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Aim

Study the existence of solution for the Mean field equation

u

1
(—A)QU = pm, onl = (—1, 1)
with zero Dirichlet boundary condition
u=0inR\ /.
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Motivation
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Dimension n = 2 (Probability theory and Statistical mechanics)

@ Canonical ensemble — Probability of the system X being in state x

1
P(X = x) = ——e PE()
Z(8)

Z = norm. ctt, § = free parameter, £ =energy at the point
@ Gibbs measure — generaliz. the canonical ensemble to co systems
@ N-vortex system in a bounded domain A — the 1 particle distrib. fcn

converges to a superposition of solutions to

e B¢

—Ap=——— =0
® f/\ e B’ 90’8/\

as N — oo.
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Dimension n = 2

Local analogue
ZPWinQ, u=00n0Q, QcR? (2D)

p > 0, Q = smoothly bounded.

Azahara DelaTorre Non-Local 1d Mean-Field 08/05/19, Banff 5/30



Dimension n = 2

Local analogue

fQ eldx

p > 0, Q = smoothly bounded.

—Au=p inQ, u=00ndQ, QeR?

e Caglioti, Lions, Marchioro & Pulvirenti '92: Variational methods
@ Kiessling '93: Probabilistic methods

= 3 solution to (2D) Vp € (0, 8~).
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Dimension n = 2

Local analogue

= pm in Q, u=20on 89, Q (& R2 (2D)

p > 0, Q = smoothly bounded.

e Caglioti, Lions, Marchioro & Pulvirenti '92: Variational methods
@ Kiessling '93: Probabilistic methods

= 3 solution to (2D) Vp € (0, 8~).

Pohozaev identity = 87 is sharp (Q star-shaped = A Vp > 87)
(Not star-shaped: Ding-Jost-Li-Wang, Struwe-Tarantello, Malchiodi)
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Dimension n = 2

Local analogue

u

CAU=
4 pre“dx

inQ, u=00n0Q, Qck? (2D)

Q = smoothly bounded.
= 3 solution of (2D) Vp € (0, 87).

Imp tool: Studying blowing-up behaviour of (u) sol. to (2D) p = pk.

(Brezis-Merle or Li-Shafrir-Liouville eq.)
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Different dimension??
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Generalizations of the problem

e n=4 = Wei '96, Robert-Wei '08
@ n=2m, m>1 = Martinazzi-Petrache'10
< n even
* Weston (Blowing up, 1-point), Esposito-Grossi-Pistoia (Multi-peak),
Ding-Jost-Li-Wang (not simply connected)
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E3
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@ n odd = Non-local problem :O
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Generalizations of the problem

* L o o

n =4 = Wei '96, Robert-Wei '08
n=2m, m>1 = Martinazzi-Petrache'10
n even

Weston (Blowing up, 1-point), Esposito-Grossi-Pistoia (Multi-peak),
Ding-Jost-Li-Wang (not simply connected)

n odd = Non-local problem :O

Non-Local Liouville (Prescribed curvature, odd dimension)
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Main work—Non local 1d
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Aim

Study the existence of solution for the Mean field equation with zero
Dirichlet boundary condition

1 el
—A)2u=p——, onl=(-1,1
(-4) [ evdx (-1,1) (14-MF)

u=0, in R\ /.
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Preliminaries
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Fractional Laplacian

S = the Schwartz space of rapidly decreasing smooth functions
ouEL%(R):><( )2u, o) : = Jp u( 2pdx, €S

where L%(JR) = {u €Ll (R): [‘[ 1+\X\Ld < x}

°
1
—A)2 -1
YES:{( L
[(=8)2¢(x )| < C(1+[x?)
where $(€) = Fop(€) = V% Jr € p(x) dx.
o ue CO%(l) = (=A)zu(x) == LP.V. Jo =Py, xel.
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Fractional Laplacian

S = the Schwartz space of rapidly decreasing smooth functions
ouEL%(R):><( )2u, o) : = Jp u( 2pdx, €S

where L%(JR) = {u €Ll (R): [‘[ 1+\X\Ld < x}

°
_A)io -1
YES:{( D)t o= 7 1)
[(=8)2¢(x )| < C(1+[x?)
where $(€) = Fop(€) = V% Jr € p(x) dx.
o ue CO%(l) = (=A)zu(x) == LP.V. fRf)dy, x €l
— = C%2(R) N C>=(/)
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Green's representation

log(v/(1—|x)(X—[yP)+1—xy) —loglx—y| | x,yel

=H(x,y)
0 x,€l,y € R\ [

(G)

3 |

GX()/) =

“(—=A)iG, =6, forxel.
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Green's representation

L[ log(+/ (1= xP)L = |yP) +1—xy) —loglx—y/| xyel
&)= H(x.)
=H(x,y
0 x,€l,y € R\ [
(G)
“(—=A)iG, =6, forxel.
ue sol (1d-MF)< u(x) = p [, G, feu” dy.
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More important facts

——, onl=(-1,1)
J; evdx (1d-MF)

u=0, in R\ /.
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More important facts

1 e
(—A)“’:PW: on/=(-1,1)
u=0, in R\ /.

o uc ( 1) sol (1d-MF) < u(x —pf,G(yfeu(E)dgdy

ouc ®) sol (1d-MF) = u > 0in /
(Proof. Green s representation)

o uc C ( ') sol (1d-MF) = u is even & decreasing
(u(x) = u(=x) & u(x) = uly), 0 < x < y.)

