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https://core.dais.is.tohoku.ac.jp/en/project/project_summary/




•

•

•





•

•

•

𝑋 𝑋 ∈ 2 1,…,𝑛 }

𝑛



•

•

•

•

∪

ℱ 𝒢
ℱ ∪ 𝒢

θ(|ℱ||𝒢|)ℱ : ℱ

ℱ + |𝒢|
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•

•

•

•

•

• 𝐾



• 𝑐𝑖 𝑖

• 𝑐𝑖

𝑐0 𝑐1 𝑐0



• 𝑐𝑖 𝑖

• 𝑐𝑖

𝑐0 𝑐1 𝑐1



•

⊔

⊔

×

𝒜 ⊔ ℬ = 𝐴 ∪ 𝐵 𝐴 ∈ 𝒜 , 𝐵 ∈ ℬ }



•

ℱ = ℱ0 ∪ 𝑥 ⊔ ℱ1

𝒵0 𝒵1

𝑥

𝒵

ℱ

𝒵0

𝒵0

ℱ0

𝒵1

𝒵1

ℱ1

ℱ0 = 𝐹 𝐹 ∈ ℱ, 𝑥 ∉ 𝐹 }

ℱ1 = 𝐹 ∖ 𝑥 𝐹 ∈ ℱ, 𝑥 ∈ 𝐹 }



•



•

Intersec 𝒫, 𝒬 = 𝒫 ∩ 𝒬

𝒫 𝒬

𝒫0
𝒬0

𝒫1 𝒬1

𝒫, 𝒬

𝒫1, 𝒬1

𝒫0, 𝒬0

⊔ ⊔ ⊔



•

𝒫 𝒬 𝒫, 𝒬

𝒫0 𝒫1 𝒬0 𝒬1 𝒫0, 𝒬0

𝒫1, 𝒬1

𝒫, 𝒬

𝒫0
𝒬0

𝒫1 𝒬1 𝒫1, 𝒬1

𝒫0, 𝒬0

⊔ ⊔ ⊔



• Intersec 𝒫, 𝒬

𝒫 𝒬

𝒫 𝒬

∅ {∅}

𝒫 𝒬 𝑥

𝑐0 ← Intersec(𝒫0, 𝒬0)

𝑐1 ← Intersec(𝒫1, 𝒬1)

𝑐 𝑥
𝑖 𝑐 𝑐𝑖
𝑐

𝑥

𝒫1, 𝒬1
𝒫0, 𝒬0

𝑐0 𝑐1

𝑐



• 𝐺 = (𝑉, 𝐸)

𝐺

𝑣1

𝑣2

𝑣3

𝑣4
{∅, 𝑣1 , 𝑣2 , 𝑣3 , 𝑣4 , 𝑣1, 𝑣4 , {𝑣2, 𝑣3}}

𝒳1,2

𝒳𝑖,𝑗 ≔ 𝑋 𝑋 ∈ 2 1,…,𝑛 , 𝑖 ∉ 𝑋 or 𝑗 ∉ 𝑋}

ሩ

𝑢,𝑣 ∈𝐸

ഥ𝒳𝑢,𝑣

𝑖 𝑗



• 𝐺 = (𝑉, 𝐸)

𝐺

𝑣1

𝑣2

𝑣3

𝑣4
{∅, 𝑣1 , 𝑣2 , 𝑣3 , 𝑣4 , 𝑣1, 𝑣4 , {𝑣2, 𝑣3}}



•





swap ℱ, 𝐴 := 𝐹 ∪ 𝑣 ∖ 𝑣′ 𝐹 ∈ ℱ, 𝑣 ∉ 𝐹, 𝑣 ∈ 𝐴, 𝑣′ ∈ 𝐹 .

