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Centroid bodies

@ Given a Borel probability measure it on R", and p > 1, the L,-centroid
body Z, (1) is defined by its support function:

0 )= ([ 1 0ra)
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@ Given a Borel probability measure it on R", and p > 1, the L,-centroid
body Z, (1) is defined by its support function:

0 )= ([ 1 0ra)

e For u log-concave, Z; (1) ~ Z» (1), and by putting i in isotropic
position, it follows that
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@ Given a Borel probability measure it on R", and p > 1, the L,-centroid
body Z, (1) is defined by its support function:

0 )= ([ 1 0ra)

e For u log-concave, Z; (1) ~ Z» (1), and by putting i in isotropic
position, it follows that

[ Mzt~ ([ I anc0) = va

@ Question: is it true that for any non-degenerate probability measure u:
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Centroid bodies

@ Given a Borel probability measure it on R", and p > 1, the L,-centroid
body Z, (1) is defined by its support function:

0 )= ([ 1 0ra)

e For u log-concave, Z; (1) ~ Z» (1), and by putting i in isotropic
position, it follows that

[ Mzt~ ([ I anc0) = va

@ Question: is it true that for any non-degenerate probability measure u:

L Il 41 () = e/

Answer: yes.
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Generating convex sets by measures
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Generating convex sets by measures

Definition
Given a Borel measure u on R”, we define the convex set:

M ={ [ a0y 0sr<a [ rau—1}.
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Generating convex sets by measures

Definition
Given a Borel measure u on R”, we define the convex set:

M ={ [ a0y 0sr<a [ rau—1}.

o If u=YN, 3, then M(u) = conv(xi,...,xn).
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Generating convex sets by measures

Definition
Given a Borel measure u on R”, we define the convex set:

M ={ [ a0y 0sr<a [ rau—1}.

o If u=YN, 3, then M(u) = conv(xi,...,xn).

o If u(R") <1, then M(u)=20.
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Generating convex sets by measures

Definition
Given a Borel measure u on R”, we define the convex set:

M ={ [ a0y 0sr<a [ rau—1}.

o If u=YN, 3, then M(u) = conv(xi,...,xn).
o If u(R") <1, then M(u)=20.

o For u(R") =1, then M(u) = { J[gr xdu (x)} is a singleton
(the center of mass of ).
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Examples

Discrete generating measures

1) fu=1y2,8. then:

€2 €

1
3

e e
. ﬁ] . ﬁ]

k=3 k=1
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Examples

Discrete generating measures

o In general, if u =Y, w;d, then M(u) is a polytope.
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Examples

Discrete generating measures

o In general, if u=Y", w;8, then M(u) is a polytope. More precisely,
it is the linear image of

m
P=SAeR™:0<A <1, Y 4wi=13 CR"

i=1

under the map F (A1) =Y, Aiw;x;.
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Examples

Discrete generating measures

o In general, if u=Y", w;8, then M(u) is a polytope. More precisely,
it is the linear image of

m

P:{AER”’:OSA,-Sl,Z/I,-W,-:l}QR"’

i=1
under the map F (1) =Y 7, Aiw;x;.
o Also satisfied:
M(IJ“) g COHV(X]_,"' >Xm)mZ(W1X17~~anXm))

where Z (wixi,...,WmXn) is the Minkowski sum of [0, w;x;].
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Examples

Discrete generating measures

o In general, if u=Y", w;8, then M(u) is a polytope. More precisely,
it is the linear image of

m
P:{AER”’:OSA,-Sl,Z/I,-W,-:l}QR"’

i=1
under the map F (1) =Y 7, Aiw;x;.
o Also satisfied:
M(u) Cconv(xy, -, xm)NZ (Wix1,..., WmXm),
where Z (wixi,...,WmXn) is the Minkowski sum of [0, w;x;].
o If u(R") <2 and u({0})>1, then M(u) =Z(wixq,..., WmXxm)
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Examples

uniform measures on convex bodies

2) If i is uniform on a convex body K C R” with vol (K) > 1, then M(u)
is related to the floating body Kj of K:

.

