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A CRITICAL PROBLEM IN DIMENSION TWO

Let Q C R? be a bounded smooth domain. We want to discuss the
existence of non-trivial weak solutions of the problem

—Au="f(u) inQ,
u=20 on 012,

where is f a non-linearity with critical growth i.e. f(u) ~ Auet” for some
A>0.
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A CRITICAL PROBLEM IN DIMENSION TWO

Let Q C R? be a bounded smooth domain. We want to discuss the
existence of non-trivial weak solutions of the problem

—Au="f(u) inQ,
u=20 on 012,

where is f a non-linearity with critical growth i.e. f(u) ~ Auet” for some
A>0.
Theorem (Pohozaev '65, Trudinger '67, Moser '71)

> ue H(Q) = e ell(Q).

» Uniform integrability on spheres in H}():

sup / e’dx < +oo == A < 4.
ueHN(Q), | VulZ=A /Q
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MT CRITICAL EQUATION AND ITS PERTURBATIONS

Carleson-Chang 86, Struwe '88 Flucher 92: The supremum in the MT-
inequality is attained for any A < 47,

Extremal functions for the MT inequality solve MT critical equation
— Au = Aue” (MT)

Equation (MT) has been studied by several authors (Adimurthi, Carleson,
Chang, Del Pino, Druet, Li, Malchiodi, Martinazzi, Musso, Ruf, Thizy,
Yadava ...)
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Carleson-Chang 86, Struwe '88 Flucher 92: The supremum in the MT-
inequality is attained for any A < 47,

Extremal functions for the MT inequality solve MT critical equation
— Au = Aue” (MT)

Equation (MT) has been studied by several authors (Adimurthi, Carleson,
Chang, Del Pino, Druet, Li, Malchiodi, Martinazzi, Musso, Ruf, Thizy,
Yadava ...)

Question: What happens if Aue'” is replaced by a similar function?
General notions of functions with critical growth were introduced e.g. by
Atkinson-Peletier '87, Adimurthi '90, Adimurthi-Druet '01, Druet '06...
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MT CRITICAL EQUATION AND ITS PERTURBATIONS

Carleson-Chang 86, Struwe '88 Flucher 92: The supremum in the MT-
inequality is attained for any A < 47,

Extremal functions for the MT inequality solve MT critical equation
— Au = Aue” (MT)

Equation (MT) has been studied by several authors (Adimurthi, Carleson,
Chang, Del Pino, Druet, Li, Malchiodi, Martinazzi, Musso, Ruf, Thizy,
Yadava ...)

Question: What happens if Aue'” is replaced by a similar function?
General notions of functions with critical growth were introduced e.g. by
Atkinson-Peletier '87, Adimurthi '90, Adimurthi-Druet '01, Druet '06...

Model nonlinearities:
f(u) = Aue” =" X > 0,2>0,pe[0,2).
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THE MODEL PROBLEM
We will discuss the existence of solutions for the problem

(Pk,p)

“Au = et inQ
u=20 on 0f2

with A > 0, p € (0,2).
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THE MODEL PROBLEM

We will discuss the existence of solutions for the problem

—Au = ue P inQ
{ u=0 on 99 (Prr)

with A > 0, p € (0,2).

Plan of the talk:
@ An overview of the main existence results for (P p)
@ Existence of bubbling sign-changing solutions on generic (2, when
Ais small and p € (1,2), p ~ 1.

[§ Grossi, M., Naimen, Pistoia, Bubbling nodal solutions for a large

perturbation of the Moser-Trudinger equation on planar domains,
preprint 2019.
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POSITIVE SOLUTIONS

Adimurthi '90: (P) p) admits a positive solution for any p € (0,2) if
0 < A < A1, where A\; = A\1(Q) is the first eigenvalue of —A on Q.
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POSITIVE SOLUTIONS

Adimurthi '90: (P) p) admits a positive solution for any p € (0,2) if
0 < A < A1, where A\; = A\1(Q) is the first eigenvalue of —A on Q.

Idea: Consider the energy functional

1 t
)= /Q Vuldx - /Q Fluyd,  F(t) = A /O 55+ ds.

and let V' be the corresponding Nehari manifold

N = {u € HY}(Q) : ||ul® = )\/ uPet P dx}.
Q
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0 < A < A1, where A\; = A\1(Q) is the first eigenvalue of —A on Q.