ℱsol 𝐺

swap(ℱ, 𝐴)

ℱ swap ℱ, 𝑉 ∩ ℱsol



• ℱ

swap ℱ, 𝐴 = { 𝐹 ∪ 𝑣 ∖ {𝑣′} ∣ 𝐹 ∈ ℱ, 𝑣 ∉ 𝐹, 𝑣 ∈ 𝐴, 𝑣′ ∈ 𝐹}

remove ℱ = { 𝐹 ∖ {𝑣} ∣ 𝐹 ∈ ℱ, 𝑣 ∈ 𝐹 }

add ℱ, 𝐴 = { 𝐹 ∪ {𝑣} ∣ 𝐹 ∈ ℱ, 𝑣 ∉ 𝐹, 𝑣 ∈ 𝐴}



remove

ℱ

{𝑣2, 𝑣4}

𝑣1

𝑣1

remove ℱ = { 𝐹 ∖ {𝑣} ∣ 𝐹 ∈ ℱ, 𝑣 ∈ 𝐹 }

{𝑣1, 𝑣3, 𝑣5}

{𝑣1, 𝑣6, 𝑣7}

{𝑣2} {𝑣4} {𝑣3, 𝑣5} {𝑣6, 𝑣7}

{𝑣1, 𝑣3} {𝑣1, 𝑣5}

{𝑣1, 𝑣6} {𝑣1, 𝑣7}

remove ℱ

𝑣1

𝑣1



remove

ℱ

{𝑣2, 𝑣4}

𝑣1 ⊔

remove ℱ = { 𝐹 ∖ {𝑣} ∣ 𝐹 ∈ ℱ, 𝑣 ∈ 𝐹 }

{𝑣3, 𝑣5}

{𝑣6, 𝑣7}

{𝑣2} {𝑣4} {𝑣3, 𝑣5} {𝑣6, 𝑣7}

{𝑣3} {𝑣5}

{𝑣6} {𝑣7}

remove ℱ

𝑣1 ⊔

𝑣1

𝑣1

𝑣1

𝑣1



remove

ℱ

{𝑣2, 𝑣4}

ℱ1
𝑣1 ⊔

remove ℱ = { 𝐹 ∖ {𝑣} ∣ 𝐹 ∈ ℱ, 𝑣 ∈ 𝐹 }

{𝑣3, 𝑣5}

{𝑣6, 𝑣7}

{𝑣2} {𝑣4} {𝑣3, 𝑣5} {𝑣6, 𝑣7}

{𝑣3} {𝑣5}

{𝑣6} {𝑣7}

remove ℱ

𝑣1 ⊔

ℱ0
remove ℱ0

remove ℱ1

ℱ1

𝑣1

𝑣1

𝑣1

𝑣1



remove

ℱ

{𝑣2, 𝑣4}

ℱ1
𝑣1 ⊔

remove ℱ = { 𝐹 ∖ {𝑣} ∣ 𝐹 ∈ ℱ, 𝑣 ∈ 𝐹 }

{𝑣3, 𝑣5}

{𝑣6, 𝑣7}

{𝑣2} {𝑣4} {𝑣3, 𝑣5} {𝑣6, 𝑣7}

{𝑣3} {𝑣5}

{𝑣6} {𝑣7}

remove ℱ

𝑣1 ⊔

ℱ0
remove ℱ0 ℱ1

𝑣1

ℱ0 ℱ1

𝑣1

remove(ℱ1)
ℱ1 ∪ remove ℱ0

remove ∅ = ∅

remove {∅} = ∅

𝑣1

𝑣1

𝑣1

𝑣1

remove ℱ1



add

𝑣1

ℱ0 ℱ1

𝑣1

add(ℱ0, 𝐴 ∖ {𝑣1})
ℱ0 ∪ add ℱ1, 𝐴 ∖ {𝑣1}

add ℱ, 𝐴 = { 𝐹 ∪ {𝑣} ∣ 𝐹 ∈ ℱ, 𝑣 ∉ 𝐹, 𝑣 ∈ 𝐴}

𝑣1 𝐴

add ∅, 𝐴 = ∅

add ∅ , 𝐴 = {𝑣} 𝑣 ∈ 𝐴}



swap

𝑣1

ℱ0 ℱ1

𝑣1

swap ∅, 𝐴 = ∅

swap ∅ , 𝐴 = ∅

swap ℱ, 𝐴 = { 𝐹 ∪ 𝑣 ∖ {𝑣′} ∣ 𝐹 ∈ ℱ, 𝑣 ∉ 𝐹, 𝑣 ∈ 𝐴, 𝑣′ ∈ 𝐹}

swap ℱ0, 𝐴 ∖ {𝑣1}
∪ add ℱ1, 𝐴 ∖ {𝑣1}

swap ℱ1, 𝐴 ∖ {𝑣1}
∪ remove ℱ0

𝑣1 𝐴



slide ℱ, 𝐴 = { 𝐹 ∪ 𝑣 ∖ {𝑣′} ∣ 𝐹 ∈ ℱ, 𝑣 ∉ 𝐹, 𝑣 ∈ 𝐴, 𝑣′ ∈ 𝐹,

𝑣′ 𝑣 𝑣, 𝑣′ ∈ 𝐸 }

𝑣1

ℱ0 ℱ1

𝑣1

slide ℱ0, 𝐴 ∖ {𝑣1}
∪ add ℱ1, 𝑁(𝑣1)

slide ℱ1, 𝐴 ∖ {𝑣1}
∪ remove ℱ0, 𝑁(𝑣1)

