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Canonical Riemannian metrics

“It is geometers dream to find a canonical metric gpes: 0N a given smooth
manifold M so that all topology of M will be captured by geometry.” [M. Gromov]

(M", g) smooth Riemannian manifold, dim(M") = n > 2, OM = 0.
g metric ~» Riemann (Riemg), Ricci (Ricg) and scalar curvature (Rg)

In coordinates:

. . trace . . i o trace ik ( o
_ _ o i
Riemg = (R/em) i Ricg = (R/c)ik =g (Rlem) o R, =g (RIC) "
o Constant curvature: Riemgz = Ag Ng Space forms
o Constant Ricci curvature: Ric, = A g Einstein metrics
o Constant scalar curvature: R, = A Yamabe metrics

G. Catino, P. Mastrolia, A potential generalization of some canonical Riemannian metrics , Ann. Glob.
Anal. Geom., to appear.

Giovanni Catino (Politecnico di Milano) Some canonical metrics on four manifolds Banff 2019 2/19



Einstein metrics |: variational point of view

Giovanni Catino (Politecnico di Milano) Some canonical metrics on four manifolds Banff 2019 3/19



Einstein metrics |: variational point of view

Canonical metrics as critical points of curvature functionals. Let M closed,

n—2

S(g) = Volg(M)™7

/ Rg dVg Einstein-Hilbert functional
M

g is critical for 6(g) <= g is Einstein, i.e. Ricg =\Ag, A € R.
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Einstein metrics |: variational point of view

Canonical metrics as critical points of curvature functionals. Let M closed,

n—2

S(g) = Volg(M)™7

/ Rg dVg Einstein-Hilbert functional
M

g is critical for 6(g) <= g is Einstein, i.e. Ricg =\Ag, A € R.

@ If n = 3, then Einstein metrics have constant curvature.

o If n=4, it is well known that there are topological obstructions to the
existence of an Einstein metric (e.g. Hitchin-Thorpe: x(M) > 3|r(M)|).

e If n > 4, still unknown.
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Einstein metrics |: variational point of view

Canonical metrics as critical points of curvature functionals. Let M closed,

n—2

S(g) = Volg(M)™7

/ Rg dVg Einstein-Hilbert functional
M

g is critical for 6(g) <= g is Einstein, i.e. Ricg =\Ag, A € R.

@ If n = 3, then Einstein metrics have constant curvature.

o If n=4, it is well known that there are topological obstructions to the
existence of an Einstein metric (e.g. Hitchin-Thorpe: x(M) > 3|r(M)|).

e If n > 4, still unknown.

On the other hand, the constrained problem in a conformal class (Yamabe
problem) is unobstructed. More precisely the Yamabe invariant

. Ju VUl dVe + 363 [y Ru® dVy
wEWIAM) ([ Jur/(n=2) gv) D"

Y(M,[g]) = inf &(g) = 2D
g<legl

is always attained in every conformal class [g].
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Einstein metrics Il: the Weyl tensor

Let (M", g) be an Einstein manifold, i.e. Ric; = A g, for some A € R [Besse].
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Einstein metrics Il: the Weyl tensor

Let (M", g) be an Einstein manifold, i.e. Ric; = A g, for some A € R [Besse].

particular, by tracing, the scalar curvature is constant R, = nA. By the
decomposition of the curvature tensor

) R
Riemg = Win (g @g) + Weylg
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Einstein metrics Il: the Weyl tensor

Let (M", g) be an Einstein manifold, i.e. Ric; = A g, for some A € R [Besse]. In
particular, by tracing, the scalar curvature is constant R, = nA. By the
decomposition of the curvature tensor

) R
Riemg = Win (g @g) + Weylg

So, all the geometric information of an Einstein manifold are contained in the
Weyl tensor.
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Einstein metrics Il: the Weyl tensor

Let (M", g) be an Einstein manifold, i.e. Ric; = A g, for some A € R [Besse]. In
particular, by tracing, the scalar curvature is constant R, = nA. By the
decomposition of the curvature tensor

) R
Riemg = Win (g @g) + Weylg

So, all the geometric information of an Einstein manifold are contained in the
Weyl tensor. In particular, if Weyl; = 0, then (M", g) is a space form.

Some well known facts:

@ In dimension n =3 Weyl, = 0, so every Einstein manifold is a space form.
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Einstein metrics Il: the Weyl tensor

Let (M", g) be an Einstein manifold, i.e. Ric; = A g, for some A € R [Besse]. In
particular, by tracing, the scalar curvature is constant R, = nA. By the
decomposition of the curvature tensor

) R
Riemg = Win (g @g) + Weylg

So, all the geometric information of an Einstein manifold are contained in the
Weyl tensor. In particular, if Weyl; = 0, then (M", g) is a space form.
Some well known facts:
@ In dimension n =3 Weyl, = 0, so every Einstein manifold is a space form.
@ The Weyl tensor is totally trace free, i.e. g’ W, = 0.
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Einstein metrics Il: the Weyl tensor

Let (M", g) be an Einstein manifold, i.e. Ric; = A g, for some A € R [Besse]. In
particular, by tracing, the scalar curvature is constant R, = nA. By the
decomposition of the curvature tensor

) R
Riemg = Win (g @g) + Weylg

So, all the geometric information of an Einstein manifold are contained in the
Weyl tensor. In particular, if Weyl; = 0, then (M", g) is a space form.
Some well known facts:
@ In dimension n =3 Weyl, = 0, so every Einstein manifold is a space form.
@ The Weyl tensor is totally trace free, i.e. g’ W, = 0.