Idea: Consider the energy functional

1 t
)= /Q Vuldx - /Q Fluyd,  F(t) = A /O 55+ ds.

and let V' be the corresponding Nehari manifold

N = {u € HY}(Q) : ||ul® = )\/ uPet P dx}.
Q

> J satisfies the Palais-Smale condition in the energy range (—oo, 27).
> If A\ < Aq, then 0 < infy J < 271,
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POSITIVE SOLUTIONS

Adimurthi '90: (P) p) admits a positive solution for any p € (0,2) if
0 < A < A1, where A\; = A\1(Q) is the first eigenvalue of —A on Q.

Idea: Consider the energy functional

1 t
)= /Q Vuldx - /Q Fluyd,  F(t) = A /O 55+ ds.

and let V' be the corresponding Nehari manifold

N = {u € HY}(Q) : ||ul® = )\/ uPet P dx}.
Q

> J satisfies the Palais-Smale condition in the energy range (—oo, 27).
> If A\ < Aq, then 0 < infy J < 271,

Remarks:

> )\ < )1 is necessary for the existence of a positive solution.
» The solution blows-up as A — 0 (Adimurthi-Druet '01).
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EXISTENCE OF SIGN-CHANGING SOLUTIONS

Adimurthi-Yadava '90: Assume 2 = B(0,1). If 0 < A < A; and p > 1,

then for any k € N, (P, ) admits a non-trivial radial weak solution with k
nodal regions.
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EXISTENCE OF SIGN-CHANGING SOLUTIONS
Adimurthi-Yadava '90: Assume 2 = B(0,1). If 0 < A < Ay and p > 1,

then for any k € N, (P, ) admits a non-trivial radial weak solution with k
nodal regions.

Idea: Minimize J on Ny, where
Ni={ue Hé,, c3A0=n<n<..<rn=1st.uel(rn...,n)}

r(ro, ce rk) = {u : (_1)iu|(r,-,r,-+1) >0, UX(riris1) € N,O <i<k- ].}.

NA-N
\/

ro=0
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SHARPNESS OF THE GROWTH CONDITION

Adimurthi-Yadava '92: If p < 1, then there exists Aay = Aay(p) > 0 such

that (P, ) has no radial sign-changing solution when Q = B(0,1) and
0< A< Aay.
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SHARPNESS OF THE GROWTH CONDITION

Adimurthi-Yadava '92: If p < 1, then there exists Aay = Aay(p) > 0 such
that (P, ) has no radial sign-changing solution when Q = B(0,1) and

0< A< Aay.
Remarks:
> The case p = 1 defines a borderline case between existence and

non-existence of radial nodal solutions on B(0,1) for small A.

» If Q = B(0,1), one can find non-radial solutions for any A > 0,
p € (0,2). But when € is non-symmetric, it is not known whether
(P»p) has sign-changing solutions when 0 < A < A\; and 0 < p < 1.
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SHARPNESS OF THE GROWTH CONDITION

Adimurthi-Yadava '92: If p < 1, then there exists Aay = Aay(p) > 0 such
that (P, ) has no radial sign-changing solution when Q = B(0,1) and
0< A< Aay.

Remarks:
> The case p = 1 defines a borderline case between existence and

non-existence of radial nodal solutions on B(0,1) for small A.

» If Q = B(0,1), one can find non-radial solutions for any A > 0,
p € (0,2). But when € is non-symmetric, it is not known whether
(P»p) has sign-changing solutions when 0 < A < A\; and 0 < p < 1.

Question: For 0 < A < min{Aay(1), A1}, what is the behavior of solutions
as p— 177
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ASYMPTOTIC OF RADIAL SOLUTIONS

Assume Q) = B(0, 1) and consider (P ) with p =1+ ¢ and a small fixed
A For ke N, e >0, let u. € N, best. J(u:)=miny, _ J.
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ASYMPTOTIC OF RADIAL SOLUTIONS

Assume Q) = B(0, 1) and consider (P ) with p =1+ ¢ and a small fixed
A For ke N, e >0, let u. € N, best. J(u:)=miny, _ J.
Grossi-Naimen '18:  As € — 0 we have:

> let0O<r.<...<rr1.<r..—1bethe zeroes of u., then
rie—0forl<ji<k-—1.