𝑣1 𝐴

𝑁 𝑣 : 𝑣



• ℱsol 𝐺

• 𝑆 𝑇

• ℱ0 ← 𝑆 , 𝑖 ← 1

• ℱ𝑖 ← swap ℱ𝑖−1, 𝑉 ∩ ℱsol ∖ ℱ𝑖−2

• ℱ𝑖 𝑆 𝑇

• 𝑇 ∈ ℱ𝑖 𝑆 𝑇

𝑖

• 𝑖 ← 𝑖 + 1



Intel(R) Xeon(R) Gold 5215L CPU @ 2.50GHz, memory 1.5TB

𝑉 = 50, 𝐸 = 68

Step  1  time = 0.000093, size =  117

Step  2  time = 0.000383, size =  391

Step  3  time = 0.001711, size =  984

Step  4  time = 0.005881, size = 1981

Step  5  time = 0.016275, size = 3298

Step  6  time = 0.034983, size = 4785

Step  7  time = 0.066430, size = 6150

Step  8  time = 0.124186, size = 7184

Step  9  time = 0.207905, size = 7757

Step 10  time = 0.294560, size = 7735

Step 11  time = 0.345743, size = 7097

Step 12  time = 0.294848, size = 5921

Step 13  time = 0.180891, size = 4461

Step 14  time = 0.074440, size = 2987

Step 15  time = 0.023286, size = 1731

ℱ𝑖



Intel(R) Xeon(R) Gold 5215L CPU @ 2.50GHz, memory 1.5TB

𝑉 = 70, 𝐸 = 85

Step 1  time =   0.000210,  size =     201

Step 2  time =   0.001617,  size =    1292

Step 3  time =   0.013077,  size =    5234

Step 4  time =   0.160867,  size =   16242

Step 5  time =   0.456166,  size =   42007

Step 6  time =   2.421557,  size =   95135

Step 7  time =   9.316833,  size =  192958

Step 8  time =  28.091186,  size =  356404

Step 9  time =  69.303806,  size =  606360

Step 10 time = 184.181911,  size =  958185

Step 11 time = 306.821899,  size = 1413044

Step 12 time = 607.407846,  size = 1949045

Step 13 time = 773.472284,  size = 2517807

…

ℱ𝑖



•



𝐾 |𝑉| |𝐸|

č

Intel(R) Xeon(R) Gold 5215L CPU @ 2.50GHz, memory 1.5TB



•

•



• ℱsol

• 𝑆 𝑇

• ℱ0 ← 𝑆 , 𝑖 ← 1

• ℱ𝑖 ← swap ℱ𝑖−1, 𝑉 ∩ ℱsol ∖ ℱ𝑖−2

• ℱ𝑖 𝑆 𝑇

• 𝑇 ∈ ℱ𝑖 𝑆 𝑇

𝑖

• 𝑖 ← 𝑖 + 1



• 𝑛 𝑘

𝒰≥𝑘 ≔ 𝑋 𝑋 ∈ 2 1,…,𝑛 , 𝑋 ≥ 𝑘}

𝒰≥𝑘 ℱsol

𝑘

add remove
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•

input G a

b

c

s
t

e1

e2
e3

e4

e5

e6

{e1, e5}

{e2, e3, e5}

{e1, e3, e4, e6}

{e2, e4, e6}

e1

e2
e3
e4

e5

e6



•

•

input G a

b

c

s
t

e1

e2
e3

e4

e5

e6

{e1, e5}

{e2, e3, e5}

{e1, e3, e4, e6}

{e2, e4, e6}

e1

e2 e2

e3 e3

e4 e4 e4 e4

e5 e5e5

e6

10

e1

e2
e3
e4

e5

e6
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•

•

e10-arc

e2 e2

1-arc

e3 e3

pruning pruning
e4

a

b

c

s
t

e1

e2
e3

e4

e5

e6

e3 e3

s

e4 e4 e4

s

e5 e5
s s

ex.) s-t paths

(FBS)
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e10-arc

e2 e2

1-arc

e3 e3

pruning pruning
e4

a

b

c

s
t

e1

e2
e3

e4

e5

e6

e3 e3

s

e4 e4 e4

s

e5 e5
s s

frontier
s

isolated

frontier

s

isolated

ex.) s-t paths

(FBS)
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•

•

e10-arc

e2 e2

1-arc

e3 e3

pruning pruning
e4

sharing

a

b

c

s
t

e1

e2
e3

e4

e5

e6

e3 e3

s

e4 e4 e4

s

e5e5 s

ex.) s-t paths

frontier

s

isolated

(FBS)



•

e10-arc

e2 e2

1-arc

e3 e3

e4

a

b

c

s
t

e1

e2
e3

e4

e5

e6

e4 e4 e4

e5 e5

resulting ZDD

e5

e6

10

{e1, e5}

{e2, e3, e5}

{e1, e3, e4, e6}

{e2, e4, e6}

(FBS)