@ Tracing the second Bianchi identity for Riemg: V.Rjji + VRjjuc + VRiji =0
and using the decomposition, we get that the Weyl tensor has zero
divergence, i.e. V: Wiy = 0 (harmonic Weyl curvature).
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Einstein metrics Il: the Weyl tensor

Let (M", g) be an Einstein manifold, i.e. Ric; = A g, for some A € R [Besse]. In
particular, by tracing, the scalar curvature is constant R, = nA. By the
decomposition of the curvature tensor

) R
Riemg = Win (g @g) + Weylg

So, all the geometric information of an Einstein manifold are contained in the
Weyl tensor. In particular, if Weyl; = 0, then (M", g) is a space form.
Some well known facts:
@ In dimension n =3 Weyl, = 0, so every Einstein manifold is a space form.
@ The Weyl tensor is totally trace free, i.e. g’ W, = 0.

@ Tracing the second Bianchi identity for Riemg: V.Rjji + VRjjuc + VRiji =0
and using the decomposition, we get that the Weyl tensor has zero
divergence, i.e. V: Wiy = 0 (harmonic Weyl curvature).

@ With some work, one can show that the Weyl tensor satisfies the second
Bianchi Identity

VWi + VWi + Vi Wiy = 0
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Einstein metrics Ill: Bochner-Weitzenboch formula

Proposition (Derdzinski, '83)

Let (M* g) be a four dimensional Einstein manifold. Then
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Einstein metrics Ill: Bochner-Weitzenboch formula

Proposition (Derdzinski, '83)

Let (M* g) be a four dimensional Einstein manifold. Then

1 A : L ..
AWijk/ - iRg W/Jk/ 4W/pkq ijq/ Wk/pq quu-
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Einstein metrics Ill: Bochner-Weitzenboch formula

Proposition (Derdzinski, '83)

Let (M* g) be a four dimensional Einstein manifold. Then
AW = 5ReWiga — 4Wipkq Wojal — Wipg Wit -
In particular,
LA|Weylg|* = |V Weyly | + 1 Re | Weyly |* — 3Wijiy Wijpg Wiipg -

More in general, the last formula holds on four-manifolds with harmonic Weyl
curvature.
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Proposition (Derdzinski, '83)

Let (M* g) be a four dimensional Einstein manifold. Then
AW = 5ReWiga — 4Wipkq Wojal — Wipg Wit -
In particular,
LA|Weylg|* = |V Weyly | + 1 Re | Weyly |* — 3Wijiy Wijpg Wiipg -

More in general, the last formula holds on four-manifolds with harmonic Weyl
curvature.

Proof:

Giovanni Catino (Politecnico di Milano) Some canonical metrics on four manifolds Banff 2019

5/19



Einstein metrics Ill: Bochner-Weitzenboch formula

Proposition (Derdzinski, '83)

Let (M* g) be a four dimensional Einstein manifold. Then
AW = 5ReWiga — 4Wipkq Wojal — Wipg Wit -
In particular,
LA|Weylg|* = |V Weyly | + 1 Re | Weyly |* — 3Wijiy Wijpg Wiipg -

More in general, the last formula holds on four-manifolds with harmonic Weyl
curvature. )

Proof: Taking the divergence of the second Bianchi identity for Weyl; and
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Einstein metrics Ill: Bochner-Weitzenboch formula

Proposition (Derdzinski, '83)

Let (M* g) be a four dimensional Einstein manifold. Then
AW = 5ReWiga — 4Wipkq Wojal — Wipg Wit -
In particular,
LA|Weylg|* = |V Weyly | + 1 Re | Weyly |* — 3Wijiy Wijpg Wiipg -

More in general, the last formula holds on four-manifolds with harmonic Weyl
curvature. )

Proof: Taking the divergence of the second Bianchi identity for Weyl; and
commuting, we get

0 =V:ViWiiy + V:V Witk + V: Vi Wit
= AWy + V Vi Wik + ViV Wi + Riemg « Weyl,
= A‘/V,'jk/ + Riemg * Wey/g
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Einstein metrics Ill: Bochner-Weitzenboch formula

Proposition (Derdzinski, '83)
Let (M* g) be a four dimensional Einstein manifold. Then
AWy = 5 Rg Wi — 4Wipkg Wipjgt — Widpg Wipgis -
In particular,
LA|Weylg|* = |V Weyly | + 1 Re | Weyly |* — 3Wijiy Wijpg Wiipg -

More in general, the last formula holds on four-manifolds with harmonic Weyl
curvature.

Proof: Taking the divergence of the second Bianchi identity for Weyl; and
commuting, we get

0 =V:ViWiiy + V:V Witk + V: Vi Wit
= AWy + V Vi Wik + ViV Wi + Riemg « Weyl,
= A‘/V,'jk/ + Riemg * Wey/g

Since Riemy; = (Rg/24)(g ®g) + Weyl, and Weyl, is trace free
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Einstein metrics Ill: Bochner-Weitzenboch formula

Proposition (Derdzinski, '83)
Let (M* g) be a four dimensional Einstein manifold. Then
AWy = 5 Rg Wi — 4Wipkg Wipjgt — Widpg Wipgis -
In particular,
LA|Weylg|* = |V Weyly | + 1 Re | Weyly |* — 3Wijiy Wijpg Wiipg -

More in general, the last formula holds on four-manifolds with harmonic Weyl
curvature.

