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Log-determinants on 2—manifolds

(M?, g) closed Riemannian 2—manifold, A = A, Laplace-Beltrami
operator, 0 = \g < A1 < Ay < ... eigenvalues of —A

log det(— Zlog)\ = —¢'(0), C(S):ZAJTS (Re s >1)

Polyakov formula: K = K Gaussian curvature of g, dv = dv, =

det( ) 1 2 9
| 2Kw) dv, g =¢e"
Based on A; = e*2WA
Fact: c.p.'s on [g]1 = {& = €?"g | VoI(g) = 1} have Kz = cost.

Application: compactness of isospectral domains/surfaces:
@ B. Osgood, R. Phillips, P. Sarnak, JFA 80 ('88)
@ B. Osgood, R. Phillips, P. Sarnak, Ann. Math. 129 ('89)
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Branson-Orsted formula: (M*, g) closed Riemannian 4—manifold,
ker A= {0}, § =g =
det Ag

Falwl = log g a = MAN Wl 2(A) I [wltys(A)Hl[w] - (i € R)

Examples:
@ conformal Laplacian L = —A + ‘f("nizl))R
o Paneitz operator P = A? — div(%Rg —2Ric)o V

@ square of the Dirac operator lpg

where R = R, Ric = Ricg are the scalar, Ricci curvature of g
Aim: study the log-determinant of L and LDE,

= (L) = 635(L), 1(P2) = “2os(P3)
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Geometric content of /, I/ and /I

W Weyl tensor of g, § = g =
Ifw] =4 [ |W|?wdv — ([ |W|?dv) log f e*"dv
Iw] = [ wPwdv + 4 [ Qwdv — ([ Qdv)log f e*dv
Mw] =12 [(Aw + |[Vw|?)?dv — 4 [(WAR + R|Vw/|?)dv
Each functional <> a natural curvature condition:
I'(w)=0 & |W;
II'lw)=0 <« Qg = const.
////(W) =0 & AgRg =0

2 = const.

Based on
1
Pu+2Q =2Qze", Q= (-AR+ R? — 3|Ric|?)

Gauss-Bonnet formula: 472y (M) = f(% + Q) dv, x(M) Euler

characteristic of M
P. Esposito May 9, 2019 BIRS conference Nonlinear Geometric PDE’s
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Euler-Lagrange equation for Fu

Fi(w) =0 < Uz = const. where U = y1|W|> + 12Q — 13AR

Conformal invariant quantity: ka4 = — [ Udv

E-L eqn: NV(w)+ U = —kA% where N (w) given by

%PW+6’)/3A(AW—HVW‘z)—1273diV [(Aw+|Vw|?)Vw]+273div (RVw)

Difficulty: N'(w) = (£ + 673)A%w — 1293A4w + ... is a

quasi-linear operator of mixed orders

Existence of extremals: [A. Chang, P. Yang, Ann. Math. 142 ('95)]

@ 72,73 < 0 and kg < 87%(—2)
® 71 =73 =0, P> 0 with kerP =R and kp = [ Qdv < 872

[M. Gursky, CMP 207 ('99)] k. < 3272 if R > 0 except on (S*, go)
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Main results

In general ks < 8m2(—2) fails (products of negatively-curved
surfaces, hyperbolic manifolds)

Conformal metrics with @ = const. found as saddle points of // in

@ Z. Djadli, A. Malchiodi, Ann. Math. 168 ('08)

Tools: min-max scheme, improved MT inequalities, compactness

22 >6, w, blow-up sequence of N(w;,) + U = pne*™ in M

Then W, — —oc and pi,e™ — 8127, Y Op;

We find conformal metrics with U = const. as saddle points of Fx:

22 > 6, M compact manifold s.t. ka=— [ U ¢ 8m2(—v2)N

Then 3 g € [g] with Uz = const.
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On the standard sphere

@ T. Branson, A. Chang, P. Yang, CMP 149 ('92) [“unique”
maximizer for F, and Fp:]

® M. Gursky, CMP 189 ('97) [“unique” c.p. for F, and Fp]

@ M. Gursky, A. Malchiodi, CMP 315 ('12) [non-uniqueness for
72 <0< 73]
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On the standard sphere

@ T. Branson, A. Chang, P. Yang, CMP 149 ('92) [“unique”
maximizer for F, and Fp:]

® M. Gursky, CMP 189 ('97) [“unique” c.p. for F, and Fp]

@ M. Gursky, A. Malchiodi, CMP 315 ('12) [non-uniqueness for
72 <0< 73]

Via stereographic projection F/(w) = 0 on (S*, go) is equivalent to
3A2W 4 2A(|VW?) — adiv [(AW + VW [2)V W] = 1672e*W

in R* with W ~ —2log |x| at infinity. Solutions are classified as
translations and dilations of

W = log(

)

Question: [, e*V' < +00 does it implies W ~ —2log |x| at co?
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A model case

In \ just retain —Ay4 and consider it in general dimension n.