Ko={z €K : (z,0) >r} ~vol(Ky)=1

K= ﬂ (K'\ Ko) bar(Ky) € M(u)
fesn—1
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Approximation of convex bodies by polytopes
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Approximation of convex bodies by polytopes

o Let K CR” be a centered convex body. For R > 1, consider:

1
dR(K):inf{NEN : EIP:conV(xl,...,xN)g]R”,RPQKQP}.
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Approximation of convex bodies by polytopes

o Let K CR” be a centered convex body. For R > 1, consider:

1
dR(K):inf{NEN : EIP:conV(xl,...,xN)g]R”,RPQKQP}.

@ For R =0, we trivially have d..(K) = n+1 (take a big simplex).
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Approximation of convex bodies by polytopes

o Let K CR” be a centered convex body. For R > 1, consider:

1
dR(K):inf{NEN : EIP:conV(xl,...,xN)g]R”,RPQKQP}.

@ For R =0, we trivially have d..(K) = n+1 (take a big simplex).
However, consider:
A 1
Dgr (K)=inf Ixill ¢ : 3P =conv(xy,...,xn) CR", EP CKCP,.
=1

1
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Approximation of convex bodies by polytopes

o Let K CR” be a centered convex body. For R > 1, consider:

1
dR(K):inf{NEN : EIP:conV(xl,...,xN)g]R”,RPQKQP}.

@ For R =0, we trivially have d..(K) = n+1 (take a big simplex).
However, consider:
A 1
Dgr (K)=inf Ixill ¢ : 3P =conv(xy,...,xn) CR", EP CKCP,.
=1

1

Note that for any R < o, dg(K) < Dr(K) < Rdg (K).
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Approximation of convex bodies by polytopes

o Let K CR” be a centered convex body. For R > 1, consider:

1
dR(K):inf{NEN : EIP:conV(xl,...,xN)g]R”,RPQKQP}.

@ For R =0, we trivially have d..(K) = n+1 (take a big simplex).
However, consider:

1

N
1
DR(K):inf{ l|xill ¢ : EIchonv(xl,...,xN)gR",RPQKQP}.

1
Note that for any R < o, dg(K) < Dr(K) < Rdg (K).

@ For R =00, D, (K) coincides with the vertex index of K, which was
introduced by Bezdek and Litvak:

N
vein (K) :inf{z |Ixill, : K C P:conv(xl,...,x,v)}.

i=1
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Approximation of convex bodies by measure-generated sets

@ Our definition of
M(u):{/wyf(y)du(y) : osfgl,/Rnfduzl}

leads to the following new quantities:

di (K) =inf{u(R") M ckem),

i (0 =inf{ [l s M) € K < M)}

K
vein*(K):inf{/R" 1l dit (%) - KgM(u)}.
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Upper bounds

Theorem

Let K be a centered convex body in R". Then for 1 < R < n one has

n—1 n—1
% < i < — .
dp (K) <exp <1+R—1>’ and Di (K) < Rexp <1+R—1>

In particular, vein* (K) < D (K) = e%n
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Upper bounds

Theorem
Let K be a centered convex body in R". Then for 1 < R < n one has

n—1 n—1
% < i < — .
dp (K) <exp <1+R—1>’ and Dg (K) < Rexp <1+R—1>

In particular, vein* (K) < D (K) = e%n

Theorem
Let K = —K be a convex body in R". Then

d'(K) < C, and D7, (K) < Cn.
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Upper bounds

Theorem
Let K be a centered convex body in R". Then for 1 < R < n one has

n—1 n—1
% < e i < — .
dp (K) <exp <1+R—1> ,and D (K) < Rexp <1+R—1>

In particular, vein* (K) < D (K) = e%n
Theorem

Let K = —K be a convex body in R". Then

d'(K) < C, and D7, (K) < Cn.

@ The results follow by taking appropriate uniform measures + John's
position / Brunn Minkowski .
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Estimating vein® (K)

Two precise computations

N
Recall:  vein(K) = inf{z Ixill : K C P:conv(xl,...,x,\/)},
i=1

Vein*(K):inf{/Ron]Kdu(x) ; KgM(u)}.

