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Contextual bandits

* (X,A,R) € X x [K] x[0,1]  X: context, A: action
R: reward
® Given x € X, a € [K],

R ~ Prix a(-]x, a)

is the reward “generated”
e Value u(r) of policy 7 : X — A([K]) is

u(m) = /X aez[;qw(a\x)r(x,a)dPx(x)

where
f(x,3) = / y Prix.a(dylx, a)



Contextual batch bandit value estimation

o Observed: S = (X1, A1, Ry),...,(Xp, An, Ry)) i.id.,
(Xi, A, R) € X x [K] x R,i € [n] := {1,...,n}

® Given: randomized behavior and target policies
T, X = A([K]), with

A,' ~ 7Tb(~‘X,'), i € [n]

® Goal: Find f s.t
forall x >0, w.p. 1 —e™%,

U(T{') > f(sa ™, Th, X)

and u(m) — £(S, 7, 7p, x) is “small”



A 2-step approach

e Step #1: Find fy such that u(r) is close to
U:= (S, m,mp)
® Step #2: Find a high probability lower bound
U = (S, m,mp, x)

for U.

Many ways to do this...



Mean estimation strategies in bandits

® Importance sampling estimator
® Double-robust estimator

® Weighted importance sampling estimator



Importance sampling estimator

Define the importance weights

_ 7(AilX)

= (A i€ln].

The (unbiased) importance sampling (sicc!) estimator is

1 n
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Importance sampling estimator

Define the importance weights

_ 7(AilX)

= (A i€ln].

The (unbiased) importance sampling (sicc!) estimator is

1 n
UIS:ngw,-R,-.

Value lower bounds?
® Disagreeing policies: W; could be heavy-tailed
® Hack? WA = 7(Ai|X:)/(mp(AilXi) + A), A >0, A =77



The doubly-robust (DR) estimator
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The doubly-robust (DR) estimator

Choose 7} : X x [K] — [0,1] and let

UDR:%ZW(3|X (Xi,a) + ZW A(Xi, A)).

i,a

¢ Unbiased for any W; € o(Xj, A;) s.t. one of the following
hold:

1 VF: [K] = [0,1]: E[WF(A)X] =32, m(alX)f(a) ass.
2. ]E[ﬁ(X;,A,‘NX,‘,A,‘] = r(X,-,A,-)

® Reduces variance when 7) = r



Weighted importance sampling (WIS)

WIS estimator:

yWIs _ 2iey WiR; ‘
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Weighted importance sampling (WIS)

WIS estimator: )
UWIS Zi:l VV’R’

DY RN

® Biased (though bias vanishes as n — o)

® Empirically much better than IS; “low variance”

Efron-Stein + calculation:
W 2
WIS) k
Var(UV1S) < 4E ;(Zin) ]

® How do we get value lower bounds?



Semi-empirical Efron-Stein bound for WIS
WIS value estimate:

1 n n
WIS _ R. — f
UM =Y WiR, Z=) W
i=1 i=1
Let
- Wi = W\ .
V=S"E|(2k Wk, xn " "
kz_:l < -+ 70 T, X ("variance”)
-1
8 = min (]E [% ‘ xl"] ,1> . (bias)

Theorem ([KVGS21])
W.h.p.,

o (o 0-3) )
|

where Z(K) = Z + (W] — W), and W/, indep. dist. as Wi.



Semi-empirical Efron-Stein bound for WIS

7® = 7 4+ (W) — Wi), and Wj indep. dist. as Wi

® No truncation! No hyperparameters.

e Contexts are fixed.
® Needs knowledge of 7w, — only partly empirical:

V and 3 can be computed exactly. Cost: n¥ :-(
Can approximate using Monte-Carlo simulation! :-)
... and is “pretty good"!



Proof sketch

Let u(m|X{) :== %Zle >, m(alXi)r(X;, a).
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Proof sketch

Let u(m|X{) :== %Zle >, m(alXi)r(X;, a).
Then u(r) — UVIS =

u(m) — u(m|X7) +u(x|X7) —E[UVS | X7?] +E [UYS | X7] — UV

Context concentration Bias (fixed X{) Concentration

1. Context concentration: Hoeffding

2. Bias:
E[UVS | X7] =E ko1 Wier(Xie, Ax) xn
' 22:1 Wi !
1 n
SE l: Xn:| E Wkr(Xk,Ak) X/
Zﬂzl Wi ! ; !
n n n
=E Zn W, X7 | u(m, X{')
k=1

Proof: ~ Harris' inequality.
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Concentration
(Remember) some challenges
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non-trivial: unbiased, but W; are unbounded

® Excludes Hoeffding/Bernstein/McDiarmid
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some h.p. A > 0.

® Ugly! Needs tuning, doesn't always work...
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Proof sketch

u(m) — u(r|X7) +u(r|X?) —E[UYS | X7 +E [UMS | X7] — UV

Concentration of contexts Bias Concentration

Concentration
(Remember) some challenges

® Even for basic importance sampling (Wi Ry + --- + W,R,)/n it's
non-trivial: unbiased, but W; are unbounded

® Excludes Hoeffding/Bernstein/McDiarmid
® We can “truncate’, e.g. W = 7(A;|X;)/(m6(Ai| Xi) + A) for

some h.p. A > 0.
® Ugly! Needs tuning, doesn't always work...