•





ℎ = 2 𝑛



𝑣𝑖,𝑗,𝑐
𝑘 𝑗

𝑖

{𝑣111, 𝑣121,
𝑣212, 𝑣222, 𝑣233,
𝑣314, 𝑣323, 𝑣331,
𝑣414, 𝑣424, 𝑣432,

𝑣513}

𝒳𝑖,𝑗,𝑐 = 𝑣𝑖,𝑗,𝑐 ∪ 𝑋 𝑋 ⊆ 𝑈 ∖ {𝑣𝑖,𝑗,𝑐} }

𝒳𝑖,𝑗,𝑐 = 2𝑈 −𝒳𝑖,𝑗,𝑐

𝒳𝑖,𝑗,𝑐

𝑣𝑖,𝑗,𝑐
𝒳𝑖,𝑗,𝑐

𝑣𝑖,𝑗,𝑐



𝑣𝑖,𝑗,𝑐
𝑘 𝑗

𝑖

{𝑣111, 𝑣121,
𝑣212, 𝑣222, 𝑣233,
𝑣314, 𝑣323, 𝑣331,
𝑣414, 𝑣424, 𝑣432,

𝑣513}

𝒳𝑖,𝑗,𝑐 = 𝑣𝑖,𝑗,𝑐 ∪ 𝑋 𝑋 ⊆ 𝑈 ∖ {𝑣𝑖,𝑗,𝑐} }

𝒳𝑖,𝑗,𝑐 = 2𝑈 −𝒳𝑖,𝑗,𝑐

𝒳𝑖,𝑗,𝑐

𝑣𝑖,𝑗,𝑐
𝒳𝑖,𝑗,𝑐

𝑣𝑖,𝑗,𝑐

𝑣𝑖,𝑗,1, 𝑣𝑖,𝑗,2, …ሩ

𝑖,𝑗

𝑗 (≥ 2) 𝑗 − 1

ራ

𝑐

𝒳𝑖,𝑗,𝑐 ⟹ ራ

𝑐

𝒳𝑖,𝑗−1,𝑐ሩ

𝑗≥2 ,𝑖



𝑣𝑖,𝑗,𝑐
𝑘 𝑗

𝑖

{𝑣111, 𝑣121,
𝑣212, 𝑣222, 𝑣233,
𝑣314, 𝑣323, 𝑣331,
𝑣414, 𝑣424, 𝑣432,

𝑣513}

𝒳𝑖,𝑗,𝑐 = 𝑣𝑖,𝑗,𝑐 ∪ 𝑋 𝑋 ⊆ 𝑈 ∖ {𝑣𝑖,𝑗,𝑐} }

𝒳𝑖,𝑗,𝑐 = 2𝑈 −𝒳𝑖,𝑗,𝑐

𝒳𝑖,𝑗,𝑐

𝑣𝑖,𝑗,𝑐
𝒳𝑖,𝑗,𝑐

𝑣𝑖,𝑗,𝑐

ℎ

ሩ

𝑐

ℎ

𝑣1,1,𝑐 , 𝑣1,2,𝑐 , …
𝑣2,1,𝑐 , 𝑣2,2,𝑐 , …





