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a-Harmonic Maps

They are critical points of the nonlocal energy

L) = [ =87 uPaxt, Q)

where u € H*(RK, A/), N C R™is an at least C? closed (compact
without boundary) n-dimensional manifold, and

(D)2 u=[¢"D.
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Case of Harmonic maps into a sub-manifold N of
Rm

Critical points u € W'2(B¥, V) of
L{u) = / IV u[2ax" @)
Bk
satisfy under the pointwise constraint u(x) € V'
—Au=AU)(Vu,Vu) <= Pr(u)Au=0,

A(2)(X, Y), 2" fundamental form of A at z € \V along
(X, Y) € (T.N)?, Pr(z) is the orthogonal matrix projection onto
T.N.

Banff, April 4, 2017 3



Horizontal Harmonic Maps

A Polarization of R is a C' field of orthogonal projections
Pr e C'(R™ Mn(R)) st ProPr=Pr
Pyi=Id—Pr and Vz, X,Y (Pr(2)X,Pn(2)Y)=0
|02PT||1c < +00, rank(P1)=n

Horizontal Harmonic Maps in W'2(BX, R™)

Pr(u)Au=0
in  D'(BX
Py(u)yVu=0
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If Pr is integrable, namely Py[P1X, PTY] =0 = back to harmonic
maps.

Horizontal Harmonic Maps satisfy:

0=Pr(u)Au = div(Pr(u)Vu) - VPr(u)Vu
= div(Vu) — VPr(u)Vu
= Au+[VPyPr — (VPNPT) VU
=0
Therefore:

-Au=QVu
with Q := (VPy Pr — P VPy) and Q! = —Q.

Banff, April 4, 2017 5



If Kk =2 = Regularity for Systems with
Antisymmetric Potentials in 2-D [ Riviere, 2005]

e Locally there exists A € W'2 N L™ invertible such that
div(VA — AQ) = 0.
e Poincaré Lemma = there is B ¢ W2 such that

ViB:=VA - AQ
Au+Q-Vu=0 — div(AVu+BVLu)=O
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Thus [Coifman, Lions, Meyer, Semmes, 1989]

div(AVu)=V+B-Vu e€H' Hardy space

But
curl(AVu)=V+A-Vu e H' Hardy space

Hence [ Fefferman,Stein, 1972]

AVueW" = Avuel® = vuel® = uecC®
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Concentration Compactness for H-H Maps in 2-D

Let uk be horizontal harmonic maps with L(ux) < C.

U — U strongin CLY <82 \ {a - --ao})

U is @ horizontal harmonic map. Moreover

Q
IVuk|? ax®  —|Vus[* dx®+> "\ 65  in Radon meas.
j=1
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Question:

How much energy is dissipating ? \; =? Is \; equal to the sum of
the Bubbles’ Energy concentrating at a;?

A = SN L(ui)

where u/: C — R™ is a horizontal harmonic map w.r.t Pr?

4

No Neck Energy Problem
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Neck Region

Let uk be horiz. harm. with L(uk) < C.

A neck region for uk is a union of degenerating annuli :

Ak = B,qk \ Brk S.t.

ok(1)
|

. R -7
im —% =400 and |Vu|(x) <
Kk—+00 I X‘

Main Problem: Do we have

/ |Vuk(x)|? dx — 0?
BHk

"k
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Duality between the Lorentz spaces L?' and %>

What holds:
Hvuk”Lz’oo(BRk\Brk) — 0.

Question:

lim supy 40 VUKl 21 (85, \8,) < +00?
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Asymptotic Expansions in Neck Region, [ Laurain,
Riviere (2011)]

There exist ¢, € R™, Ax € W21 L™, A, radial, f, € L2

Ar(|x|)ck

Vuk(x) = x|

+fk

. . —
with lim supy_, oo ||fk||L2’1(BFtk\Brk) < 400, |ck|=0 <+> .

+/log R/
Hence
. 10u , 10u
lim sup ok <400 = lm ||-=X =0.
k—+00 || I 00 L2,1(Bﬂk\3rk) k—+oo || r 00 LZ(BRk\Brk)
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Pohozaev = No Neck Energy

Pohozaev Identity says

1 0uk 2 Ouk 2
A 0 ——| dl= — df
r= /,95, r 00 /198, or
Hence
1
1 9uk -0 = lim '% =0
k—+oc || I 00 L2(Bg, \Br,) k—+o0 || OF L3(Bg, \Br,)
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Case « = 3: Half Harmonic Maps
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Case « = 3: Half Harmonic Maps

Critical points u € H'/2(RKN), N < R™
£V | A)V4u? dx < +o00

Variations under pointwise constraint of the map : u(x) € NV a.e.