Aim: classify solutions of
AW =e" inR", / e™ < 00 (P)

Explicit solutions W) , are translations and dilations of

-1
W(x) = log 1 — — ! log(n — 1)
1+ |X|n—1 n

Quantization: [, e"" > = n(;25)"  w,

Theorem 3 (P.E., AIHP 35 ('18))

Any solution W of (P) has the form W, . In particular

f]R" enW — n(nTnl)nflwn
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A model case

In AV just retain —A4 and consider it in general dimension n.

Aim: classify solutions of
AW =e" inR", / e™ < 00 (P)

Explicit solutions W) , are translations and dilations of

~1
W(x) = log . i ! log(n — 1)

1+ |x|»T n

Quantization: [, e"" > = n(;25)"  w,

Theorem 3 (P.E., AIHP 35 ('18))

Any solution W of (P) has the form W, . In particular

f]R" enW — n(nTnl)nflwn

In a radial setting proved, among other things, in
@ B. Kawohl, M. Lucia, Indiana Univ. Math. J. 57 ('08)
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P. Esposito May 9, 2019 BIRS conference Nonlinear Geometric PDE’s



The quasilinear case n > 2

Several difficulties:

@ no integral representation for a solution W of (P) =
logarithmic behavior at co?

P. Esposito May 9, 2019 BIRS conference Nonlinear Geometric PDE’s



The quasilinear case n > 2

Several difficulties:

@ no integral representation for a solution W of (P) =
logarithmic behavior at co?

@ the lack of comparison/maximum principles on thin strips

makes difficult the moving plane method

P. Esposito May 9, 2019 BIRS conference Nonlinear Geometric PDE’s



The quasilinear case n > 2

Several difficulties:

@ no integral representation for a solution W of (P) =
logarithmic behavior at co?

@ the lack of comparison/maximum principles on thin strips

makes difficult the moving plane method

@ (P) is not invariant under Kelvin transform

P. Esposito May 9, 2019 BIRS conference Nonlinear Geometric PDE’s



The quasilinear case n > 2

Several difficulties:

@ no integral representation for a solution W of (P) =
logarithmic behavior at co?

@ the lack of comparison/maximum principles on thin strips

makes difficult the moving plane method
@ (P) is not invariant under Kelvin transform
The classification of positive D*"(RN)—solutions to
_nN__ .
—A,W = WhN-n 1, n < N, is very recent:

@ L. Damascelli, S. Merchdn, L. Montoro, B. Sciunzi, Adv. Math. 265
('14)

@ J. Vétois, J. Differential Equations 260 ('16)
@ B. Sciunzi, Adv. Math. 291 ('16)
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The conformal case n= N

An alternative approach: via Pohozev identity in

@ P.-L. Lions, Appl. Anal. 12 ('81) [on the ball, n = 2]
@ S. Kesavan, F. Pacella, Appl. Anal. 54 ('94) [on the ball, n > 2]

@ S. Chanillo, M. Kiessling, Geom. Funct. Anal. 5 ('95) [systems]
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~

nW . nW
AW = &W in R™\ {0}, 70 :fR"\exW < 400

P. Esposito May 9, 2019 BIRS conference Nonlinear Geometric PDE’s



The conformal case n= N

An alternative approach: via Pohozev identity in

@ P.-L. Lions, Appl. Anal. 12 ('81) [on the ball, n = 2]
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The conformal case n= N
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@ P.-L. Lions, Appl. Anal. 12 ('81) [on the ball, n = 2]
@ S. Kesavan, F. Pacella, Appl. Anal. 54 ('94) [on the ball, n > 2]

@ S. Chanillo, M. Kiessling, Geom. Funct. Anal. 5 ('95) [systems]

W solves (P) = Kelvin transform W(x) = W(ﬁ) solves
A W W
AW = &W in R”\ {0}, 70 = [gn \exW < 400
nW
Key point: discuss the behavior of W at 0 when F = ’e 2n el
— X