(Proof: Non-local moving plane)
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Pohozaev-type inequality

i€ . 0(x) = [, Gu(y)e™™dy + ¢, ceR

= pi= /eﬁ(y) dy < 2m, (Poho)
!
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Pohozaev-type inequality

ie , f, ”(y)dy—i-c ceR

= pi= /eﬁm dy < 2m, (Poho)
!

Proof:
o Definition of G.(y)
o i€ CHI)= i'(x)
o = [,x-0(x)e?™dx =261 — [ eldx =260,
@ i =i,  with ¢ cut-off
o Splitting: h =hbh+ K+ I, — — 5~

12

=2 ) (> —p) — —é— & p<27
T
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Imp tool??

n = 2 = Blow-up analysis of sequence of solutions
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Main results
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Blow-up analysis

Theorem 1 (DIT-Hyder-Sire-Martinazzi '19)

1
{ue} C CS;Z(R) solutions to (1d-MF), p = px > 0. = (up to subseq.)

1 ellk
(=A)2u, = pp——, on I =(—1,1)
{ Jyetdx (1d-MF)

UkEO, in]R\I.
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Blow-up analysis

Theorem 1 (DIT-Hyder-Sire-Martinazzi '19)

1
{uc} C C\S;z(TKQ) solutions to (1d-MF), p = px > 0. = (up to subseq.)

1 &
{(—A)Z ug = pkm, on /= (-1,1)

ukEO7 in]R\I.

(1d-MF)

either ||u 1 <C,VWeN
° lollcod myncren
@ or limy_,uk(0) = 0
V.
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Blow-up analysis

Theorem 1 (DIT-Hyder-Sire-Martinazzi '19)

1
{uc} C Ciz(ﬂ{%) solutions to (1d-MF), p = px > 0. = (up to subseq.)

1 elk
(=A)2up = ppr——, on | =(—1,1)
{ Jyetdx (1d-MF)

ukEO, in]R\l.

© either |luy|| <C,WeN

o2 (R)NCLoc(l)
@ or limy_,ouk(0) = 00 & as k — o

pr T 2w
() = 2mGoly) in CLI(R\(0}), VO < 0 <

loc

Azahara DelaTorre Non-Local 1d Mean-Field 08/05/19, Banff 18 /30



3 sol of (1d-MF)??
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Existence-Non existence result

Theorem 2 (DIT-Hyder-Sire-Martinazzi '19)

3 non-trivial non-negative u = u, sol to (1d-MF) < p < (0.27).
Moreover,

up(0) = 00 as p T 2m.
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Existence-Non existence result

Theorem 2 (DIT-Hyder-Sire-Martinazzi '19)

3 non-trivial non-negative u = u, sol to (1d-MF) < p < (0.27).
Moreover,

up(0) = 00 as p T 2m.

Remark: wu,(0) = oo asp 1 27. = 2in Theorem 1 occurs
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Existence-Non existence result

Theorem 2 (DIT-Hyder-Sire-Martinazzi '19)

3 non-trivial non-negative u = u, sol to (1d-MF) < p < (0,27).
Moreover,

up(0) = 00 as p T 2m.

Proof:
e p > 2n. = A (Pohozaev (Poho))
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Existence-Non existence result

Theorem 2 (DIT-Hyder-Sire-Martinazzi '19)

3 non-trivial non-negative u = u, sol to (1d-MF) < p < (0.27).
Moreover,

up(0) = 00 as p T 2m.

Proof:
e p > 2. = A (Pohozaev (Poho))
@ p < 27. = 3 (Schauder Fix-point theorem)
X Banach space, T : X — X compact mapping

C |lullx<C, VweX ) ]
= T has a fix point.

tel0,1]: u=tTu
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Existence-Non existence result

Theorem 2 (DIT-Hyder-Sire-Martinazzi '19)

3 non-trivial non-negative u = u, sol to (1d-MF) < p < (0,27).
Moreover,

up(0) = 00 as p T 2m.