® Variance is important: need bounds with empirical variance.

® Sometimes, estimator is not a sum of indep. elements
(self-normalization).



(New) Efron-Stein tail bound

Theorem ([KS19, KS21])
Assume elements of S = (X1, Xo, ..., X,) are independent, and let

A =f(S)—E[f(S)], V= zn:E [(f(g) ONE \ Xi, ... ,xk} .
k=1

X

Then, forany x >0, y >0, w.p. 1 —e™%,

|A| < \/2(V+y) <x+;|n(1—|— V/y)>



Application to WIS tail bounds

Take f = UWIS, condition on X{'. Algebra gives that V obeys

W/
V<ZE (Wk f))

Choose y = 1/n.

W1k7 Xln




Proof of Efron-Stein tail bound

Step #1: (A,V/V) is a canonical pair

Step #2: Use self-normalized bounds available for canonical pairs



Canonical pairs — [dIPLS08]

We call (A, B) a canonical pair if B > 0 and

)\2
sup E [exp <)\A— 82>] <1.
AER 2



Step #2: Tail bounds for canonical pairs

Let (A, B) be a canonical pair.

Theorem (Thm 2.7 of [dIPLS08])
For all x > 0, w.p. 1 —+/2e™%,

] < 2y/x(B2 + (E[B])?)



Step #2: Tail bounds for canonical pairs

Let (A, B) be a canonical pair.

Theorem (Thm 2.7 of [dIPLS08])
For all x > 0, w.p. 1 —+/2e™%,

] < 2y/x(B2 + (E[B])?)

Theorem ([KS21])
Forallx>0andy >0, wp. 1 —e™,

Al < \/2(B2+y) (X—i—iln <1+iz>>



Proof of 2nd result: Method of mixtures

Proof.
Markov: For x > 0, w.p. 1 — e, X < InE[eX] + x.
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Proof of 2nd result: Method of mixtures

Proof.

Markov: For x > 0, w.p. 1 — e, X < InE[eX] + x.
Let A ~ N(0,52), A L (A, B).

Choose

AA-K g2
X=InE |e 2

A, B]

Apply previous inequality, calculate (on the RHS use Fubini).
Sety =1/02. O

Note: Thm 12.4 of [dIPLS08] is almost the same, the proof here is
shorter and the result is slightly improved.
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Step #1: (A,V/V) is a canonical pair. Part |

Let Ex[] :=E[ | Xqi,..., Xi]. Recall

A= f(S)—E[f(S)], V= ZEk[ ) — F(5K)))?

=:Vj

Proof: We have

where

Dy = E[f(S) - F(5W)]

Indeed, E_1[f(S)] = E([f(S¥))], so
Dy = Ex[f(S)] — Ex—1[f(S)], use telescoping.



Proof of Step #1: Part Il

Assume for now

oo (100 S0 <1 asvelm @



Proof of Step #1: Part Il

Assume for now
)\2
Er 1 [exp ()\Dk — 2Vk>] <1 asVke|n]
Then

en(ra-3)

2 n—1

<1 as

<las

<...<1.

A A2
=E |E,_1 [exp <)\D,, - ﬂ kl_IleXp <)\Dk — Vk>

(1)

Az n—2 )\
<E |[E,_2 [exp ()\Dnl - 2 ):| H exp <)\Dk - Vk>



Proof of Step #1: Part Il
Claim: E;_; T’exp (A= Vi)| <1as



Proof of Step #1: Part Il
Claim: E;_; T’exp (A= FVi)] <1as
Proof: Ay := f(S) — f(S)) = Dy = Ex[Ar], Vi = Ex[Ax].



Proof of Step #1: Part Il
Claim: E;_; T’exp (A= FVi)] <1as
Proof: Ay := f(S) — f(S)) = Dy = Ex[Ar], Vi = Ex[Ax].
Jensen:

A2 A2
Er 1 [exp </\Dk — 2vk>] <Ey 1 BX [exp ()\Ak — 2A'ﬁ>]



Proof of Step #1: Part Il
Claim: E;_; T’exp (A= FVi)] <1as

Proof: Ay := f(S) — f(S)) = Dy = Ex[Ar], Vi = Ex[Ax].
Jensen:

A2 A2
Er 1 [exp </\Dk — 2vk>] <Ey 1 BX [exp ()\Ak — 2A'ﬁ>]
Let S_y = (Xl, ce ,Xk—1,Xk+17 .. ,Xn),

Fu(s) — exp (A(sB0) — (s, seR
2



Proof of Step #1: Part Il
Claim: E;_; T’exp (A= FVi)] <1as

Proof: Ay := f(S) — f(S)) = Dy = Ex[Ar], Vi = Ex[Ax].
Jensen:

A2 A2
Ex_1 [exp </\Dk — 2vk>] <Eu_1B{ [exp ()\Ak — A2>]
Let S_y = (Xl, ce ,Xk—1,Xk+17 .. ,Xn),
)\2
Fir(s) = exp (/\(SAk) — 2(5Ak)2> , selR

