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Modelling

Elasticity Perfect plasticity

g

€
Loading threshold : lo] <1
_— Plastic variable : p=€—o
Constitutive law : o0 = € . .
Flow law : p=0  iffol <1,
: +p>0 if o = £1.

Displacement : u: Q C R%2 5 R
Stress : 0 : Q — R?
Equation of motion : ii — dive =0

U — dive =0,
o] <1,

\S\;)nstitutive' Iawl o :AVU_ Vu=o0+p,
ave equation : 1 — Au =20 p:Oif|0|<1 L
ﬁ:aif|a|:1 © o p=pl



Hyperbolic formulation : Friedrichs’ systems
Elasticity : 1 — Au=0
Hyperbolic variable : U := (i, 0) = (&, Vu)

The wave equation is equivalent to
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or still, for all constant vectors x € R3 and all test functions ¢ with
Supp(y) C @ x [0, +00),
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Hyperbolic formulation : Friedrichs’ systems
Plasticity : 1t —dive =0, Vi=6+p,c € B, o-p=|p| >0,
Hyperbolic variable : U := (i,0) e R x B =: K

The system of perfect plasticity writes
0
0:U + A101U + A0,U + (p) =0,

or still, for all constant vectors k = (k,7) € K and all test functions
> 0 with Supp(p) C Q x [0, +00),

0o 2
/ / |U—H\23t<p—|—ZA,-(U—/@)-(U—n)@;(p—F/ |Uo — k|?p(0) > 0.
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v" Analogy with the entropic formulation of scalar conservation laws
(Kruzkov) ; here an L? theory is natural because of quadratic entropies
U |U -kl



v For Q = R" and general Friedrichs’ systems WITH contraints :

o Després-Lagoutiére-Seguin : 3! by means of a finite volume scheme
and the doubling variable method ;

o B.-Mifsud-Seguin : 3 by means of a constraint penalization and a
vanishing diffusion.

v For Q C R"” and general Friedrichs’ systems WITHOUT contraints :
entropic “dissipative” formulation by Després-Mifsud-Seguin for boundary
conditions of the type

(A, —M)U=0 ondQ xR,

where A, = Y7 | Ajv; (v unit outer normal to Q) and M is matrix s.t.
e MT = M;
e M>0;

KerA, C KerM;

R3 = Ker(A, — M) + Ker(A, + M).



Entropic formulation

For all constant vectors x € K and all test functions ¢ > 0,

oo 2
|10 sPowo+ 3" AU=w)- (U= m)aro+ [ U= ke(0)
0o Ja Py Q

+ / Mg™T - /£+g0 >0,
o Joq

where
R3 = KerA, @ Ker(A,—M)NImA, & Ker(A, +M)NImA,
K = Ko + K~ + KT.

v L2 formulation of a boundary value problem by analogy with the L>
theory of Otto for scalar conservation laws in bounded domains.
v In the case of elasticity and/or plasticity,

(A, —MU=0 <= o-v+Ai=0, A>0.



Well posedness (A = 1)
We look for (u, o, p) such that

U—dive=0in Q x (0, T),
Vu=0o+pin Qx(0,T),
lo] <1inQx(0,T),
o-p=IplinQx(0,T),
o-v+0=00n902x(0,T),
+1.C.

Elasto-visco-plastic approximation : We look for (u., 0., p:) such that

i, — div(o.+eViL) = 0in Q x (0, T),
Vu. =0+ p: in Q2x(0,T),

p. = 2==Pl) in Q% (0, T),

(0 +eVi) - v+ i, =00n9Q x (0, T),
+1.C.



v" Existence and uniqueness :

u. € W2(L2) N H*(HY), o.€ Wh(L?), p. € HY(L?).

v" Energy balance : V ¢t > 0,
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v Weak convergences : 3 u € W>(L2)NC%Y(BV), o € W1>°(L?) and
p € C%(M,) such that
ue = u, 0c—0, p.—p.
v Consequences :
i—dive=0in Qx (0, T),
Du=oc+pinQ2x(0,T),
lo| <1in Qx(0,T),
+1.C.



v" Energy inequality : V t > 0,

s [laor+3 [inrs [ [o+5 [ [ 1
// (o +eVin) - vf < 5 [ ol +5 [ loof®

v Relaxation of the B.C. if uy —=* uin BV, o) — o in L?,

Duol(@)+ [ (o <nmmf{/|w—ak+ /|uk|2}7

where ¥(z) = %lmgl + (|2 = 3)1zj51 and ¥*(2) = LA Lz<1



v’ Energy mequallty Vit>0,

s [licor+ [ iotor + /|p<s|(9 o+ [ [ w
[ fore= e ot

v' Energy equality : we use here that
e on 9N x (0, T): (i) +¢*(o-v)>—(c-v)i;
e on Qx(0,T):|p|>[o-p] (distributional duality of Anzellotti)
because |o| < 1.
We obtain the other inequality V t > 0,

;/Qw(tn%;/Q|a(t)|2+/ot|p(s)|(n)ds+/ot i)
+/Ot aﬂw*(a,y):%/Q|VO|2+%/Q|OO|2.

v" Flow rule and boundary condition :
Bl = [0+ 5] in Q% (0, T);
)+ (o-v)=—(c-v)i & o-v+9'(4) =00n 2 x (0, T).



Theorem (B.-Mifsud)

3l ue W22(L2)nC%(BV), o0 € WE(L2) and p € C®Y(M}) such
that

i—dive=0inQ2x(0,T),
Du=oc+pinQx(0,T),

lo| <1inQx(0,7),

o) = |pl in Q% (0, T),
o-v+¢'(0)=00n02x(0,T),

+1.C.

Theorem (B.-Mifsud)

(u,0,p) is a “variational” solution if and only if U = (i1,0) € W1>°(L2)
is an entropic solution : ¥ k € K(=:R x B) and ¥V ¢ > 0,
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Regularity of solutions

v" Explicit examples of singular solutions of jump or Cantor type (Suquet,
Demyanov)

v" For smooth compactly supported initial data, the solution remains
smooth in short time :

e Finite speed propagation property : if Supp(uo, vo, 0o, po) C 2, then
there exists T* > 0 such that Supp(u(t),o(t), p(t)) C Q for all
t< T*,

e Kato inequality : if (u;, 04, p;) (i = 1,2) are two solutions associated
to initial data (uo;, voi, 0oi, po;i) then

/OT/sl[(ill — ) +lor —0of] < T/Q[(Vm —v02)? + |oor — 002)?]-

v" Generalization by Mifsud to the general vectorial model of perfect
plasticity for any closed and convex elasticity set.



Thank you !