Proof: Taking the divergence of the second Bianchi identity for Weyl; and
commuting, we get

0 =V:ViWiiy + V:V Witk + V: Vi Wit
= AWy + V Vi Wik + ViV Wi + Riemg « Weyl,
= A‘/V,'jk/ + Riemg * Wey/g

Since Riemg = (Rg/24)(g ®g) + Weyly and Weyl, is trace free = O
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Einstein metrics |V: some applications

Now let (M*, g) be a closed Einstein manifolds with positive (constant) scalar
curvature Rz > 0.
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Now let (M*, g) be a closed Einstein manifolds with positive (constant) scalar
curvature Rz > 0. We have

30| Weylg|? = [V Weylg|* + 5 Rg| Weylg|? — 3Wijy Wiipg Wipq -

By maximum principle, if | Weylg||ooc < ¢ Rg, for some sufficiently small ¢, then
Weyl = 0.
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Einstein metrics |V: some applications

Now let (M*, g) be a closed Einstein manifolds with positive (constant) scalar
curvature Rz > 0. We have

30| Weylg|? = [V Weylg|* + 5 Rg| Weylg|? — 3Wijy Wiipg Wipq -

By maximum principle, if | Weylg||ooc < ¢ Rg, for some sufficiently small ¢, then
Weyl = 0. Thus, (M*, g) is isometric to a quotient of the round sphere S*. In
fact, one can get the same conclusion with an integral pinching assumption.
Namely, we have
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Einstein metrics |V: some applications

Now let (M*, g) be a closed Einstein manifolds with positive (constant) scalar
curvature Rz > 0. We have

30| Weylg|? = [V Weylg|* + 5 Rg| Weylg|? — 3Wijy Wiipg Wipq -

By maximum principle, if ||Weylg||oc < ¢ Ry, for some sufficiently small ¢, then
Weyl = 0. Thus, (M*, g) is isometric to a quotient of the round sphere S*. In
fact, one can get the same conclusion with an integral pinching assumption.
Namely, we have

Theorem (Singer, Hebey-Vaugon, Gursky, '90s)

Every four dimensional closed Einstein manifold (M*, g) satisfying

1
Weyl,|> < — [ R?
A‘ e-yg| <2OAA g

is isometric to a quotient of the round sphere S*.
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Einstein metrics |V: some applications

Now let (M*, g) be a closed Einstein manifolds with positive (constant) scalar
curvature Rz > 0. We have

30| Weylg|? = [V Weylg|* + 5 Rg| Weylg|? — 3Wijy Wiipg Wipq -

By maximum principle, if ||Weylg||oc < ¢ Ry, for some sufficiently small ¢, then
Weyl = 0. Thus, (M*, g) is isometric to a quotient of the round sphere S*. In
fact, one can get the same conclusion with an integral pinching assumption.
Namely, we have

Theorem (Singer, Hebey-Vaugon, Gursky, '90s)

Every four dimensional closed Einstein manifold (M*, g) satisfying

1
/\Wey/ |? < /R2

is isometric to a quotient of the round sphere S*.

Element of the proof:
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Einstein metrics |V: some applications

Now let (M*, g) be a closed Einstein manifolds with positive (constant) scalar
curvature Rz > 0. We have

30| Weylg|? = [V Weylg|* + 5 Rg| Weylg|? — 3Wijy Wiipg Wipq -

By maximum principle, if ||Weylg||oc < ¢ Ry, for some sufficiently small ¢, then
Weyl = 0. Thus, (M*, g) is isometric to a quotient of the round sphere S*. In
fact, one can get the same conclusion with an integral pinching assumption.
Namely, we have

Theorem (Singer, Hebey-Vaugon, Gursky, '90s)

Every four dimensional closed Einstein manifold (M*, g) satisfying

1
Weyl,|> < — [ R?
A‘ e-yg| <2OAA g

is isometric to a quotient of the round sphere S*.

Element of the proof: Bochner-Weitzenboch formula, Obata Theorem and
Yamabe-Sobolev inequality.
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Einstein metrics |V: some applications

Now let (M*, g) be a closed Einstein manifolds with positive (constant) scalar
curvature Rz > 0. We have

30| Weylg|? = [V Weylg|* + 5 Rg| Weylg|? — 3Wijy Wiipg Wipq -

By maximum principle, if ||Weylg||oc < ¢ Ry, for some sufficiently small ¢, then
Weyl = 0. Thus, (M*, g) is isometric to a quotient of the round sphere S*. In
fact, one can get the same conclusion with an integral pinching assumption.
Namely, we have

Theorem (Singer, Hebey-Vaugon, Gursky, '90s)

Every four dimensional closed Einstein manifold (M*, g) satisfying

1
Weyl,|> < — [ R?
A‘ e-yg| <2OAA g

is isometric to a quotient of the round sphere S*.

Element of the proof: Bochner-Weitzenboch formula, Obata Theorem and
Yamabe-Sobolev inequality. Optimal constant: 1/6 [Gursky-Lebrun].
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Bochner type formula of high order

Generally speaking, we would like to understand more properties on the Weyl
tensor of Einstein manifolds (in dimension four).
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Bochner type formula of high order

Generally speaking, we would like to understand more properties on the Weyl
tensor of Einstein manifolds (in dimension four). We start from the following
simple observation: if a smooth function u satisfies a semilinear equation

Au = f(u) on a four dimensional Einstein manifold, then the classical Bochner
formula becomes

LAV = V20l + (3Rg + /(1)) [Vl
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Bochner type formula of high order

Generally speaking, we would like to understand more properties on the Weyl
tensor of Einstein manifolds (in dimension four). We start from the following
simple observation: if a smooth function u satisfies a semilinear equation

Au = f(u) on a four dimensional Einstein manifold, then the classical Bochner
formula becomes

LAV = V20l + (3Rg + /(1)) [Vl

Thus, under suitable assumptions, one can deduce Liouville type results for this
class of PDEs. To this aim we computed a Bochner-Weitzenboch formula for
the covariant derivatives of the Weyl tensor, obtaining:
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Bochner type formula of high order

Generally speaking, we would like to understand more properties on the Weyl
tensor of Einstein manifolds (in dimension four). We start from the following
simple observation: if a smooth function u satisfies a semilinear equation

Au = f(u) on a four dimensional Einstein manifold, then the classical Bochner
formula becomes

LAIVuP = |V2uP + (%Rg + f’(u)) IVul?.