> u. — (1) tug in C2(B(0,1)\ {0}), where wj is the unique
positive radial solution to (P 1).

> Fori=1,...,k let A;. be the i-th nodal region of u. and let M; . be
a maximum point of |u:| on A;.. Then, 3 §;. >0, s.t.

2
2u.(Mi ) (us(Mi g + 6icr) — us(Mi.)) = —2log <1 + r8>
in CL ([0, 00)).
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A For ke N, e >0, let u. € N, best. J(u:)=miny, _ J.
Grossi-Naimen '18:  As € — 0 we have:

> let0O<r.<...<rr1.<r..—1bethe zeroes of u., then
rie—0forl<ji<k-—1.

> u. — (1) tug in C2(B(0,1)\ {0}), where wj is the unique
positive radial solution to (P 1).

> Fori=1,...,k let A;. be the i-th nodal region of u. and let M; . be
a maximum point of |u:| on A;.. Then, 3 §;. >0, s.t.

2
2u.(Mi ) (us(Mi g + 6icr) — us(Mi.)) = —2log <1 + r8>
in CL ([0, 00)).

Question: If € is not a ball, are there solutions with a similar behavior as
p— 177
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ASYMPTOTIC OF RADIAL SOLUTIONS

Assume Q) = B(0, 1) and consider (P ) with p =1+ ¢ and a small fixed
A For ke N, e >0, let u. € N, best. J(u:)=miny, _ J.
Grossi-Naimen '18:  As € — 0 we have:

> let0O<r.<...<rr1.<r..—1bethe zeroes of u., then
rie—0forl<ji<k-—1.

> u. — (1) tug in C2(B(0,1)\ {0}), where wj is the unique
positive radial solution to (P 1).

> Fori=1,...,k let A;. be the i-th nodal region of u. and let M; . be
a maximum point of |u:| on A;.. Then, 3 §;. >0, s.t.

2
2u.(Mi ) (us(Mi g + 6icr) — us(Mi.)) = —2log <1 + r8>
in CL ([0, 00)).

Question: If € is not a ball, are there solutions with a similar behavior as
p— 17?7 YES, k = 2.
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OUR MAIN RESULT

Let Q C R? be an arbitrary domain and fix 0 < A < )\;. Consider

—Au = ue” T = £(u) inQ
u=20 on 0N.
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OUR MAIN RESULT

Let Q C R? be an arbitrary domain and fix 0 < A < )\;. Consider

—Au = ue” T = £(u) inQ
u=20 on 0N.

Theorem
Let ug be a positive solution to (Py). Assume that

A1) ug is non-degenerate i.e. —Ap = f!(ug)p has no non-zero weak
( g ¢ = fouo)y

solution ¢ € H}(R).
(A2) ug has a stable critical point &y such that up(£) > 1.

Then we can find g € (0,1), s.t. for any € € (0,1) problem (P:) has a
solution u. with 2 nodal regions. Moreover, as ¢ — 0, u. satisfies

> u. blows-up at &y i.e. supg, (g)Us = to0 VO <r< d(&o, 09).
> ue — —u in Cio (2 {&}).
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Idea of the proof: notation and preliminaries

Strategy: Lyapunov-Schmidt reduction methods.
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Idea of the proof: notation and preliminaries

Strategy: Lyapunov-Schmidt reduction methods.

» Solutions of the Liouville equation in R?:

—AU=¢Y
eV ¢ [1(R?)

807
(07 4+ [x = &?)?

— U:Iog< ),(5>0,£6R2.
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Idea of the proof: notation and preliminaries

Strategy: Lyapunov-Schmidt reduction methods.

» Solutions of the Liouville equation in R?:

_AU: eU 8(52 - 2
{ eUeLl(Rz) = U_|Og<((>2+|x 5‘2)2>,()>0,£€R.

» Notation for Liouville bubbles:

807117
U, =1 -
b =08 (22 ey
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Idea of the proof: notation and preliminaries

Strategy: Lyapunov-Schmidt reduction methods.