Boaz Slomka (University of Michigan) Measure-generated convex bodies Banff, May 21-26, 2017 10 / 14



Estimating vein® (K)

Two precise computations

N
Recall:  vein(K) = inf{z Ixill : K C P:conv(xl,...,x,\/)},
i=1

Vein*(K):inf{/Ron]Kdu(x) ; KgM(u)}.

Bezdek-Litvak: I

vein(B{) =2n
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Estimating vein® (K)

Two precise computations

N
Recall:  vein(K) = inf{z Ixill : K C P:conv(xl,...,x,\/)},
i=1

Vein*(K):inf{/Ron]Kdu(x) ; KgM(u)}.

Bezdek-Litvak:

vein(B{) =2n

In our case:

vein® (B') = 2n
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Estimating vein® (K)

Two precise computations

N
Recall:  vein(K) = inf{z Ixill : K C P:conv(xl,...,x,\/)},
i=1

Vein*(K):inf{/Ron]Kdu(x) ; KgM(u)}.

Bezdek-Litvak: Gluskin-Litvak:

vein(B{) =2n V/3n%2 < vein (BY) < 2n3/2 |
In our case:

vein® (B') = 2n
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Estimating vein® (K)

Two precise computations

N
Recall:  vein(K) = inf{z Ixill : K C P:conv(xl,...,x,\/)},
i=1

Vein*(K):inf{/Rn||xHKd/.L(x) ; KgM(u)}.

Bezdek-Litvak: Gluskin-Litvak:

vein(B{) =2n V/3n%2 < vein (BY) < 2n3/2
In our case: In our case:

vein® (B{') =2n vein* (Bj) = v2nn(1+0(1))
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Estimating vein® (K)

Theorem (Gluskin and Litvak, '08, '12)

Let K be a centrally symmetric convex body in R". Then

2n = vein(B]) < vein(K) < G vein(B5) < Con®/2.

Boaz Slomka (University of Michigan) Measure-generated convex bodies Banff, May 21-26, 2017 11 / 14



Estimating vein® (K)

Theorem (Gluskin and Litvak, '08, '12)

Let K be a centrally symmetric convex body in R". Then

2n = vein(B]) < vein(K) < G vein(B5) < Con®/2.

Theorem

Let K be a centrally symmetric convex body in R". Then

cv/n < cvein® (Bj) < vein* (K) < C vein* (B]) < Gon.
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Estimating vein® (K)

Theorem (Gluskin and Litvak, '08, '12)

Let K be a centrally symmetric convex body in R". Then
2n = vein(B]) < vein(K) < G vein(B5) < Con®/2.

Theorem

Let K be a centrally symmetric convex body in R". Then

cv/n < cvein® (Bj) < vein* (K) < C vein* (B]) < Gon.

e Recall: upper bound is a consequence of our upper bound on D} (K).
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Lower bound on vein® (K): Sketch of the proof

e Fact 1: 3 T € GL,(R) and a subspace £ C R” with dimE > n/2 s.t.
Bf C Pe(TK)C Cy/nBr.
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Lower bound on vein® (K): Sketch of the proof

e Fact 1: 3 T € GL,(R) and a subspace £ C R” with dimE > n/2 s.t.
Bf C Pe(TK)C Cy/nBr.

Since vein* (K) = vein® (TK'), we may assume that T = /d.
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Lower bound on vein® (K): Sketch of the proof

e Fact 1: 3 T € GL,(R) and a subspace £ C R” with dimE > n/2 s.t.
Bf C Pe(TK)C Cv/nBr.
Since vein* (K) = vein® (TK'), we may assume that T = /d.

@ Fact 2: enough to consider finite discrete measures.
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Lower bound on vein® (K): Sketch of the proof

e Fact 1: 3 T € GL,(R) and a subspace £ C R” with dimE > n/2 s.t.
Bf C Pe(TK)C CV/nBr.
Since vein* (K) = vein® (TK'), we may assume that T = /d.
@ Fact 2: enough to consider finite discrete measures.

e Fact 3: vein* (K) < vein* (L) dgm (K, L) .
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Lower bound on vein® (K): Sketch of the proof

e Fact 1: 3 T € GL,(R) and a subspace £ C R” with dimE > n/2 s.t.
Bf C Pe(TK)C CV/nBr.
Since vein* (K) = vein® (TK'), we may assume that T = /d.
@ Fact 2: enough to consider finite discrete measures.

e Fact 3: vein* (K) < vein* (L) dgm (K, L) .
Proof: Suppse =Y, w;8x with K CM(u).
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Lower bound on vein® (K): Sketch of the proof

e Fact 1: 3 T € GL,(R) and a subspace £ C R” with dimE > n/2 s.t.
Bf C Pe(TK)C CV/nBr.
Since vein* (K) = vein® (TK'), we may assume that T = /d.
@ Fact 2: enough to consider finite discrete measures.

e Fact 3: vein* (K) < vein* (L) dgm (K, L) .