Thus, under suitable assumptions, one can deduce Liouville type results for this
class of PDEs. To this aim we computed a Bochner-Weitzenboch formula for
the covariant derivatives of the Weyl tensor, obtaining:

Theorem 1 (C.-Mastrolia)

Let (M*, g) be a four dimensional Einstein manifold. Then,

LAV Weylg|* = |V Weyly|> + B R, |V Weyl, |* — 10Wiiy Wijpg, e Wiipa, -

* G. Catino and P. Mastrolia, Bochner type formulas for the Weyl tensor on four dimensional Einstein
manifolds, Int. Math. Res. Not., to appear.
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Einstein metrics V: applications

We observe that this formula
%A|VWey/g|2 = |V2 Wey/g|2 + %Rg|VWey/g|2 — 10Wijjit Wijpg,t Wipg, ¢
extends to the covariant derivative level Derdzinski identity

%A‘ Wey/g|2 = |VWey/g|2 + %Rg|Wey/g‘2 — 3Wijt Wijpg Wiipg -
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Einstein metrics V: applications
We observe that this formula
%A|VWey/g|2 = |V2 Wey/g|2 + %Rg|VWey/g|2 — 10Wijt Wiipq,e Wiipg, ¢
extends to the covariant derivative level Derdzinski identity
A |Weylg|* = |V Weylg | + 1 Re | Weylg |* — 3Wijiy Wijpg Wiipg -

By standard commutation rules, it is quite easy to derive “rough” Bochner type
identity for the covariant derivative of Weyl, and, with some work, even a formula
for the k-th covariant derivative VAW.
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Einstein metrics V: applications

We observe that this formula
%Alvwey/gP = |V2 Wey/g|2 + %Rg|vwey/g|2 - 10|/Vljkl VVlqu7t Wklpq7t
extends to the covariant derivative level Derdzinski identity
A |Weylg|* = |V Weylg | + 1 Re | Weylg |* — 3Wijiy Wijpg Wiipg -

By standard commutation rules, it is quite easy to derive “rough” Bochner type
identity for the covariant derivative of Weyl, and, with some work, even a formula
for the k-th covariant derivative VXKW

The proof of the theorem, instead, relies heavily on the algebraic structure of
curvature operators in dimension four. In fact, on an oriented Riemannian
manifold of dimension four (M*, g), A> decomposes as the sum of two subbundles
A2 = AT ® A, which are the eigenspaces of the Hodge operator % : A2 — A?
corresponding respectively to the eigenvalue £1. Since the Weyl tensor acts on
A2, we have the decomposition

Weyl, = W + W,

where the self-dual and anti-self-dual W¥ are trace-free endomorphisms of A*.
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Einstein metrics VI: applications
As a consequence, we can show the following:

Corollary 1 (C.-Mastrolia)

Let (M*, g) be a closed four dimensional Einstein manifold. Then

/|v2vvg|2—g/|Ang|2+§Rg/|vw;|2:o,

[1vwgp+ zr, [1vwie =5 [wgp(siwge - r2).
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Einstein metrics VI: applications
As a consequence, we can show the following:

Corollary 1 (C.-Mastrolia)

Let (M*, g) be a closed four dimensional Einstein manifold. Then
/|V2W;|2—§/|AW;|2+§Rg/|VW;|2:o,

[1vwgp+ zr, [1vwie =5 [wgp(siwge - r2).

A

Corollary 2 (C.-Mastrolia)

Let (M*, g) be a four dimensional Einstein manifold with positive scalar curvature.

If
[172w,e < &R, [ oW,

then (M*, g) is isometric to either S*, CP? or quotients of S? x S?.

v
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Harmonic Weyl curvature

SF C & c )y
N
HW

Giovanni Catino (Politecnico di Milano) Some canonical metrics on four manifolds Banff 2019 10/19



Harmonic Weyl curvature

SF C & c )y
N
HW

Let M* be a closed manifold.
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Harmonic Weyl curvature

SF C & c )y
N
HW

Let M* be a closed manifold. A Riemannian metric g on M* has harmonic Weyl
curvature if

oW = VtVVijkt =0
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Harmonic Weyl curvature

SF C & c )y
N
HW

Let M* be a closed manifold. A Riemannian metric g on M* has harmonic Weyl
curvature if

oW = VtVVijkt =0

@ Einstein metrics have harmonic Weyl curvature.
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Harmonic Weyl curvature

SF C & c )y
N
HW

Let M* be a closed manifold. A Riemannian metric g on M* has harmonic Weyl
curvature if

oW = Vi VVijkt =0
@ Einstein metrics have harmonic Weyl curvature.

@ There are topological obstructions to the existence of harmonic Weyl metrics
(e.g. Bourguignon: either Einstein or 7(M) = 0).

