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Motivation

QNMs in a nutshell

Eigenmodes of a non-self adjoint
operator. Lu = λu

Dissipative systems: Optics,
Seismology, ..., Linearised GR.
BH pert.

(
− ∂2

∂t2
+

∂2

∂x2
− V (x)

)
φ(t, x) = 0,

φω(t, x) = eiωtφ(ω, x),

(
ω2 +

d2

dx2
− V (x)

)
φ(ω, x) = 0,

outbc : x→ ±∞ φ(ω, x) ∼ e∓iωx

Non Self-Adj ω = ωR + iωI , ωI > 0

x→ ±∞ φ(ω, x) ∼ e∓iω
Rxe±ω

Ix
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Motivation
QNM GR: Cauchy slice vs Hyp slice

QN modes are divergent at i0

; “problem at i0” ; (Pen, Fri)

Sol: don’t go to i0! Go to I +

QNMs Instability

Nöllert & Price: evidence of
instability in Schw QNM
spectrum (Cauchy)

Jaramillo, Panosso-Macedo,
Al-Sheikh: Introduction of
pseudospectrum in GR (Hyp)

Main Ingredients

Hyperboloidal slices

Pseudospectrum

Non-normal & Non-self adjoint
operators

Adjoint ←→ Scalar Product

Pseudospectrum ←→ Norm

i0

I

t = 0

τ = 0

t = τ − h(x), r? = g(x)
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← An illustrative exampleThe ABC operator

Let Q defined on x ∈ [x0, x1] be (a 6= 0)

Q = a
d2

dx2
+ b

d

dx
+ c,

Formal Adjoint : Q†

〈φT , Qφ〉 = 〈Q†φT , φ〉

Q is Formally Normal if :

[Q,Q†] = QQ† −Q†Q = 0

L2-inner product

〈φT , φ〉I =

∫ x1

x0

φ̄Tφdx

Q†I = a
d2

dx2
− b d

dx
+ c

Q is not self adjoint respect to I.

Domains

D = {φ ∈ H | φ(x0) = φ(x1) = 0}.
D(Q) = D(Q†) = D.
D(QQ†) 6= D(Q†Q) formally normal.

Sturm-Lioville inner product

Let w = a−1 exp(a−1bx) p = aw and
q = −cw.

Q = w−1

(
d

dx

(
p
d

dx

)
− q
)

〈φT , φ〉w =

∫ x1

x0

φ̄Tφwdx

Q†w = Q. Self adjoint!
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Pseudospectrum & the impact of the choice of norm
ε-pseudospectrum of an operator A

(Resolvent) RA(λ) ≡ (A− λI)−1

(Spectrum) σ(A) ≡ {λ ∈ C : @RA(λ)}
σε(A) ≡ {λ ∈ C : ||RA(λ)|| > 1/ε}
σε(A) ≡ {λ ∈ σ(A+ δA), ||δA|| < ε}

ABC operator example

Φ = −(x− x0)(x− x1)φ, Q→ Q̂

Q̂ = A(x)
d2

dx2
+B(x)

d

dx
+ C(x),
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Pseudospectrum using the L2-inner-product
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QNMs Hyp
Set up

�gΦ = 0

g → dS2 = −f(r)dt2 + f(r)−1dr2 + r2dS2,

Φ =
1

r

∑
l,m

φ`mY`m =⇒ 2η̊φ− V (r, `)φ = 0

η̊ → dS2 = −dt2 + dr2

QNMHyp (Jaramillo, Panosso-Macedo, Al-Sheikh)

Lu = λu, u =

(
φ
ψ

)
, L =

1

i

(
0 1
L1 L2

)
,

L1 = w−1(x)(∂x(p(x)∂x)− q(x))

L2 = w−1(x)(γ(x)∂x + ∂x(γ(x) · ))

E̊(φ) =
1

2

∫ xb

xa

w∂τφ∂τ φ̄+ p∂xφ∂xφ̄+ qφφ̄ dx

Hyperboloidal coords

dr/dr? = f(r)

t = τ − h(x), r? = g(x)

w = g′2−h′2

g′ , γ = h′

g′ , p = 1
g′

i0

I

t = 0

τ = 0
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Physical energy vs effective energy (G. & Jaramillo 21)

Effective Energy E̊(φ)

2η̊φ− V φ = 0. η̊ = 2dim Mink, V = (r, `)

T̊ab=
1

2

(̊
∇aφ̄∇̊bφ−

1

2
η̊abη̊

cd∇̊cφ̄∇̊dφ+V φφ̄+ c.c.

