we have a natural map

Yw(X) ={Ve; XV1 C V3, Vi C XV3} i>G'f(2a4) = V3412,{1,31(X)-
Vic W C V3 — V.

This map is generically 2 : 1. Let U be the open set of Gr(2,4)
where the map is 2 : 1, we let L be the local system given by

L= f*((Cf_l(u)). This L corresponds to the regular representation
of S, which is seen as a subgroup of S4 via the diagonal inclusion
S5 — S» x 5 € S4. The decomposition theorem reads

IH*())W(X)) :/H*(y3412,J(X), L) & /H*(J/1342,J, (C[—].])@
D /H*(y3124’J(X), C[—l]) D /H*(y1234,J, C[—Z])



J={n—k+1,...,n—1}

Theorem

When J ={n—k+1,...,n—1}, then W} :5{’4‘/ x Sy for
some k' = k'(z) < k. In fact, k' is the largest index less or equal
than k such that z € S,_» X S{‘/. Moreover, if we write
z=27x {1} €S, 1 x SK', we have that

Ch(/H*(yZ,J(X)v Liw)) = Ch(lH*(yE,j(X)) Ch(LiW)'
Recall that Liw corresponds to a Sy representation.

Conjecture

IfJ={n—k+1,...,n—1} and w is codominant, then L] ,, is
zero if z is not codominant.



Example

> w = 23451, m = (2,3,4,5,5).
yW(X) = {V.;X\/l C Vo,XVo C V3, XV3 C \/4}
> Forget Vi

y234517{4} :{\/1 C V2 C V3;XV1 C V2,X\/2 C V3}
Vazus {4y ={V1 C Vo C V3; XV1 C Vo, XV3 = V3}

» the map Vw — Y, (4} is birational, an isomophism over
V23451,(4} \32231457{4} and the fibers over Vo3145, {4} are Pl
>

ch(IH*(Yw)) = ch(IH*(Vu.1a})) + g ch(IH* (V23145 {4}))



Example

> 23145 splits at 3, so
ch(IH* (Y3145, 14)) = ch(IH*(V231)) h2 = (gh21+(q°+q+1) h3) ho.
> Forget V3

Vozas1 {34y =1 V1 C Vo; XV4 C Va}
Vor345 43,4y =1 V1 C Vo; XVo = V2}

> the map Y, (4} — Vw (34} is birational, and the fibers over
Vo1345 (3,4} are P<.

Ch(/H*(yw,{4})) = Ch(/H*(yw,{3,4}))+(q2+CI) Ch(’H*(y21345,{3,4}))
> 21345 splits,

ch(IH* (V21345 43,43)) = ch(/H*(V21))h3 = (q + 1) hahs.



Example

> Forget V2

Vozas1, 2,34y ={Vi} = Pt
V12345 {2,343 ={ V1; XV1 = V1}

> the map Yy, 341 — Vw {2,334} is birational, and the fibers over
V12345, (2,34} are P°, so we have

ch(IH* (V. 13.41)) = ch(IH*(Vw (2,3.41))+(a*+a>+q) ch(IH* (V12345

> We have that ch(/H*(Vy (2,3.41)) = [5lqhs.
> 12345 splits, so

ch(IH* (V12345 {2,3.4}) = ch(V1(X))ha = ha 1.



Example

ch(Vw(X)) =ch(IH*(Vw (a})) + g ch(IH* (V23145 44} )
=ch(IH*(Vw,(3.41)) + (6° + q) ch(IH* (V21345 (3.4)))+
+q(gh21 + (9% + g + 1)h3) o
=ch(IH*(Vw,(23.41)) + (&> + ¢° + q) ch(IH* (V12345 (2,3.4}))
+(® +q)(g+ Dhs2+ q*hao1 + (¢ +¢° + q)hs
=[5lghs + (a° + 4° + q)ha1 + (26° + 3¢ + 2q)h3 2
+q°hop



Outline

Forgetting to P71



Forgetting to P!

» Consider the map Ym(X) — P"~1 = Gr(1,n), Ve > V1.

» The decomposition theorem gives
n—1

H*(Vm(X)) = @D IH* (M, Ly).
i=0

P> Moreover, each local system L; is associated to a
representation of S;.

» We have that ch(IH*(#;, L;)) = [n — i]ghn—i ch(L;).
» Our goal: find a combinatorial interpretation for ch(L;).



Definitions

» Spm = {0 € Sy 0(i) <m(i)}.

» o= Tk, cycle decomposition, each cycle starts with its
smaller element, and the smaller elements are written
increasingly: o = (1542)(396)(78).

> o€ is the permutation obtained from removing the parenthesis
in the cycle decomposition. o€ = 154239678.

» wtm(o) is the number of m-inversions of o°.
» nh, = Z;’:l hn_ipn
Theorem (Stanley)
w(csf(Gm)) = Z Piry| " Pz

0=T1-Tj€Sn,m



Definitions

» Spm = {0 € Sy 0(i) <m(i)}.

» o= Tk, cycle decomposition, each cycle starts with its
smaller element, and the smaller elements are written
increasingly: o = (1542)(396)(78).

> o€ is the permutation obtained from removing the parenthesis
in the cycle decomposition. o€ = 154239678.

» wtm(o) is the number of m-inversions of o°.
> [nlghs =327 1 hn—ipn
Theorem (A-N)
wesfg(Gm)) = D q"™Dppy-eppry

O=T1-Tj€Sn,m



A combinatorial interpretation

Theorem
We have that gx(Gm) := w(ch(Lk)) (k=0,...,n—1) is equal to

DD G ) Ay JSRY. By

o=T1-"T;€Sn,m
|71|2n—k

The symmetric function gx(Gm) is of degree k.



A combinatorial interpretation

Theorem
We have that gx(Gm) := w(ch(Lk)) (k=0,...,n—1) is equal to

Z (_1)‘Tll_n+qutm(U)h|T1|—n+kW(p\7'2| e p|7'j\)

0=T1-Tj€Snm
‘7’1‘2!1—/(

The symmetric function gx(Gm) is of degree k.



Corollaries

Corollary
We have that

n—1
csfq(Gm) = Z[n — ilqen—igi(Gm)-
i=0

Corollary

The symmetric function gix(Gm) is Schur-positive.

Problem
Find positive formulas for the coefficients of gx(Gm) in the
monomial/Schur basis.



e-positivity
Theorem (The functions gy for the path graph)

We have that gi(P,) = gk(Pk+1) for every n > k. We also have
the following generating function

1
> ak(Pry1)Z*

k>0 1 qZkzz[k — 1]qexzx’

In particular, we have that gx(P,) is e-positive for every n > k.

Conjecture
The symmetric function gx(Gm) is e-positive.

We have the following generating function for csf4(Px)

D k0 €k 2"
csfo(Pr)z = =
; a(Pk) 1- qzkzz[k — 1]qexz*




Theorem (Positivity of the leading coefficient (only for g = 1))

We have that the coefficient of ey in the e-expansion of gx(m) is
non-negative.

Corollary

Let m: [n] — [n] be a Hessenberg function and let X\ - n be a
partition of length 2. The coefficient of ey in csf(Gm) is
non-negative.



Thank you!
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