Giovanni Catino (Politecnico di Milano) Some canonical metrics on four manifolds Banff 2019 10/19
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Let M* be a closed manifold. A Riemannian metric g on M* has harmonic Weyl
curvature if
oW = Vt VVijkt =0
@ Einstein metrics have harmonic Weyl curvature.
@ There are topological obstructions to the existence of harmonic Weyl metrics
(e.g. Bourguignon: either Einstein or 7(M) = 0).
@ As we have seen, Derdzinski proved that the Bochner-Weitzenboch formula

holds

SAIW? = [V W, * + 3 Rg W |* = 3Wijg Wipg Wiipg -
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Let M* be a closed manifold. A Riemannian metric g on M* has harmonic Weyl
curvature if
oW = Vt VVijkt =0
@ Einstein metrics have harmonic Weyl curvature.
@ There are topological obstructions to the existence of harmonic Weyl metrics
(e.g. Bourguignon: either Einstein or 7(M) = 0).
@ As we have seen, Derdzinski proved that the Bochner-Weitzenboch formula
holds

1 2 21 2

AW | = [VWg | + 5 Re|We | — 3Wijt Wijpg Wiipg -
Actually this formula characterizes harmonic Weyl metrics on closed four
manifolds.
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Harmonic Weyl curvature
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Let M* be a closed manifold. A Riemannian metric g on M* has harmonic Weyl
curvature if
oW = Vt VVijkt =0
@ Einstein metrics have harmonic Weyl curvature.
@ There are topological obstructions to the existence of harmonic Weyl metrics
(e.g. Bourguignon: either Einstein or 7(M) = 0).
@ As we have seen, Derdzinski proved that the Bochner-Weitzenboch formula
holds
FAIW 2 = [VWe | + 3 Re| W [* — 3Wiia Wiipg Wiog -
Actually this formula characterizes harmonic Weyl metrics on closed four
manifolds. This follows from the integral identity [Chang-Gursky-Yang]

/M (IVWel* — 4[6Wg|* + LR [ W |* — 3Wijiy WijpgWipg) dV = 0

which holds on every compact four manifolds.
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A new variational problem
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A new variational problem

From a variational point of view it seems natural to consider the quadratic
scaling-invariant Riemannian functional

D(g) := vo|g(M)%/M|5gWg\§dvg
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A new variational problem

From a variational point of view it seems natural to consider the quadratic
scaling-invariant Riemannian functional

D(g) := vo|g(M)%/M|5gWg\§dvg

Obviously harmonic Weyl metrics are critical points (absolute minima) of D(g).
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A new variational problem

From a variational point of view it seems natural to consider the quadratic
scaling-invariant Riemannian functional

D(g) := vo|g(M)%/M|5gWg\§dvg

Obviously harmonic Weyl metrics are critical points (absolute minima) of D(g).
In the same spirit of the Yamabe problem, we define the conformal invariant

D(M.[g]) = inf D(&)
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From a variational point of view it seems natural to consider the quadratic
scaling-invariant Riemannian functional

D(g) := vo|g(M)%/M|5gWg\§dvg

Obviously harmonic Weyl metrics are critical points (absolute minima) of D(g).
In the same spirit of the Yamabe problem, we define the conformal invariant

D(M.[g]) = inf D(&)

Questions:
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A new variational problem

From a variational point of view it seems natural to consider the quadratic
scaling-invariant Riemannian functional

D(g) := vo|g(M)%/M|5gWg\§dvg

Obviously harmonic Weyl metrics are critical points (absolute minima) of D(g).
In the same spirit of the Yamabe problem, we define the conformal invariant

D(M.[g]) = inf D(&)

Questions:

1. What are the geometric properties of critical metrics in the conformal class
for the functional g — D(g)?
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A new variational problem

From a variational point of view it seems natural to consider the quadratic
scaling-invariant Riemannian functional

D(g) := vo|g(M)%/M|5gWg\§dvg

Obviously harmonic Weyl metrics are critical points (absolute minima) of D(g).
In the same spirit of the Yamabe problem, we define the conformal invariant

D(M.[g]) = inf D(&)

Questions:

1. What are the geometric properties of critical metrics in the conformal class
for the functional g — D(g)?

2. Is the existence of minimizers guaranteed in every conformal class?
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A new variational problem

From a variational point of view it seems natural to consider the quadratic
scaling-invariant Riemannian functional

D(g) := vo|g(M)%/M|5gWg\§dvg

Obviously harmonic Weyl metrics are critical points (absolute minima) of D(g).
In the same spirit of the Yamabe problem, we define the conformal invariant

D(M.[g]) = inf D(&)

Questions:

1. What are the geometric properties of critical metrics in the conformal class
for the functional g — D(g)?

2. Is the existence of minimizers guaranteed in every conformal class?

* G. Catino, P. Mastrolia, D. D. Monticelli and F. Punzo, Four dimensional closed manifolds admit a weak
harmonic Weyl metric, submitted.
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Weak harmonic Weyl metrics

We have the following characterization of critical metrics in the conformal class
for the functional

D(g) == VOlg(M)z/ngWg@dvg
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Weak harmonic Weyl metrics

We have the following characterization of critical metrics in the conformal class
for the functional

D(g) == VO|g(M)5/M|5gWg\§dvg

Proposition (C.-Mastrolia-Monticelli-Punzo)

A metric is critical in the conformal class for the functional g — ©(g) if and only
if it satisfies the Weitzenbock formula

4

1 1
“AIW)? = VW4 ZR|W|? =3 Wiy Wijpg Widpg — 8|0 W | + / SW[dV
> | | | |+2 | | 3 ijkl V¥Vijpq VVklpq 8|5 | VoI(M) M| |
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Weak harmonic Weyl metrics