=~ A W . L :
= W solves — AW = ﬁ(v — 700 with logarithmic behavior at 0
= classification and quantization for singular n—Liouville equation:
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The conformal case n= N

An alternative approach: via Pohozev identity in

@ P.-L. Lions, Appl. Anal. 12 ('81) [on the ball, n = 2]
@ S. Kesavan, F. Pacella, Appl. Anal. 54 ('94) [on the ball, n > 2]

@ S. Chanillo, M. Kiessling, Geom. Funct. Anal. 5 ('95) [systems]

W solves (P) = Kelvin transform W(x) = W(ﬁ) solves
A W W
AW = &W in R”\ {0}, 70 = [gn \exW < 400
nW
Key point: discuss the behavior of W at 0 when F = ’e 2n el
— X

= W solves —AW = % — 700 with logarithmic behavior at 0
= classification and quantization for singular n—Liouville equation:
—A,W =e" —~5 in R", I e < +o0
see J. Prajapat, G. Tarantello, Proc. Edinburgh 131 ('01) when n = 2
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Coercive case: % > %

Aim: estimates for soln's of Nw = f, f € L.
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Aim
2
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Coercive case: % > %

Aim: estimates for soln's of Nw = f, f € L!. Recall N'(w) is:

(% +673)A%w + 673 A(|Vw|?) — 1293div [(Aw + [Vw|?)Vw] +. ..

Test against o(w — w) (o = /% + 673, 72, 13 > 0):

o / o (Bw)P+ / (18730 +02"| Aw|Vw[P+673 / ¢+ Vwl*
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(% +673)A%w + 673 A(|Vw|?) — 1293div [(Aw + [Vw|?)Vw] +. ..

Test against o(w — w) (o = /% + 673, 72, 13 > 0):

o / o (Bw)P+ / (18730 +02"| Aw|Vw[P+673 / ¢+ Vwl*

o p=5 =
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Coercive case: % > %

Aim: estimates for soln's of Nw = f, f € L!. Recall N'(w) is:

(% +673)A%w + 673 A(|Vw|?) — 1293div [(Aw + [Vw|?)Vw] +. ..

Test against o(w — w) (o = /% + 673, 72, 13 > 0):

o? /(AW)2+187/3/AW\VW2+32/|VW4

@ ¢ =5 = need 2af > 18y3 with § = /123
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Coercive case: % > %

Aim: estimates for soln's of Nw = f, f € L!. Recall N'(w) is:

(%+673)A2w+673A(]VW|2)—1273div [(Aw+|Vw[2)Vw]+...
Test against o(w — w) (o = /% + 673, 72, 13 > 0):
o? /(AW)2 + 1873 /AW\VW2 +32/ Vw|*

® =5 = need 208 > 18y3 with § = /1275 = 2> 3
implies [(Nw, w)| — oo if [[w||y22 — 00
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Coercive case: % > %

Aim: estimates for soln's of Nw = f, f € L. Recall N'(w) is
(%+673)A2w+673A(]VW|2)—1273div [(Aw+|Vw[2)Vw]+...

Test against o(w — w) (o = /% + 673, 72, 13 > 0):

o / o (Bw)P+ / (18730 +02e"| Aw|Vw[P+673 / ¢+ Vwl*

® =5 = need 208 > 18y3 with § = /1295 = 2> 3
implies |<NW W>\ — o0 if ||w||p22 — 00
o p=[° —% klarge

(k2+ t2
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Coercive case: % > %

Aim: estimates for soln's of Nw = f, f € L. Recall N'(w) is
(%+673)A2w+673A(]VW|2)—1273div [(Aw+|Vw[2)Vw]+...

Test against o(w — w) (o = /% + 673, 72, 13 > 0):

o / o (Bw)P+ / (18730 +02e"| Aw|Vw[P+673 / ¢+ Vwl*

® =5 = need 208 > 18y3 with § = /1295 = 2> 3
implies |<NW W>\ — o0 if ||w||p22 — 00
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Coercive case: % > %

Aim: estimates for soln's of Nw = f, f € L. Recall N'(w) is
(%+673)A2w+673A(]VW|2)—1273div [(Aw+|Vw[2)Vw]+...