» Solutions of the Liouville equation in R?:

_AU: eU 8(52 - 2
{ eUeLl(Rz) = U_|Og<((>2+|x 5‘2)2>,()>0,£€R.

» Notation for Liouville bubbles:

807117
U, =1 -
b =08 (22 ey

> Projected bubbles: let (—A)™!: L9 — H} be the inverse of —A, then

PUs e = (—A) Te%ume, 6> 0,0 >0, €Q.
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Idea of the proof: notation and preliminaries

Strategy: Lyapunov-Schmidt reduction methods.

» Solutions of the Liouville equation in R?:

_AU: eU 8(52 - 2
{ eUeLl(Rz) — U_|Og<((>2+|x 5‘2)2>,(>>0,£€R.

» Notation for Liouville bubbles:

807117
U, =1 -
b =08 (22 ey

> Projected bubbles: let (—A)™!: L9 — H} be the inverse of —A, then

PUs,e = (—A)teYoumwe 50,1 > 0,6 € Q.

Remark: Del Pino, Musso, Ruf constructed bubbling positive solutions to
—Au = )\ue”2, when X is small. In the 1-bubble case they take aPUs , ¢
as approximate solution for suitable «, 9§, u, &.
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THE APPROXIMATE SOLUTION

First idea: Use w = waq,s,u,e := @PUs ¢« — ug as an approximate solution.

Question: How small is the error term

R :=Aw + f:(w)

2 1+
=dwe? T _ qelime — qAug?
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THE APPROXIMATE SOLUTION

First idea: Use w = wq, 5, := @PUs ¢ — up as an approximate solution.

Question: How small is the error term

R :=Aw + f.(w)

2 1+e
—dwe T qelsne — qAuy?

Choice of o and &: Forany 0 <e < 1, >0, £ € Q, with u(&) > 1,
there exist («,d) € RT x Rt s. t.

R = 0(a?eY%ne) in B(&, rd),r > 0.

Moreover

Gabriele Mancini Sapienza, Dipartimento S.B.A.l. May 7, 2019 11/16



THE APPROXIMATE SOLUTION

First idea: Use w = wq, 5, := @PUs ¢ — up as an approximate solution.
Question: How small is the error term
R :=Aw + f-(w)
—we Hel™ _ peUsue _ aluy?

Choice of o and &: Forany 0 <e < 1, >0, £ € Q, with u(&) > 1,
there exist («,d) € RT x Rt s. t.

R = 0(a?eY%ne) in B(&, rd),r > 0.

Moreover 1 o
o log(2ug(&))+o(1) _ 140(1
o= Ee e and d=¢e 82 .

Remark: Assumption (A2) is crucial in the choice of o and 6.
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A REFINED APPROXIMATE SOLUTION

Problem: For any o > 0 we have R = O(¢) in Q\ B(&, 0).
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A REFINED APPROXIMATE SOLUTION

Problem: For any o > 0 we have R = O(¢) in Q\ B(&, 0).

A refined ansatz:
(Al) = for £ € (0,¢9), there exists v. € H}(Q) s.t.

—Av, = \e el in Q
ve >0 in Q
ve =0 on 00

ve = up in CHQ) ase —0.

We define
w:=aPUs, ¢ — ve.
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A REFINED APPROXIMATE SOLUTION

Problem: For any o > 0 we have R = O(¢) in Q\ B(&, 0).
A refined ansatz:

(Al) = for £ € (0,¢9), there exists v. € H}(Q) s.t.

—Av, = \e el in Q
ve >0 in Q
ve =0 on 00

ve = up in CHQ) ase —0.
We define
w:=aPUs, ¢ — ve.