We have the following characterization of critical metrics in the conformal class
for the functional

D(g) == VO|g(M)5/M|5gWg\§dvg

Proposition (C.-Mastrolia-Monticelli-Punzo)

A metric is critical in the conformal class for the functional g — ©(g) if and only
if it satisfies the Weitzenbock formula

1 1 4
AW = VW4 ZR|W|? =3 Wiy Wijipg Wigpg — 8|6 W2 / SW[dV
2 | | | | -+ 2 | | ijkl V¥Vijpq VVklpq | | + VOI(M) o | |

In this case we say that g is a weak harmonic Weyl metric.
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Weak harmonic Weyl metrics

We have the following characterization of critical metrics in the conformal class
for the functional

D(g) == VOlg(M)f/ngWg@dvg

Proposition (C.-Mastrolia-Monticelli-Punzo)

A metric is critical in the conformal class for the functional g — ©(g) if and only
if it satisfies the Weitzenbock formula

1 1 4
AW = VW4 ZR|W|? =3 Wiy Wijipg Wigpg — 8|6 W2 / SW[dV
2 | | | | -+ 2 | | ijkl V¥Vijpq VVklpq | | + VOI(M) o | |

In this case we say that g is a weak harmonic Weyl metric.

By Derdzinski formula, harmonic Weyl implies weak harmonic Weyl.

SF C & C Yy
N
HW C WHW
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Existence of WHW metrics
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Existence of WHW metrics

Theorem 2 (C.-Mastrolia-Monticelli-Punzo)

On every closed four-dimensional manifold there exists a weak harmonic Weyl
metric.
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Existence of WHW metrics

Theorem 2 (C.-Mastrolia-Monticelli-Punzo)

On every closed four-dimensional manifold there exists a weak harmonic Weyl
metric.

@ Aubin proved that every closed Riemannian manifold admits a constant
negative scalar curvature metric. Besides this one, Theorem 2 is the only
existence result of a canonical metric, which generalizes the Einstein
condition, on every four-dimensional Riemannian manifold, without any
topological obstructions.
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Existence of WHW metrics

Theorem 2 (C.-Mastrolia-Monticelli-Punzo)

On every closed four-dimensional manifold there exists a weak harmonic Weyl
metric.

@ Aubin proved that every closed Riemannian manifold admits a constant
negative scalar curvature metric. Besides this one, Theorem 2 is the only
existence result of a canonical metric, which generalizes the Einstein
condition, on every four-dimensional Riemannian manifold, without any
topological obstructions.

@ The metric in Theorem 2 is constructed as follows: first, thanks to a result of
Aubin, on every four-dimensional manifold M* we can choose a reference
metric go with |Wp,|g > 0. Then, we prove that on (M*, go) the infimum
D(M, [go]) is attained by a conformal metric g € [go], which is a weak
harmonic Weyl metric. Moreover, we show that every critical point in the
conformal class [gp] is necessarily a minimum point.
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Sketch of the proof |

In order to prove this theorem, we endow a closed four-manifolds M* with the
metric go constructed by Aubin and we consider the functional
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Sketch of the proof |

In order to prove this theorem, we endow a closed four-manifolds M* with the
metric go constructed by Aubin and we consider the functional

D(v) = @(vfzgo)
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Sketch of the proof |
In order to prove this theorem, we endow a closed four-manifolds M* with the

metric go constructed by Aubin and we consider the functional

D(v) = @(vfzgo)

()

1
/M (ZIWEITVE +[8WRV = (v)2 Wep W) aV
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Sketch of the proof |

In order to prove this theorem, we endow a closed four-manifolds M* with the
metric gy constructed by Aubin and we consider the functional

D(v) = @(v72g0)
_ —4 2 102 2 2.2 (N2 .
= v 'dV 4‘W| |VV| +‘(5W| v (V)S WsukWpuk,p d\/7
M M

where all the geometric quantities are referred to gy and the function v belongs to
the convex cone

H(M) := {ue HY(M):u>0a.e. and/ utdVv < oo} :
M
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Sketch of the proof |

In order to prove this theorem, we endow a closed four-manifolds M* with the
metric gy constructed by Aubin and we consider the functional

D(v) = @(v72g0)
_ —4 2 102 2 2.2 (N2 .
= v 'dV 4‘W| |VV| +‘(5W| v (V)S WsukWpuk,p d\/7
M M

where all the geometric quantities are referred to gy and the function v belongs to
the convex cone

H(M) := {ue HY(M):u>0a.e. and/ utdVv < oo} :
M

We define

D:= inf D(u).
ueH(M)
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Sketch of the proof |

In order to prove this theorem, we endow a closed four-manifolds M* with the
metric gy constructed by Aubin and we consider the functional

D(v) = @(v72g0)

1
P
- (/ v_4dV> / (ZIWEITVE +[8WRV = (v)2 Wep W) aV
M M

where all the geometric quantities are referred to gy and the function v belongs to
the convex cone

H(M) := {ue HY(M):u>0a.e. and/ utdVv < oo} :
M

We define

D:= inf D(uv).
ueH(M)

We note that the condition |W| > 0 is crucial, as it implies the uniform ellipticity
of the problem.
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Sketch of the proof Il

One has

D(v) = (/Mv_“dV);/M(a|Vv2+cv2) dv = (/M v‘4dv>;/MvadV
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Sketch of the proof Il

One has

D(v) = (/Mv_“dV);/M(a|Vv2+cv2) dv = (/M v‘4dv>;/MvadV

with a € C*°(M), a > 0, ¢ € C>°(M) and the uniformly elliptic self-adjoint
operator L is given by