Pr(u)(=A)'/2u=0 in D'(RK)

where Pr(z) is the orthogonal matrix projection onto T, .
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Some Motivations

e Free Boundary Minimal Discs

A map u € H'?(S'",N) is 1/2-harmonic iff its harmonic
extension & in B2 is conformal and “cuts” A orthogonally.
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Some Motivations

e Free Boundary Minimal Discs

A map u € H'?(S'",N) is 1/2-harmonic iff its harmonic
extension & in B2 is conformal and “cuts” A orthogonally.

0
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e Asymptotic Analysis of Ginzburg Landau Equation [Millot & Sire
(2015)]

(—A)"2u, = (1 — |uP)ue, inQ CRK
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Horizontal 1/2-Harmonic Maps in H'/?(RK, R™) :

Pr(u) (~4)"/2u =0
in  D'(RK)
Pny(u)yVu=0
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Horizontal 1/2-Harmonic Maps in H'/?(RK, R™) :

Pr(u) (~4)"/2u =0
in  D'(RK)
Pny(u)yVu=0

If Pr is integrable : back to 1/2-harmonic maps.
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Horizontal 1/2-Harmonic Maps in H'/?(RK, R™) :

Pr(u)(~0)"2u=0
in  D'(RK)
Pny(u)yVu=0

If Pr is integrable : back to 1/2-harmonic maps.

For k = 1 Horizontal 1/2-Harmonic Maps correspond to Min-
imal Discs with Horizontal Boundaries and Vertical Exterior
Vector
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Example: Hopf Distribution

In C2\ {0} let Pt be given by
Pr(z)Z :=Z — ]z|_2 [Z - (z1,20) (21, 20) + Z - (iz1, izo) (iz1, i22)].

Horizontal 1/2-harmonic maps u are given by solutions to the
system ]
9% ¢ Span{u,iu}

u-%-0 in D'(S")
iu-94=0

where & denotes the harmonic extension of u which defines a
minimal disc.
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An example of such a map is

u(f) = L(e"‘g, e %) where U(z,Z)= L(z,?).

V2 V2

Observe that u is also an 1/2-harmonic into S3.
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Conservation Laws for Horizontal 1/2-Harmonic
maps

Let Pr be a H'/2-map into orthogonal projections of R™ and u s.t.

Pr(—A)'"2u=0
in  D'(R)
PyVu=0

We set

L Pri=a)tu
Py (=A)4u
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Then locally 3 A € H'/2 1 L, invertible, B € H'/2
(—A)/*(Av) = T (B, v)

with

1T (B, V)|l my < CII(=A)4Bll 12wy |1 V] 2y
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Blow-up Analysis of Sequence of Horizontal
1/2-Harmonic Maps, [DL, Laurain, Riviere 2016]

Asymptotic Expansions in Necks: Let ux be a sequence
of Horizontal 1/2-Harmonic Maps

Iikm sup [[(—A) (k) 2(s1) < +00-
—+00

Then there are ¢, € R™, f, € L2, A, € H'/2NL®°(R™, GLp):

(Ak(X) + Ak(—x)) G

(—A) 4 (x) = x[172

ar fk,

with limg_, ka”L21 (B, \Br) < +0Q, lel (W) .
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It follows:

lim {|((—2) 4k (x) = (~2) 4 ue(—x) < +00

k—+00

121(Bg, \By)

On the other hands it always holds

H(_A)1/4UkHL2v°°(BRk\Brk) — 0.

Hence

lim H((—A)1/4Uk(x) — (=) *u(—x))

k—+00

12(Br, \Byy)
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Pohozaev Identities for Horizontal 1/2- Harmonic
Maps on S!
Let u € W'2(S' R™) satisfy

au
A2y = ein S'.
40 (—A)/“u=0 aeinS
Then
U =|u"| and u"-u" =0
where
1 2r 1 [2rm
Ut / u(0) cos(0) db = / (u(6) + u(—6)) cos() db
21 Jo 7 Jo
1 2w 1 27
U = —/ u(0) sin(9) do = —/ (u(9) — u(—0)) sin(g) do
21 Jo m Jo
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/ 20 = (ulr) = u(0)) — (u(=r) = u0)) = (u — u(0))"(7)

OB(0,r)NR3 a0

i)

/ 9 e — (e + ul(—r) — 2u(0) = (u — u(0))*(r)

B(0,r)N{y=0} E
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Pohozaev ldentities =

lim "((_A)1/4UK(X) + (_A)1/4Uk(_x)) LZ(BF; \Br ) -

k—+00

4

Let uk be a sequence of Horizontal 1/2-Harmonic Maps

lim sup [|(—A)"*(uk) [ 2(s1) < +o0

k—+00

If in addition

limsup [ [(—A)"2uk|(0) df < +o0
1

k—+00 JS

then the No Neck Property holds.
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For 1/2—harmonic maps into manifolds it always holds:

[(—A)" UHU sy <C HU”H1/2 (s"

4

The Energy Identity holds for 1/2—harmonic maps into arbitrary
closed manifolds:

8 ug o [ ) u? a0sY [ -y 4alR d.
s s 7 Js
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