As before, for any i, £ and any small £ we can choose « and § that

R = O(a®e%w¢) in B(&,rd),r >0
R = 0O(«)in Q\ B(&,0),0 > 0.
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THE FINAL ANSATZ

We take
w=aPUs,¢—ve —aw. ¢ — azz&g
where
Awg ¢ + f(ve)we ¢ = 8f/(ve)Ge in Q
Az ¢+ fl(ve)z.e = %f”(—vs)(87TG§ — ngg)2 in Q
We = Zo = 0 on 89

With this choice we have

R = O(a®eY%€) in B(£,rd),r >0
R =0(c*)in Q\ B(&,0),0 >0
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THE FINAL ANSATZ

We take
w=aPUs, ¢ — —(\W~£_(,YZZE§
where
Aw, ¢ + f/(ve)we e = 87f!(v.) G in Q
Az g+ f(ve)zee = 2" (—ve)(87Ge — weg)?  in Q
we =z =0 on 99

With this choice we have
R = O(a®eY%€) in B(£,rd),r >0
R =0(c*)in Q\ B(&,0),0 >0
We can define a suitable norm || - ||« such that we have the global estimate
IRl = O(a?).
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THE LINEAR THEORY
For ¢ € H3(Q) the function u = w + ¢ solves (P;) iff

—Ap — £(w)e = R+ N(p).
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THE LINEAR THEORY
For ¢ € H3(Q) the function u = w + ¢ solves (P;) iff
p— (L) (w)e = (~A) R+ N(p)).
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THE LINEAR THEORY

For ¢ € H3(Q) the function u = w + ¢ solves (P;) iff

p = (—0) T (w)p = (=8) R+ N(p)).
=L
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THE LINEAR THEORY

For ¢ € H3(Q) the function u = w + ¢ solves (P;) iff

p = (—0) T (w)p = (=8) R+ N(p)).
=L

> L~ Lowhere Lop = (~A) teYrinin B, 6r).
» L~ L1 where L1 := ¢ — (=A) "1 (f(uo)p) in Q\ B(§,0),0 > 0.
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THE LINEAR THEORY

For ¢ € H3(Q) the function u = w + ¢ solves (P;) iff

p = (—0) T (w)p = (=8) R+ N(p)).
=L

» L~ Lowhere Lop = (~A) teYrcpin B(E,or).
» L~ L1 where L1 := ¢ — (=A) "1 (f(uo)p) in Q\ B(§,0),0 > 0.

Remark:
» L, is invertible because of (Al).
> /o has a 3-d approximate kernel:

Lop=0
{ (p E LOO(R2) ﬁ SO 6 Span{20767/1/7€’ 21767/'1/75’ 22767/'1/7&}
p® — |x = £ 20p(x; — &i)
205 = ) Z'(S, £ = ’ I:152
€T 527 — €2 RO T 522 [ — €2
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THE FINAL ARGUMENT

Forany 0 <e <1, >0 and £ close to &, 3 = ¢, ¢ € Hj(), and
ki = Ki(g, 1), 1 =0,1,2, s.t. [|¢f[e() = O(a3) and 1 = w + ¢ solves

—Au=f(u +ZK,€e 56 Z; 5
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N
THE FINAL ARGUMENT

Forany 0 <e <1, >0 and £ close to &, 3 = ¢, ¢ € Hj(), and
ki = Ki(g, 1), 1 =0,1,2, s.t. [|¢f[e() = O(a3) and 1 = w + ¢ solves

—Au=f(u +Zﬁ,ge 58 Z; 5 06
i=0

© Fori=0,1,2, xj. depends continuously on u and &.
@ We have the expansions

Ko, §) = 6ma® (2 — log(8~?)) + o(a®)

k(€)= —r00(a?) + 2 6§°(>+o(6), i—1.2,
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N
THE FINAL ARGUMENT

Forany 0 <e <1, >0 and £ close to &, 3 = ¢, ¢ € Hj(), and
ki = Ki(g, 1), 1 =0,1,2, s.t. [|¢f[e() = O(a3) and 1 = w + ¢ solves

—Au=f(u +Zﬁ,ge 58 Z; 5 06
i=0

© Fori=0,1,2, xj. depends continuously on u and &.
@ We have the expansions

Ko, §) = 6ma® (2 — log(8~?)) + o(a®)

k(€)= —r00(a?) + 2 6§°(>+o(6), i—1.2,

Conclusion:
Since (v/8e™1, &) is a stable zero of Vo(y1,&) == (2 — log(81:72), Vi), for
any small ¢ we can find p = p(§), £ =€(e), st. ki =0,i=0,1,2.
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THANK YOU
FOR YOUR ATTENTION!
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