Lv:=—div(aVv)+cv.
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Sketch of the proof Il

One has

D(v) = (/Mv_“dV);/M(a|Vv2+cv2) dv = (/M v‘4dv>;/MvadV

with a € C*°(M), a > 0, ¢ € C>°(M) and the uniformly elliptic self-adjoint
operator L is given by

Lv:=—div(aVv)+cv.
Since, by definition, ®(v) > 0, we get

2 2
%4
P e A GAL il Ls LS
ueHY (M), u#0 fM u? dVv
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Sketch of the proof Il

One has

D(v) = (/Mv_“dV);/M(a|Vv2+cv2) dVv = (/M v‘4dV);/MvadV

with a € C*°(M), a > 0, ¢ € C>°(M) and the uniformly elliptic self-adjoint
operator L is given by
Lv:=—div(aVv)+cv.

Since, by definition, ®(v) > 0, we get

2 2
%4
P e A GAL il Ls LS
ueHY (M), u#0 fM u? dVv

By standard elliptic theory, there exists a smooth, positive, first eigenfunction ¢
of L solution of Lp; = A1¢p1 .
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Sketch of the proof Il

We have the following (strong) maximum principle.
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Sketch of the proof Il

We have the following (strong) maximum principle.

Let A\; > 0. If u € HY(M) satisfies Lu > 0 in the weak sense, then either u =0
a.e. on M or essinfp; u > 0.
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Sketch of the proof Il

We have the following (strong) maximum principle.

Let A\; > 0. If u € HY(M) satisfies Lu > 0 in the weak sense, then either u =0
a.e. on M or essinfp; u > 0.

Moreover, by Jensen, we can show a two-sided estimate on D = inf,cy(py D(u) in
terms of \;
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Sketch of the proof Il

We have the following (strong) maximum principle.

Let A\; > 0. If u € HY(M) satisfies Lu > 0 in the weak sense, then either u =0
a.e. on M or essinfp; u > 0.

Moreover, by Jensen, we can show a two-sided estimate on D = inf,cy(py D(u) in
terms of \;

We have )
Jupidv

1
(fM 90f4 dV) ’
In particular D = 0 if and only if \; =0 and, if D > 0, then the maximum
principle in Lemma 1 holds.

Vol(M)? Ay <D < Dl
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Sketch of the proof IV

A variational argument shows that u — ©(u) admits a minimum point v in
H(M).
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Sketch of the proof IV

A variational argument shows that u — ©(u) admits a minimum point v in
H(M). Consequently, v is a (weak) solution of the Euler-Lagrange equation

1 -3/2

=7 div(| WPV V) + (|6W)? 4 div( Wi Wik p)) v = D(v) (/ v_4dV> =
M

which is a uniformly elliptic semilinear equation with singular nonlinearity. Here,

again, all the geometric quantities are referred to gp.
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Sketch of the proof IV

A variational argument shows that u — ©(u) admits a minimum point v in
H(M). Consequently, v is a (weak) solution of the Euler-Lagrange equation

)

1 32
=7 div(| WPV V) + (|6W)? 4 div( Wi Wik p)) v = D(v) (/ v_4dV> —
M

vo

which is a uniformly elliptic semilinear equation with singular nonlinearity. Here,
again, all the geometric quantities are referred to gy. Moreover, v is unique up to
scaling.
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Sketch of the proof IV

A variational argument shows that u — ©(u) admits a minimum point v in
H(M). Consequently, v is a (weak) solution of the Euler-Lagrange equation

)

-3/2
1. ) _ 1
=7 div(| WPV V) + (|6W)? 4 div( Wi Wik p)) v = D(v) (/ v 4dV> =
M
which is a uniformly elliptic semilinear equation with singular nonlinearity. Here,
again, all the geometric quantities are referred to gy. Moreover, v is unique up to
scaling. Hence, by standard elliptic regularity theory, v € C°°(M) and

D(M, [go]) = O<U?C'QO(M)©(U) = uer?:'(r}w)@(”) =D.
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Sketch of the proof IV

A variational argument shows that u — ©(u) admits a minimum point v in
H(M). Consequently, v is a (weak) solution of the Euler-Lagrange equation

)

1 32
=7 div(| WPV V) + (|6W)? 4 div( Wi Wik p)) v = D(v) (/ v_4dV> —
M

vo

which is a uniformly elliptic semilinear equation with singular nonlinearity. Here,
again, all the geometric quantities are referred to gy. Moreover, v is unique up to
scaling. Hence, by standard elliptic regularity theory, v € C°°(M) and

D(M, = in D)= min D) =D.
(M. lool) = 00 4y 20 = Iy 2 1)
Therefore

g:=v g

is a weak harmonic Weyl metric on M*. O
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Sketch of the proof IV

A variational argument shows that u — ©(u) admits a minimum point v in
H(M). Consequently, v is a (weak) solution of the Euler-Lagrange equation

v’

1 —3/2
=7 div(| WPV V) + (|6W)? 4 div( Wi Wik p)) v = D(v) (/ v_4dV>
M

which is a uniformly elliptic semilinear equation with singular nonlinearity. Here,
again, all the geometric quantities are referred to gy. Moreover, v is unique up to
scaling. Hence, by standard elliptic regularity theory, v € C°°(M) and

D(M, [go]) = O<U?C'QO(M)©(U) = uer?:'(r}w)@(”) =D.

