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Pulses with or without noise

pulse without noise pulse with noise
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Transmission without noise

O,u=i0%u+ilufPu, z€[0,(],teR
u(0,t) = up(t)

o |ul? is the signal.

o |up|? is the initial signal.

o Conservation of charge: ||u(z)||2@w) = ||tol|2(r)-
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Transmission with noise

Ou=i0?u+iluPu+g, z€[0,(],teR
u(0,t) = up(t)

o g € L2([0, (], L2(R)).

0 ug € L2(R), |upl? initial signal.

o The L2 norm is not conserved:

lu(2)|[Z2w) = HUo\|fz(R)+/0 2Re ((u(2'), 8(2)) 12wy ) d2'
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Signal degradation

o : temporal window .
o(t) = ae ATV T =(/c.

Given an initial pulse, can the noise degrade the signal?

/R o (t) u (¢, B)2dt <
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Control Problem

State equation: ,u = A(u) + g, u(0) = up
o A(u) = i0?u + ilul?u : noise free evolution operator
o g € L%([0,¢], L3(R)) : control/noise
o ug : initial state

o ulg] (¢) € U: state contraint at the end of
the transmission, with

loulgl()3aqgy < n-
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Optimal Control

i|Is there a minimum noise g for wich the signal is degraded

/02(t>ru<<, O dt <,

where u = u[g] is the solution of d,u = A(u) + g, u(0) = uy?
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The optimal control problem

gmelg J(g), G={gel*([0,¢.L*(R)):A(g) €U}, with

o J(&) = llgllz(o.q.c2my):-
o Ng) = oulg](¢) where u[g] € C([0, (], L*(R)) is the
solution of the nonlinear Schrodinger equation
Ou=i0%u+iluPu+g
u(0,t) = up(t).

o U ={y e LPR)/|y(t)llz) < n}-
o We assume 0 ¢ G.
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Integral equation

o Let S(z) be the unitary group generated by i92.

o A mild solution for the state equation with noise is
u(z) = S+ |5z 2) (lul)Pulz) + ().
0

o We will need Strichartz estimates. We define: (p, q) is a
pair of admisible exponents for 1 < p < oo, if

o (6,6) and (2, 00) are pairs of admisible exponents.
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Strichartz estimates

o If (p,q) is a pairs of admissible exponents, then there
exists C, > 0 such that for any ug € L? (R) it holds

15 (2) UOHLq(I,LP) < G [luoll 2 -

o Let (p,q), (r',7') be pairs of admissible exponents, then
there exists C,, > 0 such that for g € L7 (/, L") it holds

/OZS(Z—Z')g(z’)dz’

< Gor HgHLw(/,L') )
La(/,LP)

where r, 7 are the conjugate exponents of r’,~/
respectively.
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Strichartz estimates

For u € L%([0,(], L® (R)), we have

H|u|2u

= [lullzso.c.co
12(0,6,12) PO

For u, i € L°([0,(], L° (R))

2 ~12
< € (Julopein + Nlilisocus))

H|u|2u—|ﬁ|2ﬁ <
L2(0,¢,L2)

X [Ju— "7||L6(0,(,L6) :

see Cazanave 2003.
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Local existence

Space of solutions

x, = €([0,2], L2(R)) N L0, 2], L°(R))

Theorem

Given ug € L?(R), let r = méx{||uo||L2 ; ||g||,_1(0’<7L2)} . Then,

there exist z=z(r) € (0,(] and u € X, solution of the integral
equation

u(z) = S(2)up + / S(z—-2) (i|u(z')|2u(z') S g(z')) d7.
0
The solution u depends continuously on uy, g and

lullco.z,e2) < llwoll 2 + 2 |81l 120,¢,12) -
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Global existence

Theorem

Given uy € L? (R) and g € L ([0,¢], L2 (R)), there exists a
unique u € X, solution of the state equation which verifies

lullx, < € (¢ Neoll lellso.azy) -

Furthermore, u € WY ([0, (], H2 (R)),

lellwaao ez < € (¢ llwollz lglocn)

and the state equation is posed in H=2 for a.e. z € [0, (].
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A es Fréchet differentiable

Recall u[g] is the solution of the integral equation

U(Z) = S(Z)U() + /OZ S(Z — Z/) (i|u(z’)|2u(zl) _|_g(zf)> dz'.