By def. of S', Pa,is , = P-a,js , = fore ~Rad, e 1. S, 5,
Pr)Is_« = PRue)Is_«



Proof of Step #1: Part Il
Claim: E;_; T)exp (A= FVi)] <1as
Proof: Ay := f(S) — f(SK) = Dy = Ex[Ax], Vi = Ex[Ak].
Jensen:
A2 A2
Ex_1 [exp </\Dk — 2vk>] <Eu_1B{ [exp ()\Ak — A2>]
Let S_y = (Xl, ce ,Xk—1,Xk+17 .. ,Xn),
2
Fi(s) = exp (/\(SAk) — )\2(5Ak)2> , seR

By def. of S', Pa,is , = P-a,js , = fore ~Rad, e 1. S, 5,
Pr)s_« = Prieis_«  Thus,
E [Fk(1)|S—k] = E[Fk(g)|S=«] (symmetrization)



Proof of Step #1: Part Il
Claim: E;_; T)exp (A= FVi)] <1as
Proof: Ay := f(S) — f(SK) = Dy = Ex[Ax], Vi = Ex[Ak].
Jensen:
A2 A2
Ex_1 [exp </\Dk — 2vk>] <Eu_1B{ [exp ()\Ak — A2>]
Let S_y = (Xl, ce ,Xk—1,Xk+17 .. ,Xn),
2
Fi(s) = exp (/\(SAk) — )\2(5Ak)2> , seR

By def. of S', Pa,is , = P-a,js , = fore ~Rad, e 1. S, 5,
PR@Is-« = Pre)is  Thus,
E [Fk(1)|S—k] = E[Fk(g)|S=«] (symmetrization)
and since xe is x?/2-subgaussian for x € R,
Ex—1 Fi(1) = Ex—1 E [Fk(1)[S—] = Ex—1 E [Fi(e)[S—«]
=Ex1E[Fe(e)]S, S| <1. O



Conclusions

® Nontrivial tail bounds for the weighted importance sampling
(WIS) estimator

® Bias: Harris inequality
® Concentration: Novel concentration < using an Efron-Stein
variance proxy

® PAC-Bayes variants

® Proof: self-normalized inequalities using canonical pairs
¢ Bandit value estimation: Exploit small Var[R]?

[ ]

Other applications?
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Is it any good?
The Best Policy Identification problem

® We have a finite set of target policies 1.

® We do # € arg max,. . V(7).

® We want to maximize u(7)
— we'll use confidence bounds as 7°t.

Best policy

(Xi, Ais Ry)iz1.m

behavior policy: m,

selection
7 € arg maxgen 0%(7)
(scoring

function)

27

Logged dataset Candidate target policies
(contexts, actions chosen, (possibly trained on logged
rewards) data)



Synthetic experiments — setup

Fix K>0,7>0

® mp(a) x er{a=1}

7(a) x erHa=2}

R =T1{A; = k}, Ai ~ (")

® As 7 — 0, mp and ™ become increasingly misaligned



Results
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E-S — Our bound
B-M — Empirical Bernstein's bound with e-truncated weights



Numerical tightness in error probability

o o o
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Similar setup as before, sample size = 104, left to right:
® E-S — our bound.

® Chebyshev's ineq.-based CI for WIS.

® Empirical Bernstein's ineq.-based Cl for DR estimator with
7(Ai| Xi)
WA = ﬂb(g‘ﬁ for some A =1/y/n.
® Empirical Bernstein's ineq.-based Cl for IS with WA.



Nonsynthetic experiments — setup

Target policies are {wideal,we's,wew's} where
1.,T
@y = k| x) x e7*
with two choices of parameters given by the optimization problems:

©s € arg min UIS(T('@) , Owis € arg min UWIS(WO) )

OcRIxK O€eRIxK

® Trained by GD with = 0.01, T = 10°.

e 7 = (0.1 — cold! Almost deterministic.



Table: Average test rewards of the target policy when chosen by each
method of the benchmark.

name Ecoli Vehicle Yeast
Size 336 846 1484
ESLB 0.913 £+ 0.263 | 0.716 £+ 0.389 | 0.912 £+ 0.267
DR 0.656 + 0.410 | 0.610 + 0.443 0.563 + 0.392
IS (trunc+Bern) —00 —00 0.916 + 0.262
Chebyshev-WIS —00 —00 —00
Emp.Lik. 0.511 4+ 0.298 0.455 4+ 0.405 0.312 + 0.325
PageBlok OptDigits Satlmage PenDigits
5473 5620 6435 10992
0.910 £ 0.270 | 0.843 + 0.325 | 0.910 + 0.270 | 0.910 + 0.270
0.888 £ 0.291 | 0.616 + 0.344 | 0.423 + 0.361 | 0.565 + 0.382
0.910 + 0.270 | 0.748 + 0.404 | 0.658 + 0.413 | 0.810 4+ 0.345
—o0 —00 —o0 —00
0.669 + 0.409 | 0.285 4+ 0.359 | 0.634 4+ 0.409 | 0.549 + 0.426