Test against o(w — w) (o = /% + 673, 72, 13 > 0):

o / o (Bw)P+ / (18730 +02e"| Aw|Vw[P+673 / ¢+ Vwl*

® =5 = need 208 > 18y3 with § = /1295 = 2> 3
implies |<NW w)| — oo if ||w|lpy22 — oo

o p=[°_ e 22,klarge: gobddand|"’]<<1:>
+12)
weigthed W2 2 and W?29 estimates for Nw = f, ||f|1 < C
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Coercive case: % > %

Aim: estimates for soln's of Nw = f, f € L. Recall N'(w) is
(%+673)A2w+673A(]VW|2)—1273div [(Aw+|Vw[2)Vw]+...

Test against o(w — w) (o = /% + 673, 72, 13 > 0):

o / o (Bw)P+ / (18730 +02e"| Aw|Vw[P+673 / ¢+ Vwl*

® =5 = need 208 > 18y3 with § = /1295 = 2> 3
implies |<NW w)| — oo if ||w|lpy22 — oo

o p=[°_ e 22,klarge: gobddand|"’]<<1:>
+12)

weigthed W2 2 and W?29 estimates for Nw = f, ||f|1 < C
@ ¢ =s in [—k, k], asymptotic to +8k, |%,,\ << 1 (k large)
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Coercive case: % > %

Aim: estimates for soln's of Nw = f, f € L. Recall N'(w) is
(%+673)A2w+673A(]VW|2)—1273div [(Aw+|Vw[2)Vw]+...

Test against o(w — w) (o = /% + 673, 72, 13 > 0):

a{/wawf+/u&n¢+& ﬂAMVw|+®3/@¢+¢0Vwﬁ

® =5 = need 208 > 18y3 with § = /1295 = 2> 3
implies |<NW W>\ — o0 if ||w||p22 — 00
o p=[°_ 2,klarge: gobddand|"’]<<1:>
k2+t2
weigthed W22 and W?29 estimates for Nw = f, ||f|1 < C
@ ¢ =s in [—k, k], asymptotic to +8k, |%,,\ << 1 (k large) =

5 (B + [Tw' < [ lify+ké|ﬂ

{Iw]<k}NB, BB, (r
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BMO and blow-up estimates

Use such Caccioppoli-type estimates as in

@ G. Dolzmann, N. Hungerbiihler, S. Miiller, J. Reine Angew. Math.
520 ('00)

to show BMO-estimates

[w]emo = ( sup ][ (w —Wr)4)% < C, ry = injectivity radius
0<r<n .
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BMO and blow-up estimates

Use such Caccioppoli-type estimates as in

@ G. Dolzmann, N. Hungerbiihler, S. Miiller, J. Reine Angew. Math.
520 ('00)

to show BMO-estimates

[w]emo = ( sup ][ (w —Wr)4)% < C, ry = injectivity radius
0<r<n .

Question: L*°-estimates on Vw? [2>-estimates on Aw?

Epsilon regularity: Adams ineq. = J ¢, (y > 0 s.t.

1l / <o / (Aw)? + [Vw]*] < Go
B, Br
2

if N(w) + U = pe* in B, and |w — W, |45, < C
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Monotone case: % >6

Up to a factor, (N (w1) — N(wa), ) writes as
/Agp Ds dVg+2/<V§p, v§,¢>§dv§+/vp\§<vp, V) gdvg

HW—l [/ ApAwdv—/@RIC(Vp, V) — 25<VP7 V@)

where p = w; — wp and g = et T"2g
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Monotone case: % >6

Up to a factor, (N (w1) — N(wa), ) writes as
/Agp Ds dVg+2/<V§p, v§,¢>§dv§+/vp\§<vp, V) gdvg

HW—l [/ ApAwdv—/@RIC(Vp, V) — 25<VP7 V@)

where p = w; — wp and g = et T"2g
(o = p = main-order terms > 0 if % > 6 and no lower-order terms

if 0 =673
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Monotone case: % >6

Up to a factor, (N (w1) — N(wa), ) writes as
/Agp Ds dVg+2/<V§p, v§,¢>§dv§+/vp\§<vp, V) gdvg

2R
HW -1) [/ ApApdv — /(2RIC(VP, Vo) = —5(Vp,Vy))dv
where p = w; — wp and g = et T"2g