Proposition

Let ug € L?(R) and g € L' ([0,¢], L2(R)), then u[g] es Fréchet
differentiable and D, u[g|(dg) € X¢ is the solution of the linear
integral equation

Wz = [ Stz =) (2iRe (ulely) ule] + ilulglPy + 0g) ()

v
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The optimal control problem

min J(g), G={ge*([0,¢],L*(R)): Ng) € U} with
o J(8) = lgllez(o,cezmy-
o N(g) = oulg](¢) where u[g] € C([0,¢], L2(R)) is the

solution of the nonlinear Schrodinger equation

O,u=i0?u+ilufPu+g
u(0, t) = up(t).

o U ={y e LPR)/|y(t)lIzz) < n}-
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The set G is not empty

Consider
O =107y + i[9 — M
with ¥(0) = up and A > 0. Then

d
@@ = =2\ ()22

19(2) 72y = lltoll 2y e
g = A\ with X big enough makes that

2 2 2 _o)\z
Ho—u[g](C)HLQ(]R) S HO—HLOO(]R) HUOHB(]R) e 2A S 77
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Minimizing sequence

gk €Y, ||gk||L2([0,C],L2(R)) - g”;g ||g||L2([0,§],L2(R))

o Then 8k — g* en L2([07C]7 Lz(R))
o From the estimates for solution v, associated to g,

[kl x, < C.
o There exists u* € &¢

ue — u* in L2([0, ¢], L2 (R)).

loc

o Then
|ui|Pue = |u*[Pu* in L2([0, ], L2(R)).

o Is u* the associated solution to the control g*?
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Convergence

o From the existence theorem, u, € H'([0,¢], H?(R)) and
is bounded.

o Then u* € H}(]0,¢], H3(R)) and
O,u — O,u* in L*(]0,¢], H3(R)).

o For all k, O,u, = i(‘?tzuk +i|ug|Puk + gk.
o For 6 € C}([0,(], H*(R))

¢ ¢
/ <82uk,9>H—27H2dZ = / <i8$uk,9>H72,szz
0 0

¢ <
—|—/ <I'|uk\2uk,0>,_zdz—|—/ (gk, 0)2dz
0 0
0 Then d,u* = i0?u* +i|u*|2u* + g* and u* € C([0,(], L*(R)).
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The limit is optimal

Since
[ P Olule. ke <
and
ouk(¢) = ou*(¢) en LQ(R)
then

lou (Ol 2@y < liminf [[our(O)l 2@ <n
and since g, — g* in L?(R)
) .. 2
J- < |2y = Niminf lgnlliz0..2) = -
Then g* is optimal and ||UU[g*](C)||L2(R) = ||0'U*(C)HL2(1R<) =1.
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Abstract theorem

Theorem (Casas 1993)

Given G and Z Banach spaces and U C Z a convex subspace
with nonempty interior. Let g, be a solution of the problem

min 7(g)
g€ G, Ng)el

where J : G — (—o0, +00] and A : G — Z are Gateuax
differentiable. Then, there exist A > 0 and u, € Z' such that

oA+ ||,U/*||Z’ >0
o (s, z—Ng.)) <0 forallzel
o (\J'(g.) + [DA(&)]" 1,8 — 8")6+.6 = 0.
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Optimal control problem

Applied to our problem

o J: L3([0,¢], L*(R)) — [0,00), J(g) = ”gHi?[O,(],L?(R) is
Gateaux differentiable and J'(g) = 2¢g
o Az L2([0,¢], L2(R)) — L*(R), A(g) = oulg](¢) is

Gateaux differentiable and D,A(g) = oD u[g](¢).

o U ={yeL’(R)/|ylliz® <n}t C LX(R).
o The problem is

min J(g) = llgll2(o.¢.c2(m))
g € G=L%([0,(], [*(R)),\(g) = oulg](¢) e U
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Dual problem

We compute (DA(g))* : L2(R) — L3([0, ¢], L*(R)):

o Given g € L2([0,(], L2 (R)), u[g] € X, the associated
state, and p¢ € L3(R), let pn € X, be the solution of the
dual equation

Opp = 1021 + 2ilu®p — iv°H,
1(C) = opc.

o From

(e, DN(g)(0g)) 12 = (ue, o Dgu[g](08)(C)) 12

¢ ¢
~ | 0. Do)z = [ s

o Then (DA(g))" n¢ = p.
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Necessary conditions

From Casas's Theorem, if g, is an optimal control
o There exists A > 0 and p; € L?(R) such that
o At [lucllzgy > 0
o (pe,u—oulg®](€)) <Oforalluecld.
0 (A28" + 1,8 — &%) 12((0,cl,12w)) = 0, for all g € L2([0, (], L2(R)).
o pe = aou[g*](¢), with a > 0.

o A=1 puc#0, then a >0and g* = —1..

° g*(¢) = —31(¢) = —3onc = —300°ulg"](C).
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Necessary conditions

Let g* be an optimal control and u* = u[g*] its associated
state

O,u* =102u* +ilu*|Pu* + g,

0-g" =10;g" + 2ilu"[*g" —i(u")’g",
u(0) = wp,

g"(¢) = Bo*u*(¢) with § < 0

low ()l =n
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