)
E̊(φ) =

1

2

∫ xb

xa

w∂τφ∂τ φ̄+ p∂xφ∂xφ̄+ qφφ̄ dx

Physical Energy E(Φ)

�gΦ = 0 g − 4-dim, Spherically Sym

Tab =
1

2

(
∇aΦ̄∇bΦ−

1

2
gabg

cd∇cΦ̄∇dΦ + c.c.

)

E(Φ) =
1

2

∫ xb

xa

∫
S2
r2

(
w∂τΦ∂τ Φ̄

+ p∂xΦ∂xΦ̄ +
g′f

r2
ΩAB∂AΦ∂BΦ̄

)
dxdΩ.

Relation and Boundary Term

E =
∑
lm

E̊lm−

(
f

2r
φlmφ̄lm

)∣∣∣∣∣
xb

xa

Total energy flux

∂τE = F
∣∣∣xb
xa
,

where

F =
∑
lm

γ∂τφlm∂τ φ̄lm+

p Re(∂τφlm∂xφ̄lm)

− f

2r
∂τ (φlmφ̄lm).
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QNM Weak formulation (G. & Jaramillo 21)
In a nutshell

Lu = λu test function uT =

(
φT
ψT

)
=⇒ 〈uT , Lu〉E = λ〈uT , u〉E .

lower the number of derivatives using integration by parts

Weak Formulation QNMs∫ xb

xa

WL(uT , u) dx+WB(uT , u)

∣∣∣∣xb
xa

= iλ

∫ xb

xa

WR(uT , u) dx,

WL = p(∂xφ̄T∂xψ − ∂xφ∂xψ̄T )

+ q(φ̄Tψ − ψ̄Tφ)− wψL2ψ̄T ,

WR = p∂xφ̄T∂xφ+ wψ̄Tψ + qφ̄Tφ

WB = pψ̄T∂xφ+ 2γψ̄Tψ

Proof of concept: Pöschl-Teller

V (r?) = Vo sech2(r?), r? ∈ (−∞,∞).

w = 1, p = 1− x2, q = Vo, γ = −x, Figure: Pöschl-Teller QNM as a weak problem solved in
FEniCS. N=500. Lagrange finite elements function space ”CG”
(Continuous Garlekin). In blue: exact eigs. In red: Num eigs
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Resonant expansions (Jaramillo & Al-Sheikh, G. & Jar. 21)

Keldysh’s expansion theorem

Lvn = λnvn, L†wn = λnwn

Gλ(x′, x) ∼
∑
λj∈Ω

w†j(x
′)vj(x)

λ− λj

Keldysh + conditioning num + energy norm

κn =
||wn|| ||vn||
〈wn, vn〉

, ŵn =
wn
||wn||

, v̂n =
vn
||vn||

RL(λ) ∼
∑
λn∈Ω

κn
|v̂n〉〈ŵn|
λn − λ

Self adjoint case : κn = 1 & Conv in C \ σ(L)

QNMs resonant expansion in hyp

∂τu = iLu ,
u(τ = 0, x) = u0(x) , ||u0||E <∞

(
L+ is

)
u(s;x) = iu0(x)

(to Fourier ω) s = iω

u(τ, x) =
∑
ωj∈Ω

eiωjτκn〈ŵj |u0〉E v̂j

+ EΩ(τ ;u0)

Bound on error

||EΩ(τ ;u0)||
E
≤ CΩ(a, L)e−aτ ||u0||E .

a = max{Im(ω), ω ∈ Ω}

Original field

φ(τ, x) ∼
∑
n

eiωjτanφ̂Rj

aj =
κj
2

(
〈φ̂Lj , ϕ0〉H1

(V,p)

− iωj〈φ̂Lj , ϕ1〉(2,w)

)
.
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eiωjτκn〈ŵj |u0〉E v̂j

+ EΩ(τ ;u0)

Bound on error

||EΩ(τ ;u0)||
E
≤ CΩ(a, L)e−aτ ||u0||E .

a = max{Im(ω), ω ∈ Ω}

Original field

φ(τ, x) ∼
∑
n

eiωjτanφ̂Rj

aj =
κj
2

(
〈φ̂Lj , ϕ0〉H1

(V,p)

− iωj〈φ̂Lj , ϕ1〉(2,w)

)
.
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Perspectives & future work

`aka

Στ

S∞τSHτ

BMS, GeoQNM, Normal mds (???)

F (τ) =

∫
SH
τ

γ|∂τφ|2dS

+

∫
S∞
τ

γ|∂τφ|2dS

L† = L+L∂ , L∂ =
1

i

(
0 0
0 L∂2

)

L∂2 = −2
(γka)`a
w

(
δSH

τ
− δS∞

τ

)
ξa = γka , Lkγ = 0
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Thanks for listening
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