(o = p = main-order terms > 0 if % > 6 and no lower-order terms

if 2 = 673 = convexity known for 7, = 673 since

A. Chang, P. Yang, Ann. Math. 142 ('95)
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Monotone case: % >6

Up to a factor, (N (w1) — N(wa), ) writes as
/Agp Ds dv§+2/<V§p, v§,¢>§dv§+/vp\ (Vp, V) sdvs
2R
+(a —1)| | ApApdv — [ (2Ric(Vp, V) — . —(Vp,Vp))dv
where p = w; — wp and g = et T"2g
(o = p = main-order terms > 0 if % > 6 and no lower-order terms

if 2 = 673 = convexity known for 7, = 673 since
A. Chang, P. Yang, Ann. Math. 142 ('95)

(o = p not admissible = admissible approximations of p following
@ L. Greco, T. lwaniec, C. Sbordone, Manuscripta Math. 92 ('97)
@ T. Iwaniec, C. Sbordone, J. Reine Angew. Math. 454 ('94)
@ T. Iwaniec, Ann. of Math. 136 ('92)
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Hodge decomposition

Vp
(02 + Vw1 ]2 + |V |2)2€
withe >0,0< 9 <1, ©=0and Adivh=0

=Vp+h
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Hodge decomposition

Vp
(02 + Vw1 ]2 + |V |2)2€
withe>0,0<8§<1,5=0and Adivh=0

= lhllagzg < Ke (8% + [ Vmalligss, + 1Vwallig®,)

=Vp+h
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Hodge decomposition

Vp
(02 + Vw1 ]2 + |V |2)2€
with e >0,0< 6 <1, =0and Adiv h=20
= lhllagzg < Ke (8% + [ Vmalligss, + 1Vwallig®,)

=Vp+h

4(1—e¢) 4(1—e

Use ¢ as test function thanks to

Ap 46V2W1(VW1,VP)+V2W2(VW2,VP)

Ap = —
® ((52+‘VW1‘2+|VW2|2)26 (62+|VW1|2+|VW2|2)26+1

—div h
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Hodge decomposition

Vp
(02 + Vw1 ]2 + |V |2)2€
withe>0,0<8§<1,5=0and Adivh=0

=Vp+h

= lhllagzg < Ke (8% + [ Vmalligss, + 1Vwallig®,)
Use ¢ as test function thanks to
2 2
i — — Ap 746V w1 (Vwy, Vp) + V WQ(VWQ,vp)idiV h
(82 + [V 2 4 [Vwg|?)2€ (82 4 [Vw|? + [Vwg|?)2tt

Then N(wi) = div F; and NV (w2) = div F, imply for € > 0 small

V3pl” +|Vpl* .
/(le|2+va2|2)2edV§ CliF - F2||4<1 S+l VplZte + 1)

where ) = |v2 — 63| supy(|R| + ||Ric]|)

P. Esposito May 9, 2019 BIRS conference Nonlinear Geometric PDE’s



Existence theory and fundamental solutions

Fw € WH22) SOLA of N(w) = u
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Existence theory and fundamental solutions

Jw e W22 SOLA of N(w) =pu  Rk: 1Fll,2y < Cllul
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Existence theory and fundamental solutions

Jw e W22 SOLA of N(w) =pu  Rk: 1Fll,2y < Cllul
where [[ul[yo22) = [|Aullg2) + [[Vullg4)y < +00

0
Fllo,qy = sup €9|F aa—o
0<e<Lep
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Existence theory and fundamental solutions

Jw e W22 SOLA of N(w) =pu  Rk: 1Fll,2y < Cllul
where [[ul[yo22) = [|Aullg2) + [[Vullg4)y < +00
0
Fllo,qy = sup e?l|Fl oa-0
0<e<Lep
I

Fundamental solutions: 3 ws solving with s = ZB;&M - U
i=1
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Existence theory and fundamental solutions

Jw e W22 SOLA of N(w) =pu  Rk: 1Fll,2y < Cllul
where [|uf| yo.22) = HAUHe 2) T IVullgay < +o0
[Fllo,q) = sup eqHFHqu 5
0<e<Lep
/
Fundamental solutions: 3 ws solving with s = ZB;&M - U
i=1

Ansatz: wo ~ a;logd(x, p;), a3 +3a? + ( 72 +2)a; = 245573
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Existence theory and fundamental solutions

Jw e W22 SOLA of N(w) =pu  Rk: 1Fll,2y < Cllul
where [|uf| yo.22) = HAUHe 2) T IVullgay < +o0
[Fllo,q) = sup eqHFHqu 5
0<e<Lep
/
Fundamental solutions: 3 ws solving with s = ZB;&M - U
i=1