𝑣𝑖,𝑗,𝑐

ℱ0 ℱ1

𝑣𝑖,𝑗,𝑐

𝑣𝑖,𝑗,𝑐 𝐴

bmove ℱ, 𝐴 = { 𝐹 ∪ 𝑣 ∖ {𝑣′} ∣ 𝐹 ∈ ℱ, 𝑣 ∉ 𝐹, 𝑣 ∈ 𝐴, 𝑣′ ∈ 𝐹}

bmove ℱ0, 𝐴 ∖ {𝑣𝑖,𝑗,𝑐}

∪ add ℱ1, 𝐴 ∖ {𝑣𝑖,𝑗,𝑐}

bmove ℱ1, 𝐴 ∖ {𝑣𝑖,𝑗,𝑐}

∪ remove ℱ0

𝑣𝑖,𝑗,𝑐 < 𝑣𝑖,𝑗−1,𝑐

𝑗 = 1



𝑣𝑖,𝑗,𝑐

ℱ0 ℱ1

𝑣𝑖,𝑗,𝑐

𝑣𝑖,𝑗,𝑐 𝐴

bmove ℱ, 𝐴 = { 𝐹 ∪ 𝑣 ∖ {𝑣′} ∣ 𝐹 ∈ ℱ, 𝑣 ∉ 𝐹, 𝑣 ∈ 𝐴, 𝑣′ ∈ 𝐹}

bmove ℱ0, 𝐴 ∖ {𝑣𝑖,𝑗,𝑐}

∪ add ℱ1, 𝐴 ∖ {𝑣𝑖,𝑗,𝑐}
bmove ℱ1, 𝐴 ∖ {𝑣𝑖,𝑗,𝑐}

∪ onset(remove ℱ0 , 𝑣𝑖,𝑗−1,𝑐)

𝑣𝑖,𝑗,𝑐 < 𝑣𝑖,𝑗−1,𝑐

𝑗 ≥ 2

onset ℱ, 𝑣 = 𝐹 ∈ ℱ 𝑣 ∈ 𝐹}



• ℱsol

• 𝑆

• ℱ0 ← 𝑆 , 𝑖 ← 1

• ℱ𝑖 ← bmove ℱ𝑖−1, 𝑉 ∩ ℱsol

• ℱ𝑖

• ℱ𝑖 ∩ ℱgoal ≠ ∅

𝑆 𝑖

• 𝑖 ← 𝑖 + 1



bmove

• bmove

• ℱgoal

•

•

•



•



•

•

https://israpp.herokuapp.com/


•



•

•

•

•

•

• remove add
swap bmove

•

•

•

•

•