Therefore
g:=v g
is a weak harmonic Weyl metric on M*. O

Conclusion: if we choose a reference metric gy with |Wg, | > 0, then we can
find a conformal metric g = v=2gy, v € C°°(M), minimizing the functional D(g).
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Degenerate case
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Degenerate case

What happens in the degenerate case, i.e. if |W,|q = 0 somewhere in M?
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Degenerate case

What happens in the degenerate case, i.e. if |W,|q = 0 somewhere in M?
We can show that uniqueness (up to scaling) of smooth (C?) solutions to the
equation still holds, unless gy is locally conformally flat, i.e. Wy = 0.
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Degenerate case

What happens in the degenerate case, i.e. if |W, |4 = 0 somewhere in M?

We can show that uniqueness (up to scaling) of smooth (C?) solutions to the
equation still holds, unless gy is locally conformally flat, i.e. Wy = 0. Moreover
we have the following non-existence results:
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Degenerate case

What happens in the degenerate case, i.e. if |W, |4 = 0 somewhere in M?
We can show that uniqueness (up to scaling) of smooth (C?) solutions to the
equation still holds, unless gy is locally conformally flat, i.e. Wy = 0. Moreover
we have the following non-existence results:

@ If [Wg,|g = 0 on some open set Q C M,

Giovanni Catino (Politecnico di Milano) Some canonical metrics on four manifolds Banff 2019 18 /19



Degenerate case

What happens in the degenerate case, i.e. if |W, |4 = 0 somewhere in M?
We can show that uniqueness (up to scaling) of smooth (C?) solutions to the
equation still holds, unless gy is locally conformally flat, i.e. Wy = 0. Moreover
we have the following non-existence results:
o If [Wg|g =0 on some open set 2 C M, then we can show that a smooth
metric g = v—2gy is critical if and only if it is locally conformally flat, i.e.
Wg =0 on M (and thus W, = 0).
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Degenerate case

What happens in the degenerate case, i.e. if |W,|q = 0 somewhere in M?
We can show that uniqueness (up to scaling) of smooth (C?) solutions to the
equation still holds, unless gy is locally conformally flat, i.e. Wy = 0. Moreover
we have the following non-existence results:
o If [Wg|g =0 on some open set 2 C M, then we can show that a smooth
metric g = v—2gy is critical if and only if it is locally conformally flat, i.e.
Wg =0 on M (and thus W, = 0).
@ In addition, if |Wg|g,(p) = 0 at some point p € M and

1Welgo (x)

dlstgo(x,p) — 0 as distg(x,p) — 0,
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Degenerate case

What happens in the degenerate case, i.e. if |W,|q = 0 somewhere in M?
We can show that uniqueness (up to scaling) of smooth (C?) solutions to the
equation still holds, unless gy is locally conformally flat, i.e. Wy = 0. Moreover
we have the following non-existence results:
o If [Wg|g =0 on some open set 2 C M, then we can show that a smooth
metric g = v—2gy is critical if and only if it is locally conformally flat, i.e.
Wg =0 on M (and thus W, = 0).
@ In addition, if |Wg|g,(p) = 0 at some point p € M and

1Welgo (x)
dISth(X, p)
then, a smooth metric g = v~2gy is critical if and only if it has harmonic

Weyl, i.e. §;W,; =0 on M. As we have seen, there are topological
obstructions to the existence of such a metric.

— 0 as distg(x,p) — 0,

Giovanni Catino (Politecnico di Milano) Some canonical metrics on four manifolds Banff 2019 18 /19



Degenerate case

What happens in the degenerate case, i.e. if |W,|q = 0 somewhere in M?
We can show that uniqueness (up to scaling) of smooth (C?) solutions to the
equation still holds, unless gy is locally conformally flat, i.e. Wy = 0. Moreover
we have the following non-existence results:
o If [Wg|g =0 on some open set 2 C M, then we can show that a smooth
metric g = v—2gy is critical if and only if it is locally conformally flat, i.e.
Wg =0 on M (and thus W, = 0).
@ In addition, if |Wg|g,(p) = 0 at some point p € M and

W leo (x)
dISth(X, p)
then, a smooth metric g = v~2gy is critical if and only if it has harmonic
Weyl, i.e. §;W,; =0 on M. As we have seen, there are topological
obstructions to the existence of such a metric.
The remaining case, i.e. |Wg|g(p) = 0 at some point p € M and

— 0 as distg(x,p) — 0,

lim sup M >0
distgy (x,p)—0 dISth(X P)

is open.
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Thank you.

Some references:

o T. Aubin, Metriques riemanniennes et courbure, J. Differential Geometry 4
(1970) 383-424.

o J.-P. Bourguignon, Les varietes de dimension 4 a signature non nulle dont la

courbure est harmonique sont d'Einstein, Invent. Math. 63 (1981), n. 2,
263-286.

o G. Catino and P. Mastrolia, Bochner type formulas for the Weyl tensor on
four dimensional Einstein manifolds, Int. Math. Res. Not., to appear.

@ G. Catino, P. Mastrolia, D. D. Monticelli and F. Punzo, Four dimensional
closed manifolds admit a weak harmonic Weyl metric, submitted.

o A. Derdzinski, Self-dual Kihler manifolds and Einstein manifolds of
dimension four, Compositio Math. 49 (1983), n. 3, 405-433.

@ M. J. Gursky, Four-manifolds with W™ = 0 and Einstein constants of the
sphere, Math. Ann. 318 (2000) n. 3, 417-431.

e M. J. Gursky and C. Lebrun, On Einstein manifolds of positive sectional
curvature, Ann. Global Anal. Geom. 17 (1999) n. 4, 315-328.
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