Ansatz: wo ~ a;logd(x, p;), a3 +3a? + ( 72 +2)a; = 245573

Comparison: N (wp) ~ us
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Existence theory and fundamental solutions

Jw € W22 SOLA of N(w) = pn Rk: ||F]|y 4y < Cllp]
'3

where [[ul yo.22 = [[Aullg2) + |Vullga) < 400

0
[Fllo,q) = sup €9]|F|liqa-o
0<e<Lep
/

Fundamental solutions: 3 ws solving with s = ZB;&M - U

i=1

Ansatz: wo ~ a;logd(x, p;), a3 +3a? + (67723 +2)a; = —245373

Comparison: NV (wp) ~ ps = as € — 0 then p = ws — wy satisfies

/\Véoplz + / IVp|* < 00, go=e*g
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Existence theory and fundamental solutions

Jw € W22 SOLA of N(w) = pn Rk: ||F]|y 4y < Cllp]
'3

where [[ul yo.22 = [[Aullg2) + |Vullga) < 400

0
[Fllo,q) = sup €9]|F|liqa-o
0<e<Lep
/

Fundamental solutions: 3 ws solving with s = ZB;&M - U

i=1

Ansatz: wo ~ a;logd(x, p;), a3 +3a? + (67723 +2)a; = —245373

Comparison: NV (wp) ~ ps = as € — 0 then p = ws — wy satisfies
/\Véoplz + / IVpl* < o0, go=e""g

Logarithmic behavior: ws ~ a;log d(x, p;) at p; using on annuli
the approach in
@ K. Uhlenbeck, J. Viaclovsky, Math. Res. Lett. 7 ('00)
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Volume quantization

wy soln’s of N'(wy) + U = ppe®™ in M sit. [e*n =1, p, bdd
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Volume quantization

wy soln’s of N'(wy,) + U = ppe®™ in M sit. [e*n =1, p, bdd =
3 S finite s.t. w, — W, — wo in G (M\'S) and w, — ¢ < 00
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Volume quantization

wy soln’s of N'(wy,) + U = ppe®™ in M sit. [e*n =1, p, bdd =
3 S finite s.t. w, — W, — wo in Cf (M\ S) and W, — ¢ < 00 =

N(Wo) + U= ,qu4W0+4C + Zﬁidp,' in M, |ﬂ,| > €
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Volume quantization

wy soln’s of N'(wy,) + U = ppe®™ in M sit. [e*n =1, p, bdd =
3 S finite s.t. w, — W, — wo in Cf (M\ S) and W, — ¢ < 00 =

N(Wo) aF U = ,qu4W0+4C aF Zﬁidp,' in M, |ﬂ,| Z €
If c = —00 = wy = ws logarithmic
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Volume quantization

wy soln’s of N'(wy,) + U = ppe®™ in M sit. [e*n =1, p, bdd =
3 S finite s.t. w, — W, — wo in Cf (M\ S) and W, — ¢ < 00 =

N(wo) + U = pge™ot + 5" B;i6p, in M, |Bi| > €
If c = —00 = wp = ws logarithmic = 3; = 8727, by Pohozaev id.
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Volume quantization

wy soln’s of N'(wy,) + U = ppe®™ in M sit. [e*n =1, p, bdd =
3 S finite s.t. w, — W, — wo in Cf (M\ S) and W, — ¢ < 00 =

N(wo) + U = pge™ot + 5" B;i6p, in M, |Bi| > €
If c = —00 = wp = ws logarithmic = 3; = 8727, by Pohozaev id.

Question: ¢ = —o0?
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Volume quantization

wy soln’s of N'(wy,) + U = ppe®™ in M sit. [e*n =1, p, bdd =
3 S finite s.t. w, — W, — wo in Cf (M\ S) and W, — ¢ < 00 =

N(wo) + U = pge™ot + 5" B;i6p, in M, |Bi| > €
If c = —00 = wp = ws logarithmic = 3; = 8727, by Pohozaev id.

Question: ¢ = —o0? Delicate without maximum principle!!
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Volume quantization

wp soln’s of N'(wy) + U = ppe* in M sit. [e*" =1, u, bdd =
3 S finite s.t. w, — W, — wo in Cf (M\ S) and W, — ¢ < 00 =

N(wo) + U = pge*ot4c + 5" Bi6p,, in M, |Bi| > €
If c = —0co0 = wp = ws logarithmic = 3; = 8727, by Pohozaev id.