Proof: Suppse =Y, w;8 with K CM(u). Define v=Y"; w;iOp.-
Then PEK CM (V).
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Lower bound on vein® (K): Sketch of the proof

e Fact 1: 3 T € GL,(R) and a subspace £ C R” with dimE > n/2 s.t.
Bf C Pe(TK)C CV/nBr.
Since vein* (K) = vein® (TK'), we may assume that T = /d.
@ Fact 2: enough to consider finite discrete measures.

e Fact 3: vein* (K) < vein* (L) dgm (K, L) .
Proof: Suppse =Y, w;8 with K CM(u). Define v=Y"; w;iOp.-
Then PeK C M(v).Moreover, ||x|[,x > ||Pex||p_x implies

L IxIkdau () = [ ylpgeav(y) = vein (Pek).
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Lower bound on vein® (K): Sketch of the proof

e Fact 1: 3 T € GL,(R) and a subspace £ C R” with dimE > n/2 s.t.
Bf C Pe(TK)C CV/nBr.
Since vein* (K) = vein® (TK'), we may assume that T = /d.
@ Fact 2: enough to consider finite discrete measures.

e Fact 3: vein* (K) < vein* (L) dgm (K, L) .

Proof: Suppse =Y, w;8 with K CM(u). Define v=Y"; w;iOp.-
Then PeK C M(v).Moreover, ||x|[,x > ||Pex||p_x implies

L IxIkdau () = [ ylpgeav(y) = vein (Pek).

but
vein* (BE) > 2dimE

dem (BE,PeK) = Cy/n
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Relation to centroid bodies

Proposition

We have inf vein (K) = zizf/Rn 1 2, oy 1 ().
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Proposition
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Corollary

We have izf/R" 1]l 2,0 41 (x) = C/m.
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Relation to centroid bodies

Proposition

We have inf vein (K) = zizf/Rn 1 2, oy 1 ().

Corollary

We have izf/Rn 1]l 2,0 41 (x) = C/m.

Sketch of the proof:

@ Suppose K CM(u). By scaling the measure and adding an atom at
the origin, we may assume that u(R"”) =2, u({0}) =1. In other

words, it =V + & where Vv is a probability measure and
K CM(v+ ).
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Relation to centroid bodies

Proposition

We have inf vein (K) = zizf/Rn 1 2, oy 1 ().

Corollary

We have izf/Rn 1]l 2,0 41 (x) = C/m.

Sketch of the proof:

@ Suppose K CM(u). By scaling the measure and adding an atom at
the origin, we may assume that u(R"”) =2, u({0}) =1. In other
words, it =V + & where Vv is a probability measure and

K CM(v+ ).
@ Since K = —K, we may also assume that v is symmetric. In this case,
we have M(V + &) = 57 (v).
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Relation to centroid bodies
@ Thus,
ir;}fvein*(K):ir’}finf{/Rn x|l kdpe (x) : pdis. sym., K C ;zl(u)}
Zifinf [ Il 90 () < edis. sym. K € 32100}
>t L g

= inf {/R X111 2, (uy A1t (X)}

: e
er;lfveln (221(/4))

> infvein® (K).
_|nKvem()
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Relation to centroid bodies
@ Thus,
ir’}fvein*(K):ir’}finf{/Rn x|l kdpe (x) : pdis. sym., K C ;zl(u)}
Zifinf [ Il 90 () < edis. sym. K € 32100}
>t L g

> iﬁf{/]gn X111 2, (uy A1t (X)}
o1

er;lfveln (221(/4))

> inf vein” (K).

_|anvem (K)

Thank you!
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