Proof:

e p > 2r. = A (Pohozaev (Poho))
e p<2r. = 3
» X = CO([-1,1]), ||U||x1 max(_ 11]| u(x )|,)
= T,: X =X, T,(u)(x):=p/ G Wdy
=V p>0T,is compact.
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Existence-Non existence result

Theorem 2 (DIT-Hyder-Sire-Martinazzi '19)

3 non-trivial non-negative u = u, sol to (1d-MF) < p < (0,27).
Moreover,

u,(0) > o0 aspt2m.

Proof:

e p > 2r. = A (Pohozaev (Poho))
@ p< 2. = 3

» X = CO([-1,1]), — = /)f, Wdy compact.
» Fix p, take t, € (0, 1], ue € X ue =t T (k)
= uy sol (1d-MF) with p ~ pty < 27
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» Fix p, take t, € (0, 1], ue € X ue =t T (k)

= uy sol (1d-MF) with p ~ pty < 27

—Thl=3C>0 |lullx <C
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3 non-trivial non-negative u = u, sol to (1d-MF) < p < (0.27).
Moreover,

up(0) = 00 as p T 2m.

Proof:
e p > 2n. = A (Pohozaev (Poho))
e p<2r. = 4
» = CO[-1,1]), — T, (u)(x):= p [, G
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Theorem 2 (DIT-Hyder-Sire-Martinazzi '19)

3 non-trivial non-negative u = u, sol to (1d-MF) < p < (0.27).
Moreover,

up(0) = 00 as p T 2m.

Proof:
e p > 2n. = A (Pohozaev (Poho))
e p<2r. = 4
> X = CO([—l,l]), — T,(u)(x) = /)f,
> € (0. 1], up € Xo u =t T ,(ug) ||uk||x <C
» Schauder Fix-point theorem

* V/ pe(0,27) 3 u, fixed point T, ,
* (G) = u, is sol to (1d-MF)

f o 5)d£ dy compact.
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Moreover,

u,(0) =+ 00 asp 1 2m.

Proof:

e p > 2r. = A (Pohozaev (Poho))

@ p < 27. = 3 (Schauder Fix-point theorem)
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Existence-Non existence result

Theorem 2 (DIT-Hyder-Sire-Martinazzi '19)

3 non-trivial non-negative u = u, sol to (1d-MF) < p < (0.27).
Moreover,

u,(0) =+ 00 asp 1 2m.

Proof:
e p > 2m. = A (Pohozaev (Poho))
@ p < 27. = 3 (Schauder Fix-point theorem)
@ Moreover
— pe(0,21) = u, € X = fixed point of T,
— p =21 = T2, Not fixed point
= (Poho) + u,(0) = max; u, = u,(0) = oo asp T 2m.

Azahara DelaTorre Non-Local 1d Mean-Field 08/05/19, Banff

25 /30



Blow-up analysis

Theorem 1 (DIT-Hyder-Sire-Martinazzi '19)

1
{uc} C Ciz(ﬂ{%) solutions to (1d-MF), p = px > 0. = (up to subseq.)

1 elk
(=A)2up = ppr——, on | =(—1,1)
{ Jyetdx (1d-MF)

ukEO, in]R\l.

© either |lug|| <C,WeN

o2 (R)NCl ()
@ or limy_,ouk(0) =00 & as k — o

pr T 2w
() = 2mGofy) in CLI(R\(0}), VO < 0 <

loc
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Main ideas proof Blow-up analysis

ldea — 0y 1= up — ) = log (f’ekw(), pr = |, ellk dx

u )

/G uvdy_k

(6) =
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Main ideas proof Blow-up analysis

ldea — 0y 1= up — ) = log (f’ekdx>, pr = |, ellk dx
—pk/G T /G(y Wdy,
eu&)d
(©) = e
/G u (v) dy— P
e ,(0) < C = |lux < C & ug <C
=1inThlV
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Main ideas proof Blow-up analysis

ldea — 0y 1= up — ) = log (f’ekdx>, pr = |, ellk dx
—pk/G T /G(y Wdy,
eu&)d
(©) = e
/G u (v) dy— .
e ,(0) < C = |lux < C & ug <C
=1inThlV

® 0,(0) w00 =2inTh177
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Main ideas proof Blow-up analysis

N elkdx i
O = uy — g, Qe Iog(f’>, pr = [, e dx

o Assuming 01,(0) — 0o & rj :=2e~ %) 0,
i) reug(0) — 0.
i) ne(x) = de(rex) + log(re) — no(x) :Iog1+27 in G2(R).
(/ no(—A)zpdx = Jp €™pdx  for every ¢ € S(R))
i) 1m0 im0 [ €% dx = 2.
iv) ax — oo (=<« with p < 27) .
V) 8 = 00 in CO(T\{O}) (34(2) + ak < C()) = u(e) — —o0).

¥ up — 216Gy in CX7(T\ {0}). Vo € (0,3)
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Thanks for your attention!! :)
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Save tomorrow evening! Hiking at 16:15
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