Question: ¢ = —o0? Delicate without maximum principle!!
Alternative way: Pohozaev identity on a slight rescaling u, of w,

around p;
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Volume quantization

wp soln’s of N'(wy) + U = ppe* in M sit. [e*" =1, u, bdd =

3 S finite s.t. w, — W, — wo in Cf (M\ S) and W, — ¢ < 00 =

N(wo) + U = pge*ot4c + 5" Bi6p,, in M, |Bi| > €
If c = —0co0 = wp = ws logarithmic = 3; = 8727, by Pohozaev id.

Question: ¢ = —o0? Delicate without maximum principle!!
Alternative way: Pohozaev identity on a slight rescaling u, of w,
around p; = N, (un) + Ug, = pne*“n — Bido and g, — d in B1(0)
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Volume quantization

wp soln’s of N'(wy) + U = ppe* in M sit. [e*" =1, u, bdd =
3 S finite s.t. w, — W, — wo in Cf (M\ S) and W, — ¢ < 00 =

N(wo) + U = pge*ot4c + 5" Bi6p,, in M, |Bi| > €
If c = —0co0 = wp = ws logarithmic = 3; = 8727, by Pohozaev id.

Question: ¢ = —o0? Delicate without maximum principle!!
Alternative way: Pohozaev identity on a slight rescaling u, of w,
around p; = N, (un) + Ug, = pne*“n — Bido and g, — d in B1(0)
Crucial fact: BMO-estimates on w,, are scale-invariant
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Volume quantization

wp soln’s of N'(wy) + U = ppe* in M sit. [e*" =1, u, bdd =
3 S finite s.t. w, — W, — wo in Cf (M\ S) and W, — ¢ < 00 =
N(Wo) aF U= ,qu4W0+4C aF Zﬁiép,- in M, |ﬁ,| Z €

If c = —0co0 = wp = ws logarithmic = 3; = 8727, by Pohozaev id.
Question: ¢ = —o0? Delicate without maximum principle!!
Alternative way: Pohozaev identity on a slight rescaling u, of w,
around p; = N, (un) + Ug, = pne*“n — Bido and g, — d in B1(0)
Crucial fact: BMO-estimates on w,, are scale-invariant =

l|lun — Tnlla < C gives up —Up — ug & Ns(up) = Bido in B1(0)
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Volume quantization

wp soln’s of N'(wy) + U = ppe* in M sit. [e*" =1, u, bdd =
3 S finite s.t. w, — W, — wo in Cf (M\ S) and W, — ¢ < 00 =

N(wo) + U = poe*™o < -3 Bidp, in M, |Bi] > e
If c = —0co0 = wp = ws logarithmic = 3; = 8727, by Pohozaev id.
Question: ¢ = —o0? Delicate without maximum principle!!
Alternative way: Pohozaev identity on a slight rescaling u, of w,
around p; = N, (un) + Ug, = pne*“n — Bido and g, — d in B1(0)
Crucial fact: BMO-estimates on w,, are scale-invariant =
lun — Tnlla < C gives up — Uy — ug & Ns(up) = Bido in B1(0) =
ug ~ a;log |x| at 0 and B; = 872y, via Pohozaev identity
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Volume quantization

wp soln’s of N'(wy) + U = ppe* in M sit. [e*" =1, u, bdd =
3 S finite s.t. w, — W, — wo in Cf (M\ S) and W, — ¢ < 00 =

N(wo) + U = pge*ot4c + 5" Bi6p,, in M, |Bi| > €
If c = —0co0 = wp = ws logarithmic = 3; = 8727, by Pohozaev id.

Question: ¢ = —o0? Delicate without maximum principle!!
Alternative way: Pohozaev identity on a slight rescaling u, of w,
around p; = N, (un) + Ug, = pne*“n — Bido and g, — d in B1(0)
Crucial fact: BMO-estimates on w,, are scale-invariant =

lun — Tnlla < C gives up — Uy — ug & Ns(up) = Bido in B1(0) =
ug ~ a;log |x| at 0 and B; = 872y, via Pohozaev identity
Contradiction: ws ~ —2log d(x, p;) at p; «~ [ " < +o0 by

e ¢ LY(B,),y>2 & el e [P(B,), p>1, for r small
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Thanks for your attention

P. Esposito